ON THE NORMALITY OF THE COMMUTING SCHEME

JACK SEMPLINER AND XITANGQIAN YANG

ABsTrACT. If G is a connected reductive algebraic group over a field k of characteristic £, we show
that both the Lie-theoretic and group-theoretic commuting schemes associated to G are normal and
Cohen—Macaulay when £ = 0, or ¢ is larger than the Coxeter numbers of all simple factors of G,
and that ¢ # 19 (resp. ¢ # 31) when G has a simple factor of type E7 (resp. FEs). The main new
ingredients are provided by studying the unipotent categorical Langlands functor of Zhu. Along the
way we prove a t-exactness result for a finite unipotent categorical Langlands functor which may be
of independent interest.
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1. INTRODUCTION
Let k be a field and let g/k be a reductive Lie algebra, and let [—,—] : g x g — g denote the

commutator map. The commuting scheme Commy is defined to be the scheme-theoretic fiber of this
map above 0 € g. In 1955 in the work of Motzkin—Taussky [MT55], it was shown that when g = gl,, the
scheme Commy is irreducible. In 1979, Richardson [Ric79] showed that Commy is always irreducible
over a field k of characteristic zero. This result was generalized by work of Levy [Lev02| to fields k
such that ¢ = char(k) is good for g under minor additional technical hypotheses. It remains quite a
natural question whether the obvious equations suffice to define the commuting variety Commg ;eq,
i.e. whether the scheme Commg is reduced. Indeed, the following folklore conjecture seems to have
been proposed in 1982 by M. Artin and M. Hochster in the case g = gl,,. We have taken the liberty of
stating an extension of this conjecture to any g.

Conjecture 1.1. If the prime ¢ = char(k) is pretty good" for g, then the scheme Commyg is normal
and Cohen—Macaulay.

1By this we mean that there exists a reductive algebraic group G/k such that Lie(G) = g and ¢ is pretty good for
G. We refer to [Her13, Definition 2.11] for the definition of "pretty good". We note that "pretty good" is stronger than
"good" but weaker than "very good".
1
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In the case that g = gl,, this conjecture was resolved positively in the case n = 3 in [Tho85| and for
n = 4 in [Hre94]. Work of Ginzburg in [Ginl12| showed that in characteristic zero the normalization

Commy is reduced and Cohen-Macaulay for any reductive g. Work of Li-Nadler-Yun in [LNY24|
demonstrated that the ring of G-invariant functions O(Commg)® is reduced in characteristic zero.
Nonetheless, to the best of the authors’ knowledge, this conjecture remains unresolved even when k
has characteristic zero and g = gl,, for n > 4.

Given a connected reductive algebraic group G/k, one may define analogously the group-theoretic
commuting scheme

Commg = {(7,y) € G x G|zyx~' = y}.

The main result of this paper is the following theorem, which in particular resolves much of Conjecture
1.1.

Theorem 1.2 (Corollaries 5.8, 5.13). Let k be a field of characteristic £ and let G/k be a connected
reductive algebraic group, and let g denote its Lie algebra. If £ # 0, suppose that £ is larger than the
Cozeter numbers of the simple factors of G, and that £ # 19 (resp. { # 31) when G has a simple factor
of type Er (resp. Eg). Then the schemes Commeg, Commy are normal and Cohen—Macaulay.

Perhaps surprisingly, the proof of Theorem 1.2 does not follow from a detailed analysis of the
particular geometry of the schemes in question. Instead, the main input arises from an ongoing
program of the authors to understand the tame categorical Langlands correspondence of Zhu [Zhu25b]
in non-banal characteristics.

From now on we denote by G the connected reductive group in Theorem 1.2, as it will appear on
the spectral side of the categorical Langlands correspondence. We briefly explain the proof of Cohen—
Macaulayness of Commg in Theorem 1.2. We assume that G has simply connected derived subgroup
for simplicity. We can easily reduce to the case k = F,. Let C=a / G denote the Chevalley quotient.
We have a natural map

m: Commg — C

by sending a commuting pair (z,y) to the image of y. Let u € C denote the image of the identity. By
[Sta26, Tag 045J]], we need to show that the map = is flat and the geometric fibers of 7 are Cohen—
Macaulay. By a standard reduction, we are reduced to showing that the map 7 is flat at u and the
fiber at u is Cohen—Macaulay. Now we use the fact that locally around u, the commuting scheme
Comm; over F; can be approximated by the g-commuting scheme

Commy, = {z,y € Glayz™" = y9}
as vg(q — 1) goes to infinity. More precisely, we have a similar map
T Commqé - C,
s?nding (x,y) to the image of y. Then there exists a constant a > 0 depending only on v;(¢ — 1) and
G, such that there is a natural isomorphism
Commyg, x 4 C, ~ Commqé Xea .,

where C, is the a-th nilpotent thickening of C at the point u. See Corollary 4.2. Therefore we are
reduced to showing that the map

(1.1) CommY, x ¢ Co— C,

is flat with a Cohen—Macaulay central fiber. Using the unipotent categorical local Langlands estab-
lished in [Zhu25b], this problem can be translated to a problem concerning representations of finite
groups of Lie type, as we will now explain.

Let F = F,((¢)) be a non-Archimedean local field with residue field F,. Let G/F, be the split

reductive group with dual group G. We fix a pinning of G and a non-trivial character ¢: F, — FZ .
In [Zhu25b], Zhu established the unipotent categorical Langlands correspondence for G. In particular
if £ is sufficiently general, he constructs a fully faithful embedding

L&+ Rep™®(G(F),Fy) — IndCoh(LS2™)
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of the category Rep"™P(G(F),F,) of unipotent representations of G(F) into the category of ind-
coherent sheaves on the moduli stack LSué“Aip of Fy-coefficient unipotent Langlands parameters valued
in the Langlands dual group G of G.

Now let Repu/ni\p(G(Fq),Fg) denote the subcategory of unipotent representations of G(F,) such that

the underlying Fy-complex is perfect. In the bulk of this paper we study a finite Langlands functor
Fore: Repi™(G(F,), Fy) — Coh(LSE™)

C

which is a variant of the functor ]—'gn;p = Lénifi o c—IndgEgL). Our main result on this functor is

the following theorem, which we expect will be of independent interest. This is a generalization of
[Zhu25b, Theorem 5.10] to modular coefficients.

Theorem 1.3 (Theorem 3.8). Suppose that Assumption 3.1 holds, and that every elementary (-
subgroup of G(F,) is contained within a torus. Then

(1) The functor
Fanipe. Repi™P(G(F,), Fy) — Coh(LSg’_i\P)

is t-ezact when both sides are endowed with the standard t-structures. _
(2) For any object V € Repi™(G(F,),F,)", the associated coherent sheaf Fg',"“(V) is mazimal
Cohen—Macaulay.

Remark 1.4. The assertions of Assumption 3.1 are expected statements in tame local geometric
Langlands. See the discussion below Assumption 3.1 for a more detailed discussion about the status
of these assumptions. In fact we prove, with some additional effort, in Theorem 3.14 a weaker but
unconditional version of Theorem 1.3 which suffices for applications to Theorem 1.2. We also remark
that under Assumption 3.1, the assumption on ¢ in Theorem 1.2 can be relaxed to ¢4 |W/|, where W
is the Weyl group of G.

Now the stack LS‘C{;nip is equal to the unipotent connected component in the stacky quotient Comm(é /G
of the g-commuting scheme. Therefore the fiber of (1.1) is Cohen-Macaulay once we find the correct

object in Rep™P(G(F,),F¢)¥ corresponding to the structure sheaf on LSgnip X & {u}, and the flatness

c

of (1.1) follows from the flatness of certain G(IF,)-representations over O(C,). See Corollary 4.5 and
Proposition 5.2 for details.

1.1. Notation and conventions. We use the language of co-categories. In particular, derived cat-
egories should be understood as derived stable co-categories. All the functors are derived, except in
the following cases:

(1) If M, N are objects in an abelian category A, we denote by Hom 4(M, N) the usual map-
ping abelian group. However, if M, N are objects in a stable oco-category C, we will write
RHomg (M, N) for the mapping complex or spectrum.

(2) If M, N are two modules over a ring R, we denote by M ®g N the classical tensor product,
and denote by M ®% N the derived tensor product. Similarly, if X — Y < Z are morphisms
of schemes, we denote by X xy Z the classical fiber product, and by X x£ Z the derived fiber
product.

1.2. Tool and computational resource disclosure. We used ChatGPT Pro to proofread this
article and for literature search, as well as for some calculations to verify the plausibility of Conjecture
1.1 in some examples at small primes. The mathematics and writing were done by the authors.

1.3. Acknowledgments. We would like to thank Sean Cotner and Xinwen Zhu for many helpful and
interesting discussions related to the ideas in this work. In addition, the first-named author would
like to thank Liang Xiao for the invitation to visit the Beijing International Center for Mathematical
Research, where much of the work which went into this article was carried out. The debt this work
owes to the ideas of Xinwen Zhu will be obvious to the reader, and is gladly acknowledged.
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2. PRELIMINARIES ON REPRESENTATION THEORY

Let G be a split reductive group with connected center over a finite field F,. Fix a pinning (B, T e),
where B is a Borel subgroup of G, T C B is a maximal torus, and e: U~ — G, is a non-degenerate
additive character on the unipotent radical of the opposite Borel. Let W be the Weyl group of G.

Let ¢ be a prime not dividing q. Let Rep(G(F,),F¢) denote the derived category of G(F,)-
representations with coefficients in Fy. Let

Rep,(G(Fy),Fr) € Rep(G(Fy),Fe)

be the subcategory of G(F,)-representations such that the underlying F,-complex is perfect. The
category Rep(G(F,),F,) carries a standard t-structure that restricts to a bounded t-structure on
Rep.(G(F,),Fy). Let Rep,.(G(F,),F,)® denote the heart of the standard t-structure.

We study the principal block of Rep(G(F,),F;) under the assumptions ¢ | ¢ — 1 and £ { |[W].
Let T(F,)") C T(F,) denote the maximal prime-to-¢ subgroup and let B(F,)) C B(F,) denote the
preimage of T(FF,)®) under the quotient map B(F,) — T(F,). Note that B(F,)*) has order prime-to-/.

Definition 2.1. Define the G(F)-representations

Ry = Indgﬁ;zgﬁg, fil = IndgE£Z§(Z>FE'

Lemma 2.2. The G(F,)-representation El is projective and injective. The representation ﬁ,l 5 a
finite iterated extension of copies of R;.

Proof. For V € Rep(G(F,),F,)”, we have
Homg ) (B1, V) = V) and  Homg,) (V. R1) = (Vig, o)

by Frobenius reciprocity. Therefore Hom(R;, —), Hom(—, R;) are both t-exact as B (F,)® has order
prime to £. The second assertion is clear as we can write

G(F,) = G(Fy) /=
Ind(j 21, By = nd 550 ([T (F,) /T(F,) ),

where F,[T(F,)/T(F,)")] is a finite iterated extension of copies of F; as T(FF,)-representations. O
Lemma 2.3. Assume that £ | ¢ —1 and £1|W|. Then the G(F,)-representation Ry is semisimple.

Proof. First, the endomorphism ring End(R;) = F¢[B(F,)\G(F,)/B(F,)] is isomorphic to the group
algebra F,[W] by assumption, and hence is semisimple. Therefore we can write Ry as a direct sum
Ry =P mPm™
i=1
where End(M;) = Fy and Hom(M;, M;) = 0 for i # j.

We claim that any irreducible quotient L of Ry is also an irreducible subrepresentation of Ry. Indeed,
by Frobenius reciprocity we have LBFa) £ 0. Since U(F,) is a p-group, we know that LUFE) — Lyw,)
with the same T'(F,)-action. Since T'(IF,) is abelian, a finite dimensional representation of T'(FF,) with
a trivial subrepresentation also has a trivial quotient. Therefore Lp,) # 0 and hence there exists an
injective map L — R;.

Now let M; — L be an irreducible quotient. By the preceding argument, L is also an irreducible
subrepresentation of some M;. In particular, there is a non-zero map M; — L — M;. Hence we
necessarily have i = j. Then the map M; —» L < M; is invertible because End(M;) = F,. Therefore
M; ~ L is simple. O

Definition 2.4. Assume that £ | ¢—1 and ¢ 1 |W].
(1) Define the subcategory
Rep”(G(F,), Fe) € Rep(G(F,), Fo)

to be the category of representations V such that each cohomology group H!(V) is generated
by its B(F,)®-invariants.
(2) Define the subcategory

Rep>0(G(]Fq),ﬁz) ={Ve Rep(G(]Fq),ﬁz)\VB(qu)“) — o).
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Proposition 2.5. Assume that £ | ¢ — 1 and £ { |W|. Then Rep®(G(F,),F,) is a presentable stable
subcategory of Rep(G(F,),Fr), and there is a direct sum decomposition

Rep(G(Fy), A) = Rep”(G(F,), A) @ Rep”*(G(F,), A)
of presentable stable Fy-linear categories.

Proof. We first apply Lemma 2.6 to A = Rep,(G(F,),A)® and P = R;. Conditions (1) and (2) of
Lemma 2.6 follow from Lemma 2.2 and Lemma 2.3. We see that there is a direct sum decomposition

(2.1) Rep,(G(Fy), A)¥ = Rep(G(F,), A) @ Rep.*(G(Fy), A)¥

of abelian categories. Note that Rep(G(F,),F,;)* admits a compact projective generator @ = F¢[G(F,)] €
Rep.(G(F,),A)?. By (2.1), we have a direct sum decomposition

0=0Q"®Q>"
with Q° € Rep2(G(F,),A)” and Q>° € Rep.°(G(F,), A)” such that Hom(Q", Q>°) = Hom(Q>°, Q") =
0. Then
Rep(G(F,),A) = (Q%) ® (Q”°)
where (QY) (resp. (Q>°)) is the presentable stable subcategory generated by Q° (resp. @>°). It is
clear that (Q°) = (R;) = Rep’(G(F,),A). Then (Q>°) is identified with Rep”®(G(F,), A) consisting
of objects V' with Homgr,)(V, El) =0. O

Lemma 2.6. Let A be a finite-length (i.e. Artinian and Noetherian) abelian category, and let P € A
satisfy the following conditions:

(1) The object P is both injective and projective.

(2) For any simple Jordan—Hélder factor L of P, there exists a non-zero surjective map P — L.
Let Ap be the Serre subcategory of A generated by simple Jordan—Hélder factors of P. Let AT be the
subcategory of A consisting of objects X € A such that Hom(X, P) = 0. Then there is a direct sum
decomposition

A=Ap o A"

of abelian categories.

Proof. We can write

P= é E@mi
i=1

where P; are pairwise non-isomorphic indecomposable objects that are both injective and projective.
Each P; has a unique simple quotient L; and a unique simple subobject L. Moreover, Ly, ..., L, are
pairwise non-isomorphic and L}, ..., L/ are pairwise non-isomorphic. By (2), it follows that

S ={Li,-oo, L} = {Ly. I}

is the set of pairwise non-isomorphic irreducible Jordan—-Hdlder factors of P, and Ap is the Serre
subcategory generated by S. In particular, for ¢ = 1,...,n, there exists an injective map L; — P.

By injectivity of P, every nonzero object X € Ap admits a nonzero map X — P. Therefore
AP N Ap = 0. In particular, we have

Hom4(X,Y) =0 = Hom4(Y, X)
for any X € Ap,Y € A”.
Let M € A. Consider
Y = ﬂ ker(f).

f: X—=P
Since X has finite length, this intersection equals a finite intersection. Let Z = X/Y. We have a short
exact sequence

0=-Y—->X—>2Z2—0.

If there exists a non-zero map Y — P, then by injectivity of P we can extend it to a map X — P,
contradicting the definition of Y. Therefore Hom(Y, P) = 0 and hence Y € A”. On the other hand,
Z embeds into a finite direct sum of copies of P. Therefore the simple Jordan—Holder factors of Z
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belong to S, and hence Z € Ap. Now it suffices to show that the extension splits. By projectivity of
P, we can find a short exact sequence

0—=W —=P®" - 70
with W € Ap. It induces an exact sequence
Hom4(W,Y) — Ext}(Z,Y) — Ext (PP™,Y).

However, we know that Hom4(WW,Y) = 0 since W € Ap, and ExtL(PGBm, Y') = 0 by projectivity of
P. Therefore every extension of Z by Y splits. O

Fix a non-trivial character ¢: F, — FZ .

Definition 2.7. Define the Gelfand—Graev representation to be
— TG (Fa)
ry = IndU,(Fq)w oe.
Here poe: U™ (Fy) — F@X is the resulting non-degenerate character.

Note that T'y is a compact projective object in Rep(G(F,),Fs)".
Let G denote the dual group of G over Fy. Let T C G be the dual maximal torus. Let
C=G)G~T)wW
denote the Chevalley quotient. Let [¢] denote the g-power maps on G and T. We also denote by
[¢]: C = C the map induced by the g-power map on G. Let Cl9 denote the subscheme of [q]-fixed
points. The scheme Cl4 is finite over Fy. Let C’LQ] denote the connected component containing the

identity. Similarly, let 719 denote the subscheme of [q]-fixed points. Let quq] denote the connected
component containing the identity. There is a natural isomorphism

O(T}1) = T[T (Fy)/T(Fq)"]

of Fy-algebras.

By [Ete26, §5.2], the category Rep(G(F,), Fy) is naturally an O(C9)-linear category. The construc-
tion of the O(é’[q])—action will be reviewed in Proposition 3.5. In particular, we obtain a direct sum
decomposition

Rep(G(Fy),Fe) = €D  Rep*(G(F,),Fy).
EETro(é[‘I])
Consider the category of unipotent representations

Rep™(G(F,), Fy) = Rep™ (G(E,), Fo).

By |Ete26, Lemma 5.3.1.(i)], the representation Ry lies in Rep™P(G(F,),F,). Therefore
(2:2) Rep (G(F,), Fy) € Rep™ (G(F,), Fo).

Denote

Rep™P(G(F,),F,) = Rep"™P(G(F,),F,) N Rep,(G(F,), Fy).

(&

By [Ete26, Theorem 6.1.3], the natural map
O(C!) — Endgr,)(T'y)
is an isomorphism. We see that there is a direct sum decomposition I'y, = €D semo(Clal) I}, with each
I'}, an indecomposable projective in Rep,(G(F,),F¢)". Let

uni C’,,Eq]
(2.3) IR

denote the direct summand in Rep&lTp(G(Fq),Fg). It is clear that
(2.4) Endge,) (TP) =~ O(C19),

Proposition 2.8. Assume that £ | g — 1 and £ 1 |W|. The representation anip lies in the category
Repg (G(F,), o).
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Proof. By [Ete26, Theorem 6.1.2], we have

G(Fq)

U(]F,,)Evrw) ~ O(T!7)

Homg g, ) (Ind

as O(Cld)-modules. It is clear that R; is equal to the direct summand of Indggzgﬁg in Rep{n\ip(G(Fq),Fg).
We see that

(2.5) Homgs, ) (R, anip) ~ O(T),

which is in particular nonzero. As I‘Znip is indecomposable, we have anip € Rep’(G(F,),A) by
Proposition 2.5. U

3. FINITE LANGLANDS FUNCTOR

3.1. Tame categorical local Langlands. Let F' = F,((¢)) be a non-Archimedean local field. Let Op
be the ring of integers in F'. Let G be a split reductive group over F,. By abuse of notation, let G
denote the split reductive group over O obtained from G/F, by base change. Let Wy denote the Weil
group of F. Let LSgLme denote the stack of tame local Langlands parameters of G over Fy defined in
[Zhu25b, §2.2.1]. After choosing a lift of the arithmetic Frobenius o € W and a topological generator
7 of the tame inertia, we obtain an isomorphism

(3.1) LSE™ = Comm? /G,
where Commqé is the g-commuting scheme
Commqé ={x,y € G|ayz™" =y}

over Fy. The map (3.1) is defined by sending a Langlands parameter ¢: Wr — G to (¢(0), (7).
Note that there is a natural map

(3.2) Lsg™e — Cldl

sending (x,y) € Commqé to the image of y in the Chevalley quotient. Let LS‘C{;nip - Lng’e denote the

open and closed substack defined by the preimage of CA'LQ] C Cl. Let Coh(LStgme) denote the derived
category of coherent sheaves on LStéame. Let

Das = RHom(—,stgmc): Coh(LSgE™)°P = Coh(LSZE™).

~

denote the Grothendieck—Serre duality. Let c: Lnge — Lnge denote the involution defined by the
Chevalley involution on G. Let
Dis = ¢* 0 Dgg: Coh(LSE™)°® = Coh(LSE™°)
denote the modified Grothendieck—Serre duality. B
Let Rep(G(F'),[Fy) denote the derived category of G(F)-representations. Let Rep;, (G(F),F,) C
Rep(G(F),Fy) be the subcategory of finitely generated representations in [Zhu25b, Proposition 3.57].

Recall that Repy , (G(F),F;) contains the subcategory Rep(G(F), Fy)* of compact objects. By [Zhu25b,
Corollary 3.62|, there is a canonical cohomological duality

(3.3) D% Repy, (G(F),Fy)® = Repg, (G(F),F)

C.Oh
such that for an open compact subgroup K C G(F) and a K-representation V whose underlying
Fy-complex is perfect, there is a canonical isomorphism

(3.4) D2 (c-nd S V) ~ ¢-Ind G VY.
Here VY = RHomg (V, Fy) with the natural K-action.
Let
(3.5) Rep™ P (G(F),Fy) C Rep™™°(G(F),F,) C Rep(G(F),Fy)

denote, respectively, the subcategories of unipotent representations and depth zero representations
defined in [Zhu25b, Definition 4.105 and Definition 4.116]. The categories in (3.5) carry standard
t-structures.
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Let Repump(G(F ),Fp) C Repu/n\ip(G(F ),Fy) denote the subcategory of finitely generated unipotent
representations, as defined in [Zhu25b, Definition 4.116]. By [Zhu25b, Remark 4.117] we have

Rep™P(G(F),F,)* C Rep“mp(G(F), Fy).

By [Zhu25b, Proposition 4.122|, the subcategory Repump(G(F),Fg) is stable under the duality (3.3).
Hence there is a natural duality

DL5 : Repfh®(G(F),Fy)*" = Repya?(G(F), Fy).

Let Rep™P(G(F,),F¢) denote the category defined in [Zhu25b, Definition 4.86], which embeds fully
faithfully as a subcategory

(3.6) Rep!™®(G(F,), Fy) C Rep™P (G(F,), Fy).

The category Rep“mp(G(IFq),Fg) is stable under the duality V +— VV. By definition, the composition

functor

a(r)
déiop)

(3.7) Rep,(G(F,),Fr) — Rep,(G(Or), Fe) 0, Repy. (G(F),Fy)

sends the subcategory Rep™P(G(F,),F,) to the subcategory Rep”mp(G(F),ﬁg). In a mild abuse of
notation, we denote by

c-Indg(p)  : Repl™™P(G(F,), Fy) — Repya (G(F), Fy).

the resulting functor. We note that (3.7) always sends the subcategory Rep(G(F,),F,)* to Rep™™*(G(F),F,)*
and the subcategory Rep"™®(G(F,),F,)* to Rep™P(G(F),F)~.

We now state the geometric input needed for the tame categorical local Langlands correspondence.
Recall that we have fixed a pinning on G and a non-trivial character ¢: F;, — ?KX .

Assumption 3.1. Assume that ¢ { m; (@)tor. We assume the following statements concerning the

tame geometric local Langlands correspondence.

(a) [Zhu25b, Theorem 5.1.(1)(2)(4)(5)] holds with A = F,. Namely, there exist equivalences of
monoidal categories

(3.8) B Shvimon (Iw“\LG/Iw", Fy) ~ IndCoh(LSEE XLsggme LSEF)
(3.9) BE : Shvy—mon (Iw*\LG /Iw", Fy) ~ Indcoh(Ls‘;i; X L5 Ls‘;ﬁ)

(3.10) IB%ump IndShve g (Iw\LG/Iw,F;) ~ IndCOh(LSunlp xLSt'une LSump)

with the compatibilities specified in the cited theorem. For the notation, see [Zhu25b, §2.3 and
§4.2].

(b) The equivalence (3.8) (resp. (3.9)) is compatible with the actions of Shvy,n (7', A) ~ IndCoh(R )
(resp. Shvy_mon(T, A) ~ IndCoh(R; ) action) on both sides. See [Zhu25b, Proposition 4.32] for
the notation. "

(¢) Let Zt¥me (V) be the central sheaf in [Zhu25b, Theorem 5.1.(2)] where V is any tilting G-representation.
Then the object

Ztame (1) v ﬁg;’“’w € Shvyon (IW*\LG/(Iw", 1), Fy)

in [Zhu25b, Theorem 4.136] is cofree tilting. We assume the analogous statement in the unipotent
monodromic setting.

Remark 3.2. We summarize the status of Assumption 3.1. If £ is larger than the Coxeter number of
any simple factors of G, and ¢ # 19 (resp. ¢ # 31) when G has a simple factor of type E7 (resp. Eg),
then the equivalences (3.9) and (3.10) are constructed in [BR24|. Moreover, these equivalences satisfy
[Zhu25b, Theorem 5.1.(2)] by [BR24, Lemma 11.3]. The unipotent monodromic case of (b) is also
proved in [BR24|, and the unipotent monodromic version of (c) is proved in [BR22, Proposition 7.9].
We note that for our applications to commuting schemes, we only need the unipotent monodromic
version.
In general, Assumption 3.1 will be proved in a work in progress of Xinyu Li and Jiahao Niu.
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We recall the following constructions in [Zhu25b].

Theorem 3.3. Suppose that Assumption 3.1 holds.
(1) There is a fully faithful functor

L&, - Rep®™™(G(F), Fy) < IndCoh(LSZ™®).

that restricts to a fully faithful embedding

(3.11) LR : Rep™™P(G(F), Fy) < IndCoh(LSZ™).

Moreover, the functor Lg‘ffﬁl preserves compact objects.
(2) We have

ame G(F
LtC?7¢71(C'IndGEoL)Fw) = OLstéame.

(8) The functor ]ngif’l can be extended to a fully faithful embedding

|Repuﬁp<G<F>,E>w

(3.12) L& : Repp'a? (G(F),F;) — Coh(LSE™).
such that
(3.13) Lt o DES ~ Digg o Ly e

Proof. By the proof of [Zhu25b, Theorem 5.4.(1)], we have a fully faithful embedding
Lg7e: Shv'*™(Isocg, Fy) < IndCoh(LSE™)

that restricts to a fully faithful embedding

Lgi?: Shv™ P (Tsoce, Fy) < IndCoh(LSEP)

where the categories Shv"™™°(Isocg, A), Shvlg]i\p(lsocc;7 A) are defined in [Zhu25b, Definition 4.106 and
Definition 4.119]. In particular, there are fully faithful embeddings

(i1)+: Rep’ (G(F),Fy)¥ — Shv’(Isoce, Fy)*

for 7 € {0, nip, tame} by [Zhu25b, Proposition 3.69]. We define the functors in (1) to be

LEme, = L&Y o (i1),, LG, =Lg o (i1).
This proves (1). Then (2) follows from the proof of [Zhu25b, Theorem 5.4.(2)].

By the proof of [Zhu25b, Theorem 5.5, the functor ]L‘érjif extends to a fully faithful
embedding

| Shyunip (Isoca ,Fz)“"

LeP e s Shvit® (Isoc, A) < Coh(LSE™).

for Shv'ffrgli.p(lsocG, A) defined in [Zhu25b, Definition 4.119]. By |Zhu25b, Proposition 3.94], there is a
fully faithful embedding

(1)} : Repya(G(F),Fy) = ShviiP(Isocq, Fy).

The functor in (3) is therefore defined by

unip,f.g. ._ 1 unip.,f.g. - \f.g.
Leya™ =Ley " o (i).#

The compatibility with dualities follows from [Zhu25b, Theorem 5.4.(4)] and [Zhu25b, Corollary 3.101],
using that (il)!f‘g‘ ~ (i1)"® as iy is a closed embedding. O
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3.2. Langlands functor for finite groups.

Definition 3.4. Suppose that Assumption 3.1 holds. Define the functors

(3.14) Fap = LE0e oc IndG(O )+ Rep(G(Fy), Fe) — IndCoh(LSE™),
(3.15) Fa = L o ndS{5) : Rep™P(G(F,), Fy) — IndCoh(LSE™),
and

(3.16) Fave - Livde o o ndS(0) : Rept™P(G(F,), Fr) — Coh(LSE™).

By (3.4) and Theorem 3.3.(3), we have
(317) s (FP(V)) = Fains (vY)
for V€ Rep™™P(G(F,), Fy).

We warn the reader that ¢ ump’ is not the restriction of F¢;' ump to the subcategory Rep“’“p( (F

a);
Rep™™iP (G(F,),F,). However, ]-' ump “and F ump agree when restrlcted to the category Rep“mp( (F,
of compact objects.
The category Rep(G(F,),Fy) is O(C14)-linear by [Ete26, §5.2]. On the spectral side, the morphism
(3.2) endows the category IndCoh(LSth*mC) with an O(Cl4)-linear structure.

Fe) €
), Fe)®

Proposition 3.5. Suppose that Assumption 3.1 holds. The functor Fg y is O(O[Q])-linear. Similarly,
the functor fcu;?;p is O(CL)-linear.

Proof. The O(C4)-action is defined by taking the categorical trace of the O(C)-action on the mon-
odromic finite Hecke category Shven (U\G /U, Fy) (see [Zhu25b, §4] for the definitions). More precisely,
after ClAloosAing the generator 7 of the tame inertia subgroup I, the T' x T—monodrqmic action defines
an O(T x T')-action on the category Shvy,on(U\G/U, F,), which factors through O(T x4~ T') by [Ete26,

§3.5.3]. Then Shvyon(U\G/U,F,) is naturally a O(C)-linear monoidal category. Then the Frobenius
categorical trace ([Ete24, Theorem 1.3.1] and [Zhu25b, Theorem 4.97])

Rep(G(F,),Fr) ~ Tr(Shvimon (U\G/U, Fy), 0.)

carries an action of Tr(QCoh(C), [¢]*) = QCoh(Cl)) (|Ete26, Lemma 5.2.1]), and hence is O(C9))-
linear.

The same argument applies to the monodromic affine Hecke category Shv,on (Iw*\ LG /Iw", F,) and
implies that the categorical trace ([Zhu25b, Theorem 4.125|)

(3.18) Shv"™™¢(Isoce, Fy) ~ Tr(Shvyen (Iw*\ LG /Iw", Fy), 0..)
is O(Cl4)-linear. Moreover, the functor

(3.19) (i1)x 0 C- Indc(o : Rep(G(F,),F,) — Shv**™*(Isocg, F)

is identified with the categorical trace of the O(C)-linear monoidal functor

(3.20) Shvmon (U\G /U, Fy) ~ Shvmon (Iw*\ L+ G/Iw", Fy) < Shvamon (Iw*\ LG /Iw", Fy)

by [Zhu25b, Lemma 4.67]. Therefore (3.19) is O(Cl4)-linear.
Now the fully faithful embedding

L&7e: Shv'*™¢(Isocq, Fy) < IndCoh(LSE™)

is defined by taking the Frobenius categorical trace of (3.8). After choosing 7, we can identify LStame

with the completion of G'/G along fibers of G/G — C at points in C(F,) that can be lifted to a pomt
of T'(Fy) of order prime to £q, and we can identify L StaLrne with the completion of B / B along fibers of

G/G‘ — C at points in T(Ez) of order prime to ¢q. In partlcular, there is a natural map

LS Xusgne LSE 5 T xe T



ON THE NORMALITY OF THE COMMUTING SCHEME 11

and hence the category IndCoh(LS?";’;f X pstame LSET;) is O(C)-linear monoidal. The equivalence
(3.8) is naturally O(C)-linear as monoidal categories by Assumption 3.1.(b). The g-power map [q] is
invertible on LStame and LStame with inverse [¢71].

Under the fully falthful embeddlng (|Zhu25b, Theorem 2.86|)

(3.21) Tr(IndCoh(L Stame X Lsgme LS?';E) [¢7"]+) = IndCoh(LSg™®),

the QCoh(C’ [9])-action on the left defined by categorical trace is compatible with the QCOh( a)-action
on the right induced by (3.2) by [Zhu25b, Proposition 8.81]. Recall that the functor L& is induced
by the equivalence

Tr(BE) : Tr(Shvmon (Iw*\LG/Iw", Fy), 0.) ~ Tr(IndCoh(L Stame X Lgtame LS;”}E) lqg7']%)

on categorical traces. Therefore LiH7¢ is O(Cld)-linear. Now it follows that Fayp is O(Cla))-linear.
The unipotent case follows by taking the unipotent connected component in Cldl, O

3.3. t-exactness of the finite Langlands functor. Assume that £ { |71 (G)ior|. Let f: LStame BG
denote the projection map. Let

(3.22) fraPert: IndPerf (LSE™®) — IndPerf(BG)

denote the continuous right adjoint of the functor f*: IndPerf(BG) — IndPerf(LStC?me). By [FS21,
Theorem VIIL.5.2] and [Lurl?7, Theorem 4.7.4.5], there is a natural equivalence of categories

IndPerf(LSE™) ~ Mod farert o IndPerf(BQ)).

Stame (

Recall that IndPerf(BG) admits two natural ¢-structures: the standard t-structure and the good fil-

tration t-structure ([FFS21, Definition VIII.5.3]). By [FS21, Theorem VIII.5.2 and Corollary VIIL.5.7],

we know that fIrPerf O ciame lies in the hearts of both t-structures. Indeed, fI"dPerf O ciame is clearly
G G

coconnective for the standard ¢-structure, and is connective for the good filtration ¢-structure by loc.
cit. Then the claim follows as the connective part of the good filtration ¢-structure is contained in the
connective part of the standard ¢-structure.

It follows that IndPerf (Lnge) also carries a standard t-structure and a good filtration ¢-structure
such that the functor (3.22) is t-exact for both t-structures.

Recall that there is a natural functor

(3.23) Coh(LSE™) < IndCoh(LS2™¢) Y5 IndPerf(LSE2™*)
where ¥ is the continuous right adjoint of the fully faithful embedding

U": IndPerf(LSE™) < IndCoh(LSE™)
defined to be the ind-completion of Perf(LSt(?me) C Coh(LStci?me),

Lemma 3.6. Assume that (1 |71(Q)or|. The functor (3.23) is fully faithful and t-exact when both
sides are endowed with the standard t-structures.

Proof. All the t-structures in this proof refer to the standard ¢-structures. We first show that (3.23) is
t-exact. Let f: LSth?me — BG denote the projection. By [Zhu25b, Lemma 9.26], the functor

findCeh: IndCoh(LSE™®) — IndCoh(BG) =~ IndPerf(BG)
is defined by ind-completing the functor

Coh(LS%™) C QCoh(LSE™)* L2 QCoh(BG)* ~ IndCoh(BG)*,
which is t-exact as f is affine. Here (—)* denotes the subcategory of bounded-below objects. Therefore
fIndCoh jg +_exact. We have fIndCoh — fIndPerf 5§y and the functor fIdPerf is conservative and t-exact.
Therefore W: IndCoh(LSE™¢) — IndPerf (L StG?me) is t-exact.
We claim that for any n > 0, the functor
W="": IndCoh(LSE™)=~" — IndPerf(LSE™)= "
is fully faithful. The adjunction

£*: IndPerf(BG)= ™" = IndPerf(LSE™e) =" fndPert
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is monadic by [Lurl7, Theorem 4.7.4.5] as f. commutes with colimits and is conservative. Therefore
IndPerf(LSE™)= ™" ~ Mody (IndPerf(BG)= ") ~ Modr(QCoh(BG)= ") ~ QCoh(LSE™)="",
where T' is the monad given by findPeTfOLngc. We see that
IndCoh(LSE™)= ™" ~ IndPerf(LSE™) =" ~ QCoh(LSE™)=~
by [Zhu25b, Lemma 9.21]. In particular, the functor (3.23) is fully faithful. O

Corollary 3.7. Suppose that Assumption 3.1 holds. The functor .Fg?;p’ Rep™P(G(F,),F,) —
Coh(LSuénip) is O(C’Lq])—linear.
Proof. By [Zhu25b, Theorem 5.4.(1)], we have a chain of fully faithful continuous embeddings

Ind]Lump f.g.

IndPerf(LS“mp) — ShVump(ISOCG,Fg) < IndShV“mP(IsocG,IE‘g) LN IndCoh(LS“mp)

ump(

that preserve compact objects, where the second functor is the ind-completion of Shv Isocg, Fy)®

ShVEZi'p(ISOCG,Fg). Passing to right adjoints, we see that the composition
. _ R — _ “/“\'fp — —
(3.24)  IndShv{y"(Isocg, Fy) “= Shv*™P(Isocg, Fy) —=* IndCoh(LSE"P) R IndPerf(LSZ™)
is identified with the composition
. Ind]Lunlp fe — —=
(3.25) IndShvy’, P (Tsocg, Fy) — %", IndCoh(L Sg'") — IndPerf(LS ™).
By Proposition 3.5, the functor Lump is QCoh(Cy ) Jinear. As:and UL are QCoh(CL!)-linear, the right

adjoints :* and ¥ are QCoh(C, [q]) linear by rigidity of QCoh(C [ql). Therefore (3.24) is QCoh(C’LQ])—
linear, and hence (3.25) is QCoh(C [q]) linear. In particular, the restriction of (3.25)

]Lurup f.g.

Shvfun p(ISOC(;,]Fg) <—> Coh(LSunlp) (_> IndPerf(LS“mp)

is Perf (C ) linear, where the second functor is fully faithful by Lemma 3.6. Therefore L‘é’?g”f’g' is
O(C)-linear, and hence J-"unlp “ is O(CH)-linear. 0

The following theorem is a generalization of [Zhu25b, Theorem 5.10] to modular coefficients. By
[BDR17, Theorem 1.2], if every elementary (-subgroup of G(F,) is contained in a torus, then (3.6) is

an equivalence. In particular, the functor fén;p’ is defined on Repump(G(Fq),Fg).

Theorem 3.8. Suppose that Assumption 3.1 holds. Suppose every elementary £-subgroup of G(F,) is
contained in a torus. Then the following statements hold.

(1) The functor
FePe: Repi™P(G(F,), Fy) — Coh(LSE™P)
is t-exact when both sides are endowed with the standard t-structures. .
(2) For any object V € Rep“mp(G(IFq),E)@, the associated coherent sheaf F"»"“(V') is mazimal

Cohen—Macaulay.

Proof. For w € W with a lift v € G(F,), let
Tily 5 € Shvy_mon(U\G/U,Fy)
denote the indecomposable cofree unipotent monodromic tilting sheaf constructed in [Zhu25b, Propo-
sition 4.50]. Let
Che 4 " Shvy—mon (U\G/U, Fy) — Rep“mp(G(]Fq),E)

denote the DelignefLusztlg mductlon functor in [Zhu25b, (4.62)]. By [Zhu25b, Theorem 4.91], the
objects

R = Chs " (Tily ;)
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give a set of compact projective generators in Rep"™P (G (F,),F)¥. Moreover, there is a non-canonical
isomorphism

(3.26) RY .~ (RL )Y

W, —

in Rep™P(G(F,),F;)¥, as mentioned in the proof of loc. cit. By (3.17), we see that

(3.27) Cs(FEmP (R L)) ~ Fame (R ).

G W, 0 W, 0
Let -
ChY ™™ s Shv,,—mon (IW\LG//Tw", Fr) — Shv™™® (Tsocg, Fy)

—— 1mon

denote the affine Deligne-Lusztig induction functor in [Zhu25b, (4.46)]. By (3.20), we can view Til, ,

as a cofree unipotent monodromic tilting object in Shv,, _men(Iw"*\LG/Iw",F;), and there is a natural
isomorphism

w—mon /g ROR . G(F) B
Chygg"(Tily, )=~ (11)*C—IndGEO;)R£,a

by [Zhu25b, Lemma 4.67]. Let V be a tilting G-representation. Let Z“/‘EP(V) denote the unipotent
monodromic central sheaf in [Zhu25b, Theorem 5.1.(2)]. By [Zhu25b, Theorem 4.136] and Assumption
3.1.(c), we have

Chy g™ (2P (V) %" Tily 4 ), (i1)sc-Indgo) \ T3™P) € D(F,) .

RHom (

Shyunip (Isoca) (

By [Zhu25b, Lemma 5.6] and Theorem 3.3.(2), this implies that

RHom )(f/ ® FEP(RE 4), 0, ) € D(F).

unip unip
IndCoh(LSG LSG

Here V is the pullback of V' along LStGAame — BG. By (3.27), we see that

e o =T L N , - P unip ; T
RHomlndCOh(LS‘é‘“p)(V ® ‘FGﬂ/f (Rw,ﬂ)’ OLS‘énip) ~ RHomIndCOh(LSgﬁp)( GS(OLSgﬁp), GS(V & FG,/:/) (Rw,ﬁ)))
N - N * TV u/n_l\p T .
- RHomIndCOh(Ls‘g‘P)(OLSLC‘;‘P’ cVI® ]:G,w—l (R“"v"))
N (M7, i (BT
= RHomIndCoh(LS“Gmp)(c V. Fgpm1 (B a))

is concentrated in degree 0. Here we use that O by [Zhu25a, Proposition 3.1.6]. This

Lsire = Wpgunie
implies that \Il(fgnlzp(ﬁg,a)) € IndPerf(LSgnip) lies in the connective part of the good filtration ¢-
structure. Indeed, by the highest weight structure, every Weyl module A, for u € X*® (T )t admits a

finite resolution of the form
O—=A,=Vy—=--=V,=0

with each V; tilting. Therefore if M € IndPerf(BG) satisfies RHom(V, M) € D(F;)<° for any tilting
representation V, then RHom(A,, M) € D(F,)=° for any p € X*(7)", and hence M lies in the
connective part of the good filtration ¢-structure by definition.

In particular, we see that \I/(an;p(ﬁg’ﬁ)) lies in the connective part of the standard ¢-structure.

By Lemma 3.6, it follows that fcu;nllp(ﬁgu) € Coh(LSuénip) lies in the connective part of the standard

t-structure. Now by (3.27) again, up to replacing ¥ by 1 ~!, we see that }'gn;p(ﬁg,ﬁ) € Coh(LSuénip)U
is concentrated in degree 0. -
Applying Lemma 3.9 to A = Rep™?(G(F,),F,)?, C = Coh(LS‘énip), F = fg%p’c, and

P = @ Eg,ﬁa

weWw

we find that fgnfﬁp’c is t-exact. We note that P is also an injective cogenerator by (3.26), using that

(=) is an anti-equivalence of Rep™P(G(F,),F,)¥. This proves (1). Now (2) follows from (3.17) and

c

[Sta26, Tag 0B5A]. O
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Lemma 3.9. Let A be a finite-length abelian category with finitely many isomorphism classes of simple
objects, and let C be a stable category with a bounded t-structure. Let F : D*(A) — C be an ezact
functor. Suppose that P € A is both a projective generator and an injective cogenerator. If F(P) € CY,
then the functor F is t-exact.

Proof. By finiteness of simple objects, there are some integers a < b such that F(L) € Cl*¥ for every
simple object L. Induction on length gives the same bound for F(A) for every A € A. Choose a
surjection P™ — A with kernel K;. The exact sequence

0K, —-P"—A—=0

gives H(F(A)) ~ HFY(F(K,)) for i > 0, because F(P) € Cv. Iterating this process along a
projective resolution of K;, we find that H*(F(A)) ~ H*(F(K})). Taking k sufficiently large, we see
that H*(F(A)) = 0 for i > 0. Since P is also an injective cogenerator, we can play the same game with
injective resolutions and obtain that H(F(A)) = 0 for i < 0. Since the source t-structure is bounded,
this finishes the proof. O

3.4. The case ¢ | ¢ — 1 with ¢ large. For our applications to the commuting scheme, it suffices to
know the statement of Theorem 3.8 on the principal block Rep?(G(F,), F;). On this block, the results
of [BR22, BR24] suffice; the full Assumption 3.1 is not needed. To apply the results of [BR24|, we
make the following assumption in this subsection.

Assumption 3.10. (1) £]q—1.
(2) ¢ is larger than the Coxeter number of any simple factors of G, and ¢ # 19 (resp. £ # 31) when
G has a simple factor of type E7 (resp. Es).
(3) G has connected center.

In particular, £ does not divide the order of W. See Remark 3.2 for what is known in [BR24]. In
this case, the functors (3.11) and (3.12) in Theorem 3.3 can still be defined. Therefore the functors
(3.15) and (3.16) are still available. Moreover, the unipotent part of Proposition 3.5 and Corollary 3.7
are still true. Note that under Assumption 3.10.(2), every elementary ¢-subgroup of G(Fy) is contained
in a torus. Therefore (3.6) is an equivalence.

Let LS”Bnip denote the (derived) moduli stack of unipotent Langlands parameters valued in B defined

in [Zhu25b, §2.2]. Let LSuB]rlip - Ls‘]‘;ip denote the closed substack where the image of 7 € I lies in
the unipotent radical U. Let

umip LS“B“‘p — LS“GrulD resp. P Lngp — LSEnllD

denote the natural projections. Define the coherent Springer sheaf

unip ,__ unip . unip ,__ unip .
CohSpr ;™" == (7 )*wLS\émp resp. CohSpr;"™" = (7 )*stg“p

By [Zhu25b, Theorem 5.1.(2) and Theorem 5.2.(2)], we know that

fg’lfbp’c(Rl) ~ Cthpr‘énip resp. fg?;p(él) ~ Cthpruénip
for Ry, IA?;l in Definition 2.1. Let =; denote the unipotent monodromic part of = in Definition A.4. Let
Che " (Za) € Rep™P(G(F,), ;) denote the Deligne Lusztig induction.

Lemma 3.11. There are natural isomorphisms

Das (COhSpruénip) o~ CthpruGrlip and DGS(COhSprgnip) ~ Cthpranip.
Proof. The morphisms 7P and TP are representable and proper, and hence *-pushforwards al/o\ng
them commute with Grothendieck—Serre duality. By [Zhu25b, §2|, we can write LSUBnip (resp. LS“Bnip )

as the derived [g]-fixed-point stack of U/B (resp. BJ/B). Therefore LS‘;;ip (resp. LS‘]‘;ip) is quasi-
smooth with trivial dualizing sheaf, and therefore Wy guaie (’)Lsgﬁp (resp. W e (’)Lsu;p) is
B B

canonically self-dual. The claim follows. O
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Lemma 3.12. There is a natural isomorphism

]_-unlp(Chu mon(uu)) ~ OLS"G?’TP ®O(C’) O(T)

In particular, O is a direct summand of Fé%p((]hlé 5 " (Za))-

LSuP
Proof. Under the equivalence (3.9), we have

BYMP (=) ~ —
Gap \—a) = LSun]p __ pgunip”
B,F " pgunip "B, F

G, F

by [BR24, Proposition 9.5]. On the other hand, consider the map

~unip . — unip L ump unip
Fie, TS — LS & < s LSyE — LSg™.

Under the fully faithful embedding (3.21), the object W] quip o Lt is computed by R(7 “mp) Wiin
B

qu;i\p B B
G
and hence

unlp u mon ~ ~'|J’II\ip .

After fixing a topological generator 7 € I, we have a Cartesian diagram

—~—unip

LSG —— B /B

unip AN
LS, — Gy /G

where the horizontal maps are given by evaluation at 7, and Wénsip is the completion of the Grothendieck—
Springer alteration along the unipotent cone. The first assertion follows from the well-known isomor-
phism (W‘Cl;félp) Opr/ = Ocn a0 yw) O(T). See, for example, [BMROS, Proof of Proposition 3.4.1]
for the Lie algebra version. The group version follows using the quasi-logarithms of [BKV16, Appendix
CJ.

The last assertion follows as O(T) is finite free over O(C) by [Ste75|. O

The following result is conjectured in [Zhu25a, Conjecture 4.4.2].

Proposition 3.13. The objects Cthprunlp and Cthprunlp lie in the heart of the standard t-structure

of Coh(LSuémp) and are mazimal Cohen—Macaulay.

Proof. Let V be a tilting G’—representation. Let Z‘;‘i\p(V) denote the unipotent monodromic central
sheaf in [BR24, Theorem 7.8]. Let A" € Shvy—mon(IW*\LG/Iw",Fy) (|Zhu25b, §4.2.3]) denote the

unit object. Applying [Zhu25b, Theorem 4.136] to F = &g‘fj“ and Z = 2,7“/m\p(V)7 we see that

u—mon uni . G(F 1;11\ w
RHomg, iy 11000 5 (ChE G (2 p(V))7(11)*c—IndGEOL)I‘w Py e D(F,)°.
By [Zhu25b, Corollary 4.68 and Lemma 5.6], we know that
LEP(Chg™ (2P (V) = V o LEP(Chigy (Ane) = Ve FEP(R) = V@ CohSpriy™.
Here V is the pullback of V along LSHGVnlp — BG. Recall w L = O Ls” By Lemma 3.12 and
Theorem A.2, we know that OLS“;p is a direct summand of
e

FEIP(ChY ™" (20)) = FEP(TYP) 00 O(T),

which is a direct sum of copies of ]-'m”p(Fump) It follows that

RHom Ve CthprUlnlp o

= \Q
Coh(LS ““’P) ) € D(Fe)

unip
LS &
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By Lemma 3.11, the Fy-complex

RHom (v, Cthprué/n\m) ~ RHom (]D)G,S(CthpruG/n\ip)7 Das(V))

u/n.i\p u/n\ip
Coh(LS2P) Coh(LS"™)

~ RHom (Cthpr‘in\p, ‘7\/)

Coh(LSZP)
~ (v unip _
o RHomcoh(Ls“G}‘ip)(V ® CohSpr ™, (’)Lsgﬂp)

unip
concentrated in degree 0. The statement for Cthpr“énlp follows as Cthprgnlp is a finite iterated

is concentrated in degree 0. Arguing as in the proof of Theorem 3.8, we see that CohSpr is

extension of copies of CthprgmilD by Lemma 2.2, and Cthpruénip has bounded cohomology.

Finally, the Cohen-Macaulayness of CthplruGnip and Cthpruénip follows from Lemma 3.11 and
[Sta26, Tag 0B5A]. O

Let
Fey: Repl(G(Fy),F) — Coh(LSZ™)
denote the restriction of ]-"Cl,nllp’c along (2.2). Note that by Proposition 2.8 and Theorem A.2, the object

Che j""(Za) = T, o) OT)
lies in Rep?(G(F,),F)®.
We have the following theorem.

Theorem 3.14. (1) The functor

Fety: Repg(G(Fy), Fe) — Coh(LSE™)

is t-exact when both sides are endowed with the standard t-structures.
(2) For any V € Rep2(G(F,),F¢)?, the associated coherent sheaf ]-'g’,cw(V) is mazimal Cohen—
Macaulay.

Proof. By Lemma 2.3, simple representations V in Rep?(G(F,),F¢) are direct summands of R;.

Therefore ]-"g”ib(V) is a direct summand of Cthprgﬂp, which is concentrated in degree 0 and is

maximal Cohen—Macaulay by Proposition 3.13. The rest of the theorem is clear. g
4. FLATNESS
Let G be a split reductive group over F, with simply connected derived subgroup. Let
Commg, = {z,y € Gleyz™" =y}
denote the commuting scheme of G. Let
(4.1) m: Commg — c

denote the map sending (z,y) to the conjugacy class of y. In this section, we prove that the map (4.1)

is flat at the identity point u € C.
Let ¢ > 1 be an integer. Recall the ¢g-commuting scheme

Commqé = {z,y € Glayz™" = y1}

which admits a natural map
(4.2) Comm?, — cll

sending (z,y) to the image of y in the Chevalley quotient.
Fix a closed immersion p : G < GLy for some N. Write x : G — C for the (coarse) adjoint

quotient, and let m C O(C') be the maximal ideal of u = x(1). For a € N, set
Cy = Spec O(C) /m®.

We let Cy,my denote the analogous objects for GLy, and let a : O(Cy) — O(C) denote the
homomorphism induced by p.
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Lemma 4.1. Let a < L%J Then [q) =1d on G Xa Ch.
Proof. Let R be a test algebra and let g € (G Xea C.)(R). Set T = p(g) — Idy. By Cayley-Hamilton,
TV 4TV 1o f ey =0
with the coefficients ¢; € my. Thus TV € my - My(R), whence we arrive at TV® = 0, because
a(my) Cmand m® =0 on C,. Write ¢ — 1 = £"b with £{b. Then
p(9)? = Idy + 7)) = (Idy + T°)° =Tdy
by the assumption ¢” > Na. Since p is a closed immersion, we have g¢ = g as required. O

gve(q 1)

Corollary 4.2. Leta < |

|. Then there is a natural isomorphism

Commyg, x5 Cy = Commé X ata Ca-
Proof. This is clear by Lemma 4.1. O

Corollary 4.3. Let a < LM#J Then C’a s a closed subscheme of CA',[f]. Furthermore one has

] CA’a-

T Xé Ca ZT,lEq] Xéz[f

In particular Tiq] X alal é’a — C’a 1s finite flat.

Proof. By Lemma 4.1, we have [¢q] = Id on T X C,. The claimed identification follows, and finite
flatness follows by base change from 7' — C. O

Let g be a prime power with ¢ | ¢ — 1 and let F,; be the finite field. Let G be the split reductive
group over F, with dual group G. Note that G has connected center by assumption.

Recall the representation Fz}nip in (2.3). Recall
Endg,)(T ump) o(cl).

by (2.4). For a € N, we define V, = I‘;mp ® 0(C,) € Rep‘ml\p(G(Fq),]Fg)o.

O(é[?])

Proposition 4.4. Assume that £4|W|. If a < L‘W(q |, then V, is flat over O(Cy).
Proof. Recall (2.5) that
HomG(Fq)(ﬁl, anip) = O(TQ[LQ])

and I‘Zn/i\p eiRepg(G(FqL?g)@. By Proposition 2.5, the object Ry is a projective generator of
Repl(G(F,),Fy). Therefore V, is flat if and only if

Homg(]pq)(ﬁl, Va) = Homg(Fq)(él,sznip) ®O(CA'1[},’]) O(éa) = O(Tlgq] XCAH[?] éa)
is flat over O(C,). This follows from Corollary 4.3. O
Corollary 4.5. Assume Assumption 3.10. The map

(4.3) CommG Xata Ca = Ca
induced by (4.2) is flat.
Proof. We need to show that
Lsuémp XC’Lq] é — C’
is flat. By Lemma 3.12, the structure sheaf O ., is a direct summand of ]—' w(Che S (Ea)). It
¢

therefore suffices to show that

F& (Che 37" (Za) ©g gty O(Cla)

is flat over O(C,). By Corollary 3.7 and Theorem 3.14.(1), it suffices to show that
Chlé (;non(:u) ®O(Cﬁ[f]) O(éa)
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is flat over O(C,). By Theorem A.2, using that O(T) is finite free over O(C), it suffices to show that
V, is flat over O(C,). This follows from Proposition 4.4. O

Corollary 4.6. Assume { is larger than the Cozeter number of any simple factors of G, and ¢ # 19
(resp. £ # 31) when G has a simple factor of type E7 (resp. Es). The map

m: Commg — C
is flat at w € C. In particular, the scheme Commy, Xcai\ 1s flat over C’Q at all of the points of m=*(u),

where C/ is the completion of C at u.

Proof. Fix a > 0. We can find a prime power ¢ such that a < L%J Then by Corollary 4.2 and
Corollary 4.5, the map R K

COHlHlG Xea C, — C,
is flat. Since a is arbitrary, we find that Commyg, x5 C — G is flat. As the map C)) — é(u) to the
localization at w is faithfully flat, the map = is flat at u. O

5. COHEN-MACAULAYNESS

Let G be a split reductive group over F, and let G be its Langlands dual group. We assume that £
is larger than the Coxeter number of any simple factors of G, and £ # 19 (resp. £ # 31) when G has a
simple factor of type E7 (resp. Eg) throughout this section.

5.1. Cohen—Macaulayness of the commuting scheme.

Definition 5.1. We denote by Commy, the unipotent commuting scheme, defined to be the fiber
product

u
Commé e Commé

| I
SpecF, —“ 5 C
where 7 is (4.1). We can write
Comm}, = {z € G,y e Uy | zyz™ =y}
where Up = G xp ¢ {u} is the unipotent cone in G.

Proposition 5.2. Assume that the derived subgroup of G is simply connected. Then the scheme
Comm is Cohen—Macaulay.

vp(g—1)
15—

Proof. We fix a prime power ¢ such that > 1. Let G be the split reductive group over F,

with dual group G. By Corollary 4.2, we know that
Comm X atg {u} =~ Commy,
As in the proof of Corollary 4.5, the sheaf
OComm"é/G = OLSg‘TP ®O(C'LQ]) I

is a direct summand of

(Chu mon( )) ®O(é’,[;1]) Fl (Chu mon( ) ®O(éw[lq]) F@),
and therefore is CohenfMacaulay by Theorem 3.14.(2 ) Therefore Comm, is Cohen-Macaulay. O

We next remove the assumption that the derived subgroup is simply connected by descent along an
étale central isogeny.

Lemma 5.3. Let G — G’ be an étale central isogeny of reductive algebraic groups over a field Fy such

that £ { [W|, then the natural map Commyg, — G X ¢ Comm¢, is an isomorphism.

Proof. By [Cot26, Lemma 4.10], the map on unipotent cones Uy — Ug, is an isomorphism. Then the
statement is clear. O

is Cohen—Macaulay if and only if the same is true for Comm*

In particular, Comm% -

G
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u

¢ s Cohen—Macaulay.

Corollary 5.4. The unipotent commuting scheme Comm

Proof. By assumption on £, the map G = Gy X Z(é)O — @ is an étale central isogeny, where Gy
is the simply connected cover of Gge,. By Proposition 5.2, the scheme Comm% is Cohen—Macaulay.
Therefore Commg is Cohen—Macaulay by Lemma 5.3. O

Theorem 5.5. The commuting scheme Commg is Cohen—Macaulay.

Proof. The proof proceeds, roughly speaking, by a standard reduction to the completion of the unipo-
tent cone. First let (g, h) € Commg (k) for an algebraically closed field k over Fy, then by the Jordan
decomposition we may write

g=su,h=tv
where s, ¢ are semisimple and u, v are unipotent. We define L = Z4(t). By [Ste68, Corollary 9.4], Lis
a possibly disconnected reductive group. We claim that there is a natural map

A dim(G)—dim(L),A A
Commé,(%h) — Ay X Commi7(t_1g7v),

which will turn out to be an isomorphism. Indeed if [ = Lie(ﬁ) then we may choose a local smooth
transversal T to L at the identity, such that on tangent spaces T1(T) & 1 = g and Ty (T) is the sum of
the non-trivial eigenspaces of ¢ on g. Then the conjugation action of T' on L
Adr:TxL—G

induces an isomorphism T} X IA/,/I\ — CAJQ Now taking R an Artinian local k-algebra we can take
(a,b) € Commg(R) lifting (g, h). Using the above isomorphism we may uniquely write b = zlz ™! for
| € L(R),z € T(R), where [ reduces to h and x to 1 modulo the maximal ideal of R. Then if we
conjugate by = we get a commuting pair (r~'ax,l), and we wish to show that ag = 2 tax € I:(R)
But again by inspection of the map on tangent spaces, the map m|,,;: T x L — G induced by
multiplication gives a set of coordinates on Cl;\ around g, so we find that ag = yl’ for some I’ € ]f/(R)
reducing to g modulo the maximal ideal, and y € T(R) reducing to the identity. Then I'll' "% = y =1y,

but since the left-hand side is in L(R), we find that y must be trivial. The map (a,b) — (z, 2 'az, 1)
gives an isomorphism

A dim(G)—dim(L),A A
Comme, ) = Ag x Commy o 1y
and since t € I:(k) is central we have a further isomorphism
A A
Commy (o ) = Commz 1y

Let M = Z 1 (s), where s is the semisimple part of g. Then M is a possibly disconnected reductive
group again by [Ste68, Corollary 9.4]. Applying the same reduction to the first coordinate gives

x Comm”>

A - Adim(G)—dim(M),A
~ Ay Me,(u,v)

Commg, )

where the last isomorphism follows since now u,v are both unipotent. We thus reduce to showing

that if G is connected reductive and (u,v) are unipotent elements of G, then Commg () is Cohen—

Macaulay. Now we note that since £ |IW| (and this condition passes along our reduction procedure to
connected components of centralizers of semisimple elements) in particular ¢ 1 |71 (Gaer)|, thus T /W

A - adim(G)—dim(M),A
X CommM’(uvv) ~ Ay

is smooth at the identity by [Cot26, Lemma 4.2]. Finally take G — G an étale cover with simply

connected derived group, and denote by Z the kernel of this isogeny. The map T// W — T// W is
smooth at the identity, and the base change

~2
X —G

| !

Commg — G?

~2
parameterizes pairs of elements (a,b) € G with commutator inside of Z. Since Z is a finite étale group

scheme, Commé is closed and open in X, and the fiber of Commé over the identity in 7 /W maps
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surjectively onto the analogous fiber for Commg by Lemma 5.3, so we find that Commé — Comm

is finite étale surjective in a neighborhood of the unipotent fiber. Thus the map Commgs — T JW is
flat at the identity. Cohen—Macaulayness of CommG (uw) DOW follows from the fact that Comm, is

Cohen—Macaulay by Corollary 5.4 and [Sta26, Tag 045]]. O

Corollary 5.6. Suppose that the derived group ofé 1s simply connected. Then the morphism
7 : Commg — C
1s flat.

Proof. Tt is easy to see that the fibers all have dimension dim(é’) by decomposing each fiber of the
map G — C into a finite union of orbits and using the orbit-stabilizer dimension formula. By [Ste65,
Theorem 6.1], the map C — SpecTF, is smooth if G has simply connected derived subgroup. The result
then follows from Theorem 5.5 and “miracle flatness” [Sta26, Tag 00RA4]. O

We now combine Cohen-Macaulayness with regularity in codimension one to establish normality of
the commuting scheme.

Corollary 5.7. The commuting scheme Commyg, is normal. In particular, Commg is reduced.

Proof. This is a consequence of Serre’s criterion ([Sta26, Tag 031S]), provided we can show that Comm,
is regular in codimension 1. First we prove this under the assumption that G has simply connected
derived group, then we will reduce to this case. First we show that the locus of (g, ) € Comm such
that either g or h is regular is smooth. By symmetry we prove this for the locus for which g is regular.
By [Cot26, Theorem 3.11|, the locus of pairs (g,h) € Commg such that g is regular is smooth after
taking the quotient by the action of Z(G) on the second factor. Since Z(G) is smooth, we find that
this locus is smooth.

By Corollary 5.6, if n € Comm is a point of height one, then writing (1) = 1’ we have, by flatness,
that ' is either of height one or zero. In the latter case we are done as then 7’ is regular, so we focus
on the height one case. In this case n is a generic point of the fiber Commém,, and its image 1’ is a

generic point of the discriminant locus. Let s € G (m) be a semisimple representative of the point 7/,
then Z(s) has semisimple rank 1, and is connected by [Ste68, Corollary 9.4|. Let (g,h) € Commg, ./,
then h is conjugate to su with s the generic semisimple element as above and u € Z4(s), if u # 1, then
u is regular since Zx(s) has semisimple rank one, thus h is regular. Otherwise h = s, g can be any
element of a maximal torus of G, so Z a(s)nN G2 is dense and open (as it is nonempty). In particular
the generic point of CommG , isin the regular locus.

Now we move to the general case. By [Sta26, Tag OFIZ] it suffices to check normality of Comm,
after taking completion at an arbitrary point (g,h) € Commg. The same formally smooth reduction
as applied in the proof of Theorem 5.5 shows that we may reduce to studying the completion at a
unipotent tuple (u v) € Commpy for H some connected reductive subgroup of G. Now as usual we
may choose « : H — H an étale central i isogeny such that Hyer is simply connected, and the map

CommH( ww) CommH’(uyv)
is an isomorphism as argued in the last paragraph of the proof of Theorem 5.5. The scheme Comm% ()
is normal by [Sta26, Tag 0C23|, and the same is true for Commg’(u’v), completing the proof. O

Corollary 5.8. Let G’/F be a connected reductive algebraic group over a field F of characteristic 0 or
of characteristic £ satisfying the standing hypotheses. Then the commuting scheme Comm, is normal
and Cohen—Macaulay.

Proof. When F is of characteristic ¢, it follows from [Sta26, Tag 045P and Tag 0380] and Theorem
5.5 and Corollary 5.7. Now suppose that F' has characteristic 0. We first assume that F' is a number
field. Let Op denote the ring of integers in F'. One can spread out G to a connected reductive group
scheme G /Or[S™1, for S a finite collection of places of F such that every place not in S satisfies the
assumption on characteristic. By openness of the flat locus, after enlarging S one may assume that
Commy is flat over Op[S™']. Let v € Spec Op[S™!] be a closed point with residue field k(v). By the
above discussion we know that Commg k(o) is Cohen—Macaulay. By [Sta26, Tag 045J], this implies that
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Commyg is Cohen-Macaulay at all of its local rings in the fiber above v. However as v was arbitrary,
this implies the result: indeed take (g,h) € Commé’ > Since GxGisa finitely presented affine scheme
over Or[S™1], there exists some place v € Spec Or[S™!] such that the coordinates of (g, h) are regular
at v. Thus Commg is Cohen-Macaulay at (g, ). For normality, note that once we know Comm, is

Cohen—Macaulay, the same proof as in Corollary 5.7 works without modification. For a general field
F of characteristic 0, it follows from [Sta26, Tag 045P and Tag 0380] again. d

5.2. The Lie algebra setting. NQW let g denote the Lie algebra of G over F,. Let t denote the Lie
algebra of the maximal torus T of G. Let

Commy = {X,Y € g|[X,Y] =0}
be the commuting scheme for g. There is a natural morphism
7: Commg — t)/W

similar to (4.1).
We recall the following definition.

Definition 5.9. A map L : G — § is called a quasi-logarithm if
(1) We have L(1) =0,
(2) The morphism L is Ad(G)-equivariant,
(3) The induced map on tangent spaces dL; is the identity.

By [BKVIG Appendlx C] such a quasi-logarithm exists under our hypotheses if ¢ is assumed very
good for G and G is split with simply connected derived subgroup. As in this section we are in the
business of studying Lie algebras, this last restriction on 7T1(Gder) is not restrictive.

For the remainder of this subsection we assume ¢ { |W/|, and that G has simply connected derived
subgroup. In particular, G admits a quasi-logarithm.

Theorem 5.10. The morphism 7 : Commg — t)W is flat, and the scheme Commyg is Cohen—
Macaulay.

Proof. Let L : G — § be a quasi-logarithm. There is a map

(5.1) Comm; — Commy (g ¢

G,(1,1)

given by (L,L). We claim that this map is an isomorphism. By Ad(@)—equivariance of the quasi-
logarithm we know that this map lives over an identification (7' /W)" ~ (1/W)} induced by L. Note
that since the map L: G’f — ¢4 induced by L is an isomorphism since it is the identity on tangent
spaces, we simply have to check that the commuting equations are well-behaved, and this follows from
Ad(G)-equivariance once again.

By Corollary 4.6 and Theorem 5.5, we find that Comm§7(0,0) — (t)W)} is flat and the source is
Cohen-Macaulay. Now we make use of the natural scaling action of G,, on Commy. Indeed for a pair
A, B € g such that [A, B]g = 0 we can scale both matrices by ¢t. If x : § — t/W is the map to the
adjoint quotient, then x obeys the equivariance x(tB) = (t% f1(B),t% fo(B), ..., t% f.(B)),t € G,,
where the d; are the degrees of homogeneous generators of (’)(ﬁ)é, and all these weights are positive.
We thus reduce to the situation of the following lemma, which completes the proof. O

Lemma 5.11. Let R — A be a map of positively graded finitely presented k-algebras, where R =
klt1,...,tn], with Ry = k,Ag = k' with k' an extension of k. Let I be (t1,...,t,), m = Ay, and
suppose that Awy /I Ay is Cohen—Macaulay and Ay, is flat over R, then A is flat and Cohen—Macaulay
over R.

Proof. Since Ay, is flat over R, the Cohen—Macaulayness of Ap /1 Ay, implies that of Ay, by [Sta26, Tag
045J]. By [Sta26, Tag 07NX] this is then also true for Ay. Let Z be the locus on which Spec A is not
Cohen—Macaulay, by [Sta26, Tag 045U] this is a closed subscheme of Spec A, which is G,,-invariant.
Let J be the homogeneous ideal defining this locus Z. If J were a proper homogeneous ideal it would
be contained within m, but this is impossible by the above. The argument for flatness is essentially
the same. O

Corollary 5.12. The commuting scheme Commy is normal.
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G,(1,1)
is normal and integral by the isomorphism (5.1). Recall that O(Commy) is a positively graded ring,
and hence the homomorphism O(Commg) — O(Commg’(oﬁo)) is injective. In particular, Commy is
integral and is normal at the point (0,0) by [Sta26, Tag OFIZ|. By [Sta26, Tag 035S], since Commyg is
Nagata, the normal locus inCommyg is open dense. Let Z be the closed locus on which the map from
the normalization is not an isomorphism. Once again Z is defined by a homogeneous ideal J in the
coordinate ring A = O(Commy). Now applying the argument of Lemma 5.11 we find that Commy is
normal. g

Proof. By Corollary 5.7, the completion Comm is normal and integral. Therefore Comm§7(070)

Corollary 5.13. Let G be a reductive algebraic group over a field F' of characteristic 0 or of charac-
teristic ¢ satisfying the standing hypotheses. If g is the Lie algebra of G, then the scheme Commy is
normal and Cohen—Macaulay.

Proof. The proof is exactly the same as in corollary 5.8. O

APPENDIX A. TRACE OF THE BIG TILTING SHEAF

Let G be a split reductive group over a finite field F, with connected center. Let A = Fy or Q, with
¢ good for G. Let (B,T,e: U~ — G,) be a pinning of G. Let

Y: U (Fy) = Fy — A*
be a non-degenerate character. Recall the Gelfand—Graev representation
G(Fq)

Ly = IndU,(]Fq)i/) € Rep(G(Fy), A).

Let (Shvpmen(U\G/U, A),x) be the monodromic Hecke category as in [Zhu25b, §4|. Consider the
horocycle correspondence

(A1) U\G/U & G/Ad,U L G/Ad,G = BG(F,).
Here Ad,(g)(h) = gha(g)~*. Let
F = 0,: Shvimen (U\G/U, A) =5 Shvmon(U\G/U, A)

denote the Frobenius automorphism.
Recall the following theorem on categorical traces.

Theorem A.1 ([Zhu25b, Theorem 4.97|,[Ete24, Theorem 1.1.1]). There is a natural equivalence
Tr(Shvmon (U\G/U, A), F) ~ Rep(G(Fy), A)

such that the natural functor Shvmen (UNG/U, A) — Tr(Shvmen(U\NG/U, A), 0.) is identified with the
Deligne—Lusztig induction functor

Chg% == q.p': Shvimon (U\G/U, A) — Rep(G(F,), A)
in (A.1).
Let G be the dual group over A. Let T be the maximal torus of G and C' = T// W be the Chevalley
quotient. Let [q]: G — G be the g-power map, and let lq]: C — C be the induced map. Recall

Endgr,)(Ty) =~ O(Cl) by [Ete26, Theorem 1.4.2]. We will define the cofree tilting sheaf = €
Shvmen (U\G/U, A) in Definition A.4. The main result of this appendix is the following theorem.

Theorem A.2. There is a natural isomorphism

ChE (5) = Ty Oy OD).
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A.1. The Whittaker category. We define the category Shvyen (U\NG/(U ™, %)) of (U, %)-equivariant
sheaves as in [Zhu25b, §4.2.4]. The monodromic Hecke category Shvmen (U\G/U, A) acts on this cate-
gory by left convolution.

Let U= — U~ denote the [F,-cover defined by pulling back the Artin-Schreier cover of G, along

e: U™ = Gy Then Shvyen(U\G/(U~,%),A) is a direct summand of Shvmon(U\G/a\:7 A) as in
[Zhu25b, (4.34)]. Consider the projection map

pr: U\UTU™ /U~ - T x U~ /U~ ~ T x BF,.
We define the functors
AY = jipr' (=) B ) Shvimon (T, A) = Shvimon(U\G/ (U™, ), A)
VY = j.pr' (=) K 1b) : Shvimon(T5 A) = Shvimen (UNG/ (U™, 1)), A)

where j: U\UTU_/ﬁ: — U\G/(f]t is the open embedding of the big cell. By [Zhu25b, Lemma 4.55],
we have the following lemma.

Lemma A.3. The functor
(A.2) VY =~ AY: Shvyen (T, A) =5 Shv(U\G/ (U™, 1), A)
s an equivalence of categories.

Let Ch € Shvpen(T, A) denote the cofree tilting sheaf in [Zhu25b, (4.6)]. Denote A¥ := A¥(Ch).
Recall that there is an equivalence of symmetric monoidal categories

(A.3) Ch: IndCoh(R;) = Shvyen(T, A)

where R; is the moduli space of strongly continuous homomorphisms zp (1) — T over A by [Zhu25b,
Proposition 4.32|. After fixing a topological generator 7 € ZP(1), we can identify Rz with the union

of completions of 1" along A-points of prime-to-p order. By (A.2) and (A.3), there is an equivalence of
categories

(A.4) Ch?: IndCoh(R;) = Shvmon (U\G/ (U™, %), A).

In particular, the category Shvpyon(T,A), and hence Shvy,on(U\NG/(U~,4),A) are naturally O(T)—
linear. By [Ete26, Lemma 3.5.9], the monoidal category Shviyen(U\G/U, A) is naturally linear over

O(C), and Shvmen (UNG/(U~, %), A) is naturally a O(C)-linear module category over Shvo, (U\G/U, A).
Define the functor

Avy: Shvimen (UNG/U, A) = Shvmen (UNG/(U ™, 9), A)
by Avy(F) == F % A%, Let Av¥ denote the right adjoint of Avy.
Definition A.4. We define the big tilting sheaf = = Av?(A¥) € Shvimon(U\G/U, A).

By [BY13, Lemma 4.4.1][DLYZ25], the object E is isomorphic to the cofree monodromic tilting sheaf
Tilpo" € Shvmen (U\G/U, A) associated with the longest element wg € W in [Zhu25b, Proposition 4.50].

’lbo
Lemma A.5. There is a natural isomorphism of functors
(=) *Z =~ Av¥ 0 Avy: Shvpon (U\G/U, A) — Shvmon (U\G/U, A)
Proof. 1t is easy to see that Av, preserves compact objects, and hence Av¥ is continuous. As

Shvimen (U\G/U, A) is a semi-rigid monoidal category, the functor AvY is also Shven(U\G/U, A)-
linear. The lemma follows. O

Lemma A.6. The following diagram commutes:

. )
—®5 6, 0(1)

IndCoh(R;) IndCoh(R ;)

Ch“”J{ﬁ ZJ(Ch“’

Avy, oAv?

Shvinen (UNG/(U™,¢), A) —— Shvmon (UNG/(U™, ), A).
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Proof. As in Lemma A.5, the functor Av,, o Av¥ is Shvy,on(U\G/U, A)-linear. Therefore it suffices to
compute
Avy 0 AVY(AY) = Avy () ~ Ex AV,

It suffices to show =« AY ~ AV ®é((§) O(T'). This follows from [Ete26, Theorem 3.5.28]. Indeed, the
object E corresponds to the object wr, xRk, In the category of Soergel bimodules, and the action
T

on wg_ € IndCoh(R}) is given by

(pQ)*(S!(wRTXRT//WRT ‘Z wRT) = (pQ)*wRTXRT//WRT =~ erf ®Ié(é) O(T)
for
&
(RT XRT//W RT) X RT < RT XRT»//W RT p_z) RT'
O

A.2. Proof of Theorem A.2. We refer to [GKRV22] and [Zhu25b]| for the definitions and properties
of categorical traces. Write H = Shvion (U\G/U, A) and M = Shvy,on (U\G/(U ™, %), A) for simplicity.
The H-module M is left dualizable by [Zhu25b, Corollary 8.78]. Moreover, there is a natural H-linear
functor

can: M —» HF @y M

defined by M +— 1 ® F~1(M) for F = o,. Here H is the H-bimodule with the right H-action given
by F. By [Zhu25b, (7.61)], this defines an object

cl(M, can) € Tr(H, F') = Rep(G(F,), A).

By the argument in the proof of [Zhu25b, Theorem 4.135], there is a canonical isomorphism

(A.5) cl(M, can) ~ T

Consider the H-module map

(A.6) az: H - H 9y H~ HY

defined by a=(X) = X *Z. We obtain the object

(A7) Che; ' (B) =~ cl(H, az) € Tr(H, F) = Rep(G(Fy), A).

We interpret categorical traces as traces in the Morita category Moritas defined in [GKRV22, §3.6].
Objects in Moritas are identified with Alg(Pr%), and morphisms in Morita, are given by bimodules.
By Lemma A.5, we can write (A.6) as a composition of left H-module homomorphisms

19A o
H 22 H oo M 2240 g on HY @y H.

Therefore the object (A.7) is induced by the 2-commutative diagram

DA —B 5 H
| e
DA —M s H
1=
DA) —2 s H

in Moritay. By cyclicity of trace ([GKRV22, (3.5)]), we see that (A.7) is also induced by the 2-
commutative diagram

z 1
?\m:\m

=
%
=
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The composition

1® 1®AV¢.
E—

V’l)
M AOL HF oL H HY 9y Hog M ~ HY oy M

is computed by

M+ 1@ Avyo F~' o Av¥(M) ~ can(M) ®é(é) o(T)

by Lemma A.6. Therefore we have

As O(T)

Chg'y (2) =~ cl(M, can ®é(é) O(T)) ~ cl(M, can) ®(L9(é) O(T) ~Ty, ®(LQ(C,) o(T).

is finite free over O(C) by [Ste75|, we have I'y, ®é(é) O(T) =Ty ®p(e) O(T). This proves

the theorem.
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