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With great fondness and gratitude, we dedicate this paper to the memory of John Coates.

1. Introduction

Kottwitz [K] introduced certain extensions of local and global Galois groups and
considered their ‘algebraic’ cohomology with coefficients in an algebraic group. How-
ever, his extensions are only canonical up to conjugation. This is enough to make
their cohomology canonical, but their spaces of cocyles are not canonical. The pur-
pose of this paper is to explain how one can work with such cocyles: what choices
one has to make to make them well defined, how one can compare cocycles when one
changes these choices and how this relates to the choices Langlands made in formu-
lating his conjugation conjectures for Shimura varieties. This will play a crucial role
in our work on the formalism of Shimura varieties [ST].

If E/F is a finite Galois extension of local or global fields, Kottwitz considers
certain extensions E(E/F ) of Gal (E/F ) by certain abelian groups E(E/F )0. The
most familiar examples are the local and global Weil groups WE/F : extensions of
Gal (E/F ) by E× in the local case and by A×E/E× in the global case. These extensions
are defined in terms of a canonical class [αE/F ] ∈ H2(Gal (E/F ), E(E/F )0), but not
by a canonical cocycle. It turns out (because H1(Gal (E/F ), E(E/F )0) = (0)) that
E(E/F ) is unique up to an isomorphism, which is itself unique up to composition
with conjugation by an element of E(E/F )0.
Having defined these extensions E(E/F ) we will, following Kottwitz, consider what

we call the algebraic (non-abelian) cohomology H1
alg(E(E/F ), G), where G is a group

(often the E or AE points of an algebraic group) with an action of Gal (E/F ). To
define this cohomology we consider only the set Z1

alg(E(E/F ), G) ⊂ Z1(E(E/F ), G)
of cocycles whose restriction to E(E/F )0 lie in some chosen class of homomorphisms,
usually a class of homomorphisms coming from certain morphisms of algebraic groups.
These ‘algebraic’ cocycles will be preserved by the usual equivalence relation and
hence give rise to a cohomology group H1

alg(E(E/F ), G). It is easy to verify that,
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despite the ambiguity in the definition of E(E/F ), the pointed set H1
alg(E(E/F ), G)

is well defined up to unique isomorphism. However Z1
alg(E(E/F ), G) is not.

If F is a local field there will be only one such extension of interest to us: E(E/F ) =
WE/F - theWeil group defined by the usual canonical class [αE/F ] ∈ H2(Gal (E/F ), E×).
In this case, if G/F is an algebraic group with centre Z(G), then Z1

alg(WE/F , G(E))

(resp. Z1
alg(WE/F , G(E))basic) will denote those cocycles which are given on E× by

an algebraic character ν : Gm → G (resp. ν : Gm → Z(G)) defined over E. (In the
second case it will follow it is actually defined over F .) These are sometimes called
‘algebraic cocycles’ (resp. ‘basic algebraic cocycles’).

However, when F is a global field, will need to consider several examples of these
groups E(E/F ), which we will now describe.

(1) We define E loc(E/F )0 =
∏

w∈VE E
×
w , where VE denotes the set of all places of

E. There is a unique class [αloc
E/F ] ∈ H2(Gal (E/F ),

∏
w∈VE E

×
w ) whose image

in H2(Gal (Ew/Fw), E
×
w ) equals [αEw/Fw ] for all w ∈ VE. We let E loc(E/F )

denote the corresponding extension of Gal (E/F ) by
∏

w∈VE E
×
w .

For an algebraic group G/F , basic algebraic cohomology of G(AE) will be
defined in terms of those cocycles whose restriction to E loc(E/F )0 are of the
form

∏
w νw, where νw : Gm → Z(G)/Fw is an algebraic character, non-trivial

for only finitely many w.
(2) We define T2,E/F to be the protorus with character group Z[VE], the free

abelian group with basis the set VE of places of E with the natural action
of Gal (E/F ). Then we set E2(E/F )0 = T2,E(AE) and define E2(E/F ) as the
pushout of E loc(E/F ) along the embedding

∏
w E

×
w ↪→

∏
w A

×
E
∼= T2,E(AE),

where we identify E×w inside the copy of A×E indexed by w.
In this case, for an algebraic group G/F , basic algebraic cohomology of

G(AE) will be defined in terms of those cocycles whose restriction to E2(E/F )0
come from an algebraic character ν : T2,E → Z(G)/F . Thus there are natural
restriction maps Z1

alg(E2(E/F ), G(AE))basic → Z1
alg(E loc(E/F ), G(AE))basic.

(3) WE/F will denote the global Weil group, i.e. the extension of Gal (E/F ) by
A×E/E× coming from the usual canonical class [αE/F ] ∈ H2(Gal (E/F ),A×E/E×).

(4) We will write Eglob(E/F )0 for the subgroup of elements of T2,E(AE) whose im-
age in A×E/E× under any of the characters πw corresponding to w ∈ VE is inde-
pendent of w. It turns out (as observed by Nakayama and Tate), that there is

a unique class [αglob
E/F ] ∈ H2(Gal (E/F ), Eglob(E/F )0) which pushes forward to

[αE/F ] ∈ H2(Gal (E/F ),A×E/E×) and to [αloc
E/F ] ∈ H2(Gal (E/F ), T2,E(AE)).

We write Eglob(E/F ) for the corresponding extension of Gal (E/F ) by Eglob(E/F )0.
In this case, for an algebraic group G/F , basic algebraic cohomology of

G(AE) will be defined in terms of those cocycles whose restriction to Eglob(E/F )0
come from an algebraic character ν : T2,E → Z(G)/F .
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There are embeddings of extensions local : Eglob(E/F ) ↪→ E2(E/F ) giving
rise to isomorphisms

loc = (local∗)−1 : Z1
alg(Eglob(E/F ), G(AE))basic

∼−→ Z1
alg(E2(E/F ), G(AE))basic.

The map of extensions is only defined up to composition with conjugation by
an element of T2,E(AE); and the map of cocycles is canonically defined only
up to composition with the map from Z1

alg(E2(E/F ), G(AE))basic to itself given

by ϕ 7→ ϕ(t)ϕ for some t ∈ T2,E(AE).
(5) Finally we will write T3,E for the protorus over F with character group Z[VE]0,

the subabelian group of Z[VE] consisting of elements
∑
mww for which

∑
mw =

0. We will write E3(E/F ) for the pushout of Eglob(E/F ) along Eglob(E/F )0 ↠
T3,E(E).

In this case, for an algebraic group G/F , basic algebraic cohomology of
G(E) will be defined in terms of those cocycles whose restriction to T3,E(E)
come from an algebraic character ν : T2,E → Z(G)/F . Thus there is a natural
morphism Z1

alg(E3(E/F ), G(E))basic → Z1
alg(Eglob(E/F ), G(AE))basic.

We have a diagram of morphisms of extensions:

E3(E/F ) ↞ Eglob(E/F ) ↠ WE/F

local ↓
E loc(E/F ) ↪→ E2(E/F )⋃

WEw/Fv ↞ E loc(E/F )|Gal (E/F )w

for any places w|v of E and F . A key observation is that, although individually the
extensions E(E/F ) we consider here have automorphisms, the diagram as a whole
does not. Thus if we fix such a diagram it makes sense to consider algebraic cocycles
and not just algebraic cohomology classes.

However we have not specified such a diagram uniquely. To the best of our knowl-
edge there is no preferred choice. The various choices form a set which we will denote
H(E/F ), which comes with a transitive action of T2,E(AE). It seems to us that choos-
ing one element of H(E/F ) is a bit like choosing one place of E above a given place
of E: there are many choices, but for most purposes the choice is irrelevant. We will
decorate the various extensions E?(E/F ) and the maps local and loc with a subscript
a to indicate it is the one uniquely determined up to unique isomorphism by a. If
a, a′ ∈ H(E/F ) and a′ = ta for some t ∈ T2,E(AE), then we get isomorphisms

zt : Z
1
alg(E?(E/F )a, G(AE))

∼−→ Z1
alg(E?(E/F )a′ , G(AE)),

where AE denotes E or AE. There may not be a unique choice of t and the isomor-
phism may depend on the t chosen. However, after one passes to cohomology groups,
it will no longer depend on the choice of t.
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Given a choice a ∈ H(E/F ) we have maps

loca : Z
1
alg(E3(E/F )a, G(E))basic −→ Z1

alg(E loc(E/F )a, G(AE))basic

and

res : Z1
alg(E loc(E/F )a, G(AE))basic −→

∏
v∈VF

Z1
alg(WEw(v)/Fw,a, G(Ew))basic,

where for each v ∈ VF we choose a place w(v) of E above it. These induce maps in
cohomology

loc : H1
alg(E3(E/F ), G(E))basic −→ H1

alg(E loc(E/F ), G(AE))basic

and
res : H1

alg(E loc(E/F ), G(AE))basic −→
∏
w∈VE

H1
alg(WEw/Fw , G(Ew))basic,

which are canonically independent of a. Moreover if E ′/F ′ is an extension of local
fields isomorphic (but not canonically so) to Ew/Fw, then there is a well defined map

resE′/F ′ : H1
alg(E loc(E/F ), G(AE))basic −→ H1

alg(WE′/F ′ , G(E ′))basic.

If F is local and ϕ ∈ Z1
alg(WE/F,a, G(E))basic or if F is global and ϕ ∈ Z1

alg(E3(E/F )a, G(E))basic,
then adϕ ∈ Z1(Gal (E/F ), (G/Z(G))(E)) and we get an inner form, referred to as an
‘extended pure inner form’, ϕG of G over F . If Z(G) is a torus then Kottwitz showed
that

H1
alg(WE/F , G(E))basic ↠ H1(Gal (E/F ), (G/Z(G))(E))

and
H1

alg(E3(E/F ), G(E))basic ↠ H1(Gal (E/F ), (G/Z(G))(E))

are surjective.
We recall that when G is connected reductive, Kottwitz defined important maps

κ : H1
alg(E loc(E/F ), G(AE))basic −→ (Z[VE]⊗ ΛG)Gal (E/F )

and
κ : H1

alg(E3(E/F ), G(E))basic −→ (Z[VE]0 ⊗ ΛG)Gal (E/F ),

where ΛG denotes the algebraic fundamental group of G. They are compatible in that
κ ◦ loc equals κ composed with the obvious map (Z[VE]0 ⊗ ΛG)Gal (E/F ) → (Z[VE] ⊗
ΛG)Gal (E/F ). We will also write

κG : H1
alg(E loc(E/F ), G(AE)) −→ ΛG,Gal (E/F )

for the composition of κ with the map

Z[VE]⊗ ΛG −→ ΛG∑
w xww 7−→

∑
w xw.

It turns out it is useful to fix slightly more than a ∈ H(E/F ). If D ⊃ E ⊃ F
there is a surjectionWD/F ↠ WE/F and it is possible to take an inverse limitWF/F =

lim←WE/F over all finite Galois extensions E/F . Although the Weil group WE/F is
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only determined up to inner automorphism by an element of A×E/E×, the absolute
Weil groupWF/F turns out to be much more rigid. It is determined up to conjugation

by an element of ker(WF/F → Gal (F/F )). The extra data we will add is roughly

speaking a collection of isomorphisms between WF/F/[WF/E,WF/E] and WE/F . One

might wonder why one works with WE/F at all, and not WF/F/[WF/E,WF/E] di-
rectly. The answer seems to be that, when D ⊃ E ⊃ F , the way we compare
Z1

alg(E?(E/F ), G(AE))basic and Z1
alg(E?(D/F ), G(AD))basic is not compatible with the

natural map

WF/F/[WF/D,WF/D] ↠ WF/F/[WF/E,WF/E].

More precisely, by complete rigidification data for a ∈ H(E/F ) we will mean the
choice for each place v of F and each F -linear embedding ρ : Eab ↪→ Fv (giving rise
to a place w(ρ) of E) a E×w(ρ)-conjugacy class [Γv,ρ] of isomorphisms of extensions

(0) −→ Gal (Eab/E) −→ Gal (Eab/F ) −→ Gal (E/F ) −→ (0)
Art E ↑ ≀ Γv,ρ ↓ ≀ ||

(0) −→ A×E/(E×∞)0E× −→ WE/F,a/(E×∞)
0E× −→ Gal (E/F ) −→ (0)

such that

(1) Γv,ρ lifts to an isomorphism of extensions

Γ̃v,ρ : WF/F/[WF/E,WF/E]
∼−→ WE/F,a

whose composition with the natural map

θρ : WF v/Fv
/[WFv/ρ(E)Fv

,WFv/ρ(E)Fv
] −→ WF/F/[WF/E,WF/E]

is equal to the composition of a map, which arises from the data a,

ιaw(ρ) : WEw(ρ)/Fv ,a −→ WE/F,a

with some isomorphism of extensions

Θ̃ : WF v/Fv
/[WFv/ρ(E)Fv

,WFv/ρ(E)Fv
]
∼−→ WEw(ρ)/Fv ,a;

(2) and if σ ∈ Gal (Eab/F ) then [Γv,ρσ] is determined in an explicit way by [Γv,ρ]
and σ.

We will denote by H(E/F )+ the set pairs (a, {[Γv,ρ]}), where {[Γv,ρ]} is complete
rigidification data for a. The action of T2,E(AE) onH(E/F ) lifts to a transitive action
on H(E/F )+. One consequence of the choice of a+ ∈ H(E/F )+ is that if T/F is a
torus split by E, if µ ∈ X∗(T )(Fv) and if τ ∈ Aut (F v/F ), then we can associate an
important element

ba+,v,µ,τ ∈ T (AE)/T (F )T (F∞)0T (E)T (Ev),

which inter alia allow one to compare the local and global Kottwitz maps on the level
of cocycles for tori. In the case of the Serre torus, these elements are closely related to
the structure of the Taniyama group. They are also crucial to the explicit description
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of the action of Galois on canonical models the Shimura varieties associated to tori.
Hence in [ST] they play a key role in fixing the action of Aut (C) on Shimura varieties.

More specifically in [ST] we propose a notion of a ‘rational Shimura datum’ (G,ψ,C, U)
over any field L of characteristic 0. To such a datum we associate a ‘rational Shimura
variety’ Sh(G,ψ,C, U)/L with many good functorial properties. In particular if
τ : L → L′ is a map of fields then τSh(G,ψ,C, U) is canonically identified with
Sh(G,ψ, τC,U) - no extra choices are required to describe the action of Galois on ra-
tional Shimura varieties. There is also a theory of complex uniformization in the case
L = C. Finally in the case G = T is a torus everything can be made explicit, and the
description of the action of τ ∈ Aut (C) in terms of complex uniformization is in terms
of the elements ba+,v,µ,τ . Thus this theory depends on the choice of a+ ∈ H(E/Q)+,
but different choices lead to equivalent theories. (Just as Langlands’ conjecture on
the conjugation of Shimura varieties depends on certain arbitrary choices made in
[L] in the case of a group whose cocentre along with its Hodge cocharacter is not a
quotient of the Serre protorus with its canonical cocharacter.)

Finally whenD ⊃ E ⊃ F and a+E ∈ H(E/F )+ and a+D ∈ H(D/F )+ we need to com-
pare the sets Z1

alg(E?(E/F )aE , G(AE))basic with the sets Z1
alg(E?(D/F )aD , G(AD))basic;

and the elements ba+E ,v,µ,τ
and ba+D,v,µ,τ

. It turns out that a+D and a+E can be related by

certain elements t ∈ T2,E(AD) and the choice of such an element both gives rise to
maps

inf?D/E,t : Z
1
alg(E?(E/F )aE , G(AE)) −→ Z1

alg(E?(D/F )aD , G(AD))
and to equalities

ba+D,v,µ,τ
= ba+E ,v,µ,τ

∏
ρ

(ρ
−1

µ)(tw(ρ)/tw(τρ)),

where again ρ runs over F -linear embeddings E ↪→ Fv.
This paper contains no major theorem, but we hope that the formalism we develop,

which we found rather difficult to uncover, may prove useful in other settings besides
[ST].

In section 2 we will recall algebraic facts, particularly concerning extensions and
concerning Weil groups. In section 3 we discuss ‘algebraic cohomology’, axiomatically
in a general setting. In section 4 we discuss local Weil groups and local algebraic
cohomology. In section 5 we discuss the various extensions of global Galois groups
which we will need to consider, before discussing global algebraic cohomology in
section 6. In section 7 we discuss how these extensions of section 5 compare to
Weil groups, and how this leads to the construction of the important special elements
ba+,v,µ,τ . Finally in section 8 we recall Langlands’ construction of the Taniyama group

and discuss its relationship to our special elements ba+,v,µ,τ . We will also prove some
additional results which we will need in [ST].

We are extremely grateful to the referee for both their careful reading of the man-
uscript and their helpful comments.
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2. Algebraic background

2.1. Notations. For simplicity all fields we consider in this paper will be assumed to
be perfect unless we specifically say otherwise.

If F is a field we will write F for an algebraic closure of F and F ab for the maximal
abelian Galois extension of F in F . If E/F is a Galois extension and L/F any field
extension, then we will write E ∩ L (resp. EL) for ρ(E) ∩ L (resp. ρ(E)L) for any
F -linear embedding ρ : E ↪→ L. The field E ∩ L (resp. EL) is a subfield of L (resp.
L) independent of the choice of ρ, but the identification of E ∩ L with a subfield
of E depends on ρ. If L is any field of characteristic 0, we will write Lalg for the
subfield consisting of elements algebraic over Q. If L/K is any extension of fields we
will write Aut (L/K) for the group of field theoretic automorphisms of L which fix
K pointwise. If L has characteristic 0 (resp. p > 0) will write Aut (L) for Aut (L/Q)
(resp. Aut (L/Fp)). If L/K is Galois we will write Gal (L/K) for Aut (L/K). If E is
a subfield of Calg then

CAut (C/E) = E.

If F is a local field of characteristic 0 we will write Art F : F× → Gal (F ab/F ) for
the Artin map. (Normalized to take uniformizers to geometric Frobenius elements.)

If F is an algebraic extension of Q we will write VF for the set of places of F and
AF for the ring of adeles of F . (In the case that F is an infinite extension of Q then
AF = lim→E AE, where E runs over subfields of F finite over Q.) If v is a place of F
then by Fv we will mean lim→E Ev as E runs over subextensions of F/Q which are
finite over Q. (So Fv may not be complete, but it is algebraic over Qv.) If E ⊃ F are
finite extensions of Q and if v is a place of F we will write Ev for the completion of
E at v so that Ev ∼=

∏
w|v Ew.

If F is a number field will write (F×∞)
0 for the identity component of the group of

units of the completion of F at infinity, and Art F : A×F/F×(F×∞)0
∼→ Gal (F ab/F ) for

the Artin map.
If E/F is an algebraic extension of fields with F a number field and if S ⊂ VF we

will write VE,S for the set of places of E above a place in S, and AE,S for the ring of
adeles of E supported at the primes in S. (If E is also a number field then AE,S is
the restricted product

∏′
w: w|F∈S E

×
w .) Moreover AS

E = AE,VF−S.

We will write Z[VE,S] for the free abelian group on VE,S and Z[VE,S]0 for the sub-
abelian group consisting of elements

∑
wmww with

∑
wmw = 0. If E/F is Galois,

both groups have a natural action of Gal (E/F ) via σ
∑

wmww =
∑

wmw(σw) =∑
wmσ−1ww.

If F is an algebraic extension of Q and K is a local field and ρ : F ↪→ K, then we
will write v(ρ) or w(ρ) or u(ρ) for the place of F induced by ρ. (We will tend to use
v(ρ) when the field is denoted F , w(ρ) when it is denoted E and u(ρ) otherwise.) If
moreover F/Q is Galois and τ ∈ Aut (K), then we will write τ ρ for the element of
Gal (F/Q) satisfying ρ ◦ τ ρ = τρ.
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If E/F is a Galois extension with F a number field, and if v is a real place of F we
will write [cv] for the conjugacy class in Gal (E/F ) consisting of complex conjugations
at places above v. If F = Q and v =∞ we will simply write [c].

If G is an (algebraic) group then Z(G) will denote its centre and Gad will denote
G/Z(G). Moreover Gder will denote its commutator subgroup and C(G) = Gab will
denote it co-center/abelianization G/Gder. If H ⊂ G is a subgroup we will write
NG(H) for its normalizer and ZG(H) its centralizer. If H has finite index, we will
also write tr G/H : Gab → Hab for the transfer map. If H is normal in G, then the

image of tr G/H is contained in (Hab)G/H . All actions of groups will be left actions
unless we specify otherwise. If G acts on X we will write [x]G for the G orbit of x ∈ X
and ZG(x) or Gx for the stabilizer of x in G. If G is an algebraic group acting on a
variety X over a field F and x ∈ X(F ), then [x]G is a variety, and [x]G(F ) ⊃ [x]G(F ),
but these two sets may not be equal.

If G is an affine algebraic group over F then there a scheme X∗(G), smooth and
separated over F , and a homomorphism µuniv : Gm×X∗(G)→ G×X∗(G), such that
if S is any F -scheme and µ : Gm,S → GS is a homomorphism, then there is a unique
morphism S → X∗(G) under which µ

univ pulls back to µ. Moreover

G×X∗(G) −→ X∗(G)×X∗(G)
(g, µ) 7−→ (conjg ◦ µ, µ)

is smooth; and

X∗(G)F =
∐

[µ]∈G(F )\X∗(G)(F )

G/ZG(µ).

(See sections 4 and 5 of exposé XI in [SGA3].)
If T/F is a torus we will write X∗(T ) for its character lattice, a finitely generated

abelian group with an action of Gal (F/F ). If f : T1 → T2 is a map of tori we get a
Galois equivariant map X∗(f) : X∗(T2)→ X∗(T1) which sends χ to χ ◦ f . .
We will require all our reductive groups to be geometrically connected, i.e. by the

term ‘reductive group’ we will mean what is often referred to as ‘connected reductive
group’. We will write GSC for the simply connected semi-simple cover of Gder. If T is
a maximal torus of G we will write T ad for the image of T in Gad (a maximal torus
in Gad ) and T der = (Gder ∩ T ) (which is a maximal torus in Gder, see remark 3.5 of
[Co]) and T SC for the preimage of T in GSC (which is a maximal torus in GSC, see for
instance proposition 4.1 of [Co]). We have T = ZG(T ). We will also write WT for the
Weyl group NG(T )/T , which we think of a finite algebraic group. It acts faithfully
on T . We will also write WT,F for NG(T )(F )/T (F ) ⊂WT (F ).

We remark that if T ⊂ G is a maximal torus and µ1, µ2 ∈ X∗(T ) are conjugate
under G(F ) then they are conjugate under WT (F ).

We will let ΛG denote the algebraic fundamental group of G, i.e. X∗(T )/X∗(T
SC)

for any maximal torus T of G. Note that the Weyl group WT acts trivially on
X∗(T )/X∗(T

SC). Any two maximal tori T and T ′ defined over F are conjugate over
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the separable closure F of F by g ∈ G(F ) with gNG(T ) uniquely defined. Then

conjg induces an isomorphism X∗(T )/X∗(T
SC)

∼→ X∗(T
′)/X∗(T

′SC). If we alter g by

an element h ∈ NG(T )(F ) then this isomorphism changes by an element of WT (F ),
i.e. is in fact unchanged. Thus ΛG is canonically defined independent of the choice
of T . In particular it has a canonical action of Gal (F/F ). (If T ′ = conjgT and

σ ∈ Gal (F/F ), then σ ◦ conjg = conjg ◦ σ ◦ conjwσ
on X∗(T ) for some wσ ∈ WT (F ),

and so σ ◦ conjg = conjg ◦ σ on ΛT .) If [µ] is a conjugacy class of cocharacters

µ : Gm → G (defined over F ), then [µ] gives rise to well defined element λG([µ]) ∈ ΛG.
If σ ∈ Gal (F/F ) then λG(

σ[µ]) = σλG([µ]).
If G/F is an algebraic group and E/F is a Galois extension then we will write

Z1(Gal (E/F ), G(E)) for the pointed set of maps ϕ : Gal (E/F ) → G(E) satisfying
ϕ(σ1σ2) = ϕ(σ1)

σ1ϕ(σ2); andH
1(Gal (E/F ), G(E)) for the quotient of Z1(Gal (E/F ), G(E))

by the action of G(E) given by (gϕ)(σ) = gϕ(σ)
σ
g−1.

If ϕ ∈ Z1(Gal (E/F ), Gad (E)) then there is a canonically defined algebraic group
ϕG/F together with an isomorphism ιϕ : G × E

∼→ ϕG × E such that σιϕ(g) =
ιϕ((adϕ(σ))(σg)) for all σ ∈ Gal (E/F ) and g ∈ G(E). If h ∈ Gad (E) then there

is a unique isomorphism ιh : ϕG
∼→ hϕG over F such that ιh ◦ ιϕ = ιhϕ ◦ ad (h). If

ψ ∈ Z1(Gal (E/F ),
ϕ
Gad (E)), then ψϕ ∈ Z1(Gal (E/F ), Gad (E)) and this gives a

bijection of sets

Z1(Gal (E/F ),
ϕ
Gad (E))

∼−→ Z1(Gal (E/F ), Gad (E)),

but this map does not preserve neutral elements. The composite

ιψϕ ◦ ι−1ϕ ◦ ι
−1
ψ : ψ( ϕG)

∼−→ ψϕG

is defined over F .
If F is a number field and E/F is Galois we will write ker1(Gal (E/F ), G(E)) for

the kernel

ker(H1(Gal (E/F ), G(E))→
∏
v∈VF

H1(Gal (Ew(v)/Fv), G(Ew(v)))),

where for v ∈ VF we use w(v) to denote a choice of place of E above v. If G is
reductive then ker1(Gal (E/F ), G(E)) is finite. It vanishes if G is semi-simple and
either adjoint or simply connected. (See for instance theorems 6.6, 6.15 and 6.22 of
[PR].) We will sometimes write ker1(F,G) for ker1(Gal (F/F ), G(F )).

2.2. Group extensions. We recall some of the general theory of group extensions.
Suppose that A is an abelian group and G is a finite group that acts on A. A 2-cocyle
α ∈ Z2(G,A) is a function G×G→ A satisfying the relation

g1α(g2, g3)α(g1, g2g3) = α(g1g2, g3)α(g1, g2).
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(We record that this implies that α(1, g) = α(1, 1) and α(g, 1) = gα(1, 1).) If α is a
2-cocycle and β : G→ A is any function then

βα(g1, g2) = α(g1, g2)β(g1g2)β(g1)
−1 g1β(g2)

−1

is another 2-cocycle. If α is a 2-cocycle we obtain an extension

0 −→ A −→ Eα −→ G −→ 0
a 7−→ aα(1, 1)−1eα(1)

aeα(g) 7−→ g,

where Eα is the group with elements aeα(g) with a ∈ A and g ∈ G with the multipli-
cation rule

a1eα(g1)a2eα(g2) = a1
g1a2α(g1, g2)eα(g1g2).

There is an isomorphism of extensions

iβ : Eα
∼−→ Eβα

aeα(g) 7−→ aβ(g)eβα(g)

for any map β : G→ A. Thus the isomorphism class of the extension Eα only depends
on [α] ∈ H2(G,A), but not canonically. If a ∈ A we set (aβ)(g) = β(g)a/ ga, and we
have

iaβ = conja ◦ iβ.
Any element β ∈ Z1(G,A) gives rise to an automorphism of extensions iβ : Eα →
Eα, and in fact this establishes an isomorphism between Z1(G,A) and the group of
automorphisms of the extension Eα. The automorphism arises as conjugation by an
element of A if and only if β is a coboundary. Thus, if H1(G,A) = (0), then every
automorphism of the extension Eα arises by conjugation by an element of A. Every
extension of G by A arises from some α ∈ Z2(G,A).

If h : G→ G′ and f : A→ A′ are morphisms such that

f(ga) = h(g)f(a)

and if α ∈ Z2(G,A) and α′ ∈ Z2(G′, A′) satisfy

f(α(g1, g2)) = α′(h(g1), h(g2))

then there is a morphism

(f, h) : Eα −→ Eα′

aeα(g) 7−→ f(a)eα′(h(g))

such that
0 −→ A −→ Eα −→ G −→ 0

f ↓ (f, h) ↓ h ↓
0 −→ A′ −→ Eα′ −→ G′ −→ 0

commutes.
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If h : G′ → G and E is an extension of G by A, then we can form a pull-back
extension

E|G′ = E|G′,h = E ×G,h G′ = {(e, g′) : e and g′ have the same image in G} ⊂ E ×G′

of G′ by A. If E arises from α ∈ Z2(G,A) then E|G′,h arises from h∗α = α ◦ h.
Similarly if f : A→ A′ is a map of G-modules we can form a pushout extension

(2.1) f∗E = (A′ ⋊ E)/A
of A′ by G. Here E acts on A′ via its projection to G and we embed A as a normal
subgroup of A′⋊E via a 7→ (f(a)−1, a). If E arises from α ∈ Z2(G,A) then f∗E arises
from f∗α = f ◦ α.
If

G′′
h′−→ G′

h−→ G

and

A
f−→ A′

f ′−→ A′′

then
(A′′ ⋊ ((A′ ⋊ E|G′)/A)|G′′)/A′

∼−→ ((A′′ ⋊ E|G′′)/A
[(a′′, ([(a′, (e, g′))], g′′))] 7−→ [(a′′f ′(a′), (e, g′′))].

IfH◁G are finite groups, if s : G/H → G is a set theoretic section to the projection
map, and if A is a G-module, then there is a homomorphism

naks : Z
2(G,A) −→ Z2(G/H,AH)

defined by

(naksα)(g1, g2)
=

∏
h∈H α(h, s(g1)s(g2)s(g1g2)

−1) hα(s(g1), s(g2))/
hα(s(g1)s(g2)s(g1g2)

−1, s(g1g2)).

It induces a homomorphism

nakGG/H : H2(G,A) −→ H2(G/H,AH)

which is independent of the choice of s. If

(0) −→ A −→ E −→ G −→ (0)

is an extension with class [α] ∈ H2(G,A), then the extension

(0) −→ AH −→ tr E|H/A,∗(E/[E|H , E|H ]) −→ G/H −→ (0)

has class nakGG/H [α] ∈ H2(G/H,AH). Here

tr E|H/A : E|H/[E|H , E|H ] −→ AH

is the transfer map. We have

infGG/H ◦ nakGG/H = NH,∗ : H
2(G,A) −→ H2(G,AH)

(the Akizuki-Witt theorem), and so

infGG/H ◦ nakGG/H = #H : H2(G,A) −→ H2(G,A).
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Here
NH : A −→ AH

a 7−→
∏

h∈H
ha.

(See for instance section XIII.3 of [AT] for these facts.)

Lemma 2.1. Suppose that π : G↠ H is a surjective group homomorphism, and that
A◁G and B◁H are normal subgroups with πA ⊂ B. Then there is an isomorphism
of groups

(B ⋊G)/A
∼−→ H ×H/B (G/A)

[(b, g)] 7−→ (bπ(g), gA).

Here
A −→ B ⋊G
a 7−→ (π(a)−1, a).

Proof: The map
ϕ : B ⋊G

∼−→ H ×H/B (G/A)
(b, g) 7−→ (bπ(g), gA)

is easily checked to be a group homomorphism. We have (b, g) ∈ kerϕ if and only
if g ∈ A and b = π(g)−1, i.e. (b, g) is in the image of A. It remains to check
that ϕ is surjective. Suppose (h, gA) ∈ H ×H/B (G/A). Then hπ(g)−1 ∈ B and
ϕ(hπ(g)−1, g) = (h, g), as desired.□

2.3. Local Weil Groups. We recall the theory of Weil groups for p-adic fields. See
[T1].

First suppose that F is a p-adic field and that F is an algebraic closure. If k denotes
the residue field of F , there is an exact sequence

(0) −→ IF −→ Gal (F/F ) −→ Gal (k/k) −→ (0).

We denote by WF/F the preimage of FrobZ
k ⊂ Gal (k/k) and endow it with a topology

decreeing that IF should be an open subgroup with its usual topology. If σ : F
∼→ F

′

is a continuous automorphism with σF = F ′, then there is a canonical isomorphism

conjσ : WF/F
∼−→ WF

′
/F ′

τ 7−→ στσ−1.

Note that there is a canonical map φF/F : WF/F → Gal (F/F ) with dense image.

If E is an intermediate field between F and F we will writeWF/E = φ−1
F/F

Gal (F/E).

For E/F finite, we will write Eab for the (unique) maximal Galois extension of E in
F with Gal (Eab/E) abelian. Then

WEab/F = WF/F/[WF/E,WF/E].

There are canonical isomorphisms

rE : E×
∼−→ W ab

F/E
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with the following properties:

• φF/F ◦ rE = Art E.

• If σ ∈ Gal (F/F ), then conjσ ◦ rE = rσE ◦ σ.
• If E ′ ⊂ E then trWF/E′/WF/E

◦ rE′ equals rE composed with the inclusion

(E ′)× ↪→ E×.
• WF/F

∼= lim←EWEab/F as topological groups.

These properties imply that

• If E ′ ⊂ E then rE′ ◦ NE/E′ equals rE followed by the map W ab
F/E
→ W ab

F/E′

induced by the inclusion WF/E ⊂ WF/E′ .

There are no non-identity automorphisms of WF/F compatible with φF/F .

If F ∼= C as topological fields we set WF/F = F×. If F ∼= R as topological fields

and F is an algebraic closure we set WF/F = ⟨F×, j : j2 = −1, jzj−1 = cz⟩. If
F = R or C there is a natural map

φF/F : WF/F ↠ Gal (F/F )

with kernel F
×
. If E is an intermediate field between F and F we will write WF/E =

φ−1
F/F

Gal (F/E). For E/F finite, there are canonical isomorphisms

rE : E×
∼−→ W ab

F/E

which are the identity if E ∼= C and, if E ∼= R, are induced by −1 7→ j and x 7→
√
x for

x > 0. These structures share the properties itemized above for p-adic fields. Again
these constructions are functorial in the pair F/F . In the case F ∼= C the groupWF/F

has no nontrivial automorphisms compatible with rF . On the other hand, if F ∼= R
then WF/F does have automorphisms compatible with φF/F and rF and rF , namely

the inner automorphisms conjz for z ∈ F×. However the only ones compatible with
the functoriality WF/F → WF/F induced by c : F → F are the identity and conj√−1.

If F is either a p-adic field or isomorphic to R or C, and if F is an algebraic closure
of F and if E is an intermediate field finite and Galois over F , then there is a short
exact sequence

(0) −→ E×
rE−→ WEab/F −→ Gal (E/F ) −→ (0)

which determines a class

[αE/F ] ∈ H2(Gal (E/F ), E×),

called the canonical class. It depends only on E/F , i.e. not on F . If D ⊃ E ⊃ F are
finite extensions (inside F ) with D/F Galois then

• res
Gal (D/F )
Gal (D/E)[αD/F ] = [αD/E] ∈ H2(Gal (D/E), D×),

• and cor
Gal (D/F )
Gal (D/E)[αD/E] = [E : F ][αD/F ] ∈ H2(Gal (D/F ), D×).
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If in addition E/F is Galois then

• inf
Gal (D/F )
Gal (E/F ) [αE/F ] = [D : E][αD/F ] ∈ H2(Gal (D/F ), D×),

• and nak
Gal (E/F )
Gal (D/F )[αD/F ] = [αE/F ] ∈ H2(Gal (E/F ), E×).

(For the first three see for instance section XI.3 of [Se]. For the final assertion use
the injectivity of the map

inf
Gal (D/F )
Gal (E/F ) : H

2(Gal (E/F ), E×) −→ H2(Gal (D/F ), D×)

and the Akizuki-Witt theorem.) Hence

• inf
Gal (D/F )
Gal (E/F ) [αE/F ] = ND/E,∗[αD/F ] ∈ H2(Gal (D/F ), E×).

We will write

[αE/F,D] = inf
Gal (D/F )
Gal (E/F ) [αE/F ] = [D : E][αD/F ] ∈ H2(Gal (D/F ), D×).

If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F then

[αE/F,C ] = inf
Gal (C/F )
Gal (D/F )[αE/F,D]

and
[D : E][αD/F,C ] = [αE/F,C ].

If D ⊃ E ⊃ F are finite Galois extensions of F in F then there is an obvious map

WDab/F ↠ WEab/F

which fits into a commutative diagram

(0) −→ D× −→ WDab/F −→ Gal (D/F ) −→ (0)
ND/E ↓ ↓ ↓

(0) −→ E× −→ WEab/F −→ Gal (E/F ) −→ (0).

We will denote this map σ 7→ σ|Eab .
If we map

D× −→ E× ⋊WDab/F

a 7−→ (ND/E(a)
−1, rD(a)),

then we see that there is an isomorphism of extensions

(E× ⋊WDab/F )/D
× ∼−→ WEab/F |Gal (D/F ) = WEab/F ×Gal (E/F ) Gal (D/F )

[(a, τ)] 7−→ (rE(a)τ |Eab , φF/F (τ)|D).

(Note that rD(b)|Eab = rE(ND/E(b)) and recall lemma 2.1.) We see that we have
maps of extensions

(0) −→ D× −→ WDab/F −→ Gal (D/F ) −→ (0)
ND/E ↓ ↓ ||

(0) −→ E× −→ WEab/F |Gal (D/F ) −→ Gal (D/F ) −→ (0)
|| ↓ ↓

(0) −→ E× −→ WEab/F −→ Gal (E/F ) −→ (0),
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whose composite is the natural surjection WDab/F ↠ WEab/F , and where the middle
row can either be obtained as a pushout from the top row or a pullback from the
bottom row. Moreover the maps

Gal (D/E) −→ WEab/F |Gal (D/F )

σ 7−→ (1, σ)

and

Gal (D/E) −→ (E× ⋊WDab/F )/D
×

σ 7−→ [(r−1E (σ̃|Eab)−1, σ̃)],

where σ̃ ∈WDab/E is any lift of σ, are identified. (The latter map is easily checked to
be well defined, i.e. independent of the choice of lift σ̃.)

Continue to suppose that D ⊃ E ⊃ F are finite Galois extensions of F . We define
a pushout

WEab/F,D = (D× ⋊WEab/F |Gal (D/F ))/E
×,

where

E× −→ D× ⋊WEab/F |Gal (D/F )

a 7−→ (a−1, (rE(a), 1)).

It comes with a natural section

Gal (D/E) −→ WEab/F,D

σ 7−→ [(1, (1, σ))].

From the above discussion we see that this has a second description as

Gal (D/E) ↪→ (D× ⋊WDab/F )/D
×

σ 7−→ [(r−1E (σ̃|Eab)−1, σ̃)],

where σ̃ ∈ WDab/E is any lift of σ and

D× ↪→ D× ⋊WDab/F

a 7−→ (ND/E(a)
−1, rD(a)).

The map is

(D× ⋊WDab/F )/D
× ∼−→ (D× ⋊WEab/F |Gal (D/F ))/E

×

[(a, σ)] 7−→ [(a, (σ|Eab , σ|D))].

The extension corresponds to the class

inf
Gal (D/F )
Gal (E/F ) [αE/F ] = ND/E,∗[αD/F ] ∈ H2(Gal (D/F ), D×).
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We have a commutative diagram of extensions

(0) −→ E× −→ WEab/F −→ Gal (E/F ) −→ (0)
|| ↑ ↑

(0) −→ E× −→ WEab/F |Gal (D/F ) −→ Gal (D/F ) −→ (0)⋂
↓ ||

(0) −→ D× −→ WEab/F,D −→ Gal (D/F ) −→ (0)
ND/E ↑ ↑ ||

(0) −→ D× −→ WDab/F −→ Gal (D/F ) −→ (0).

2.4. Global Weil groups. We now recall the theory of Weil groups for number fields
fields. See [T1].

Now suppose that F is a number field and that F is an algebraic closure of F . One
can associate to F/F a topological group WF/F together with:

• A map φF/F : WF/F ↠ Gal (F/F ). If E is an intermediate field we set

WF/E = φ−1
F/F

Gal (F/E).

• For each intermediate field E finite over F a map

rE : A×E/E
× ∼−→ W ab

F/E

such that φF/F ◦ rE = Art E.

These maps also satisfy:

• If σ ∈ WF/F , then conjσ ◦ rE = rφ
F/F

(σ)
E
◦ φF/F (σ).

• If E ′ ⊂ E then trWF/E′/WF/E
◦ rE′ equals rE composed with the inclusion

A×E′/(E ′)× ↪→ A×E/E×.
• WF/F

∼= lim←EWF/F/[WF/E,WF/E] as topological groups.

These properties imply that

• If E ′ ⊂ E then rE′ ◦ NE/E′ equals rE followed by the map W ab
F/E
→ W ab

F/E′

induced by the inclusion WF/E ⊂ WF/E′ .

We set
WEab/F = WF/F/[WF/E,WF/E].

The only automorphisms of WF/F compatible with φF/F and the rE are the inner

automorphisms conjσ for σ ∈ WF/F . The structure (WF/F , φF/F , {rE}) is unique up
to isomorphism. However we do not know how to make the isomorphism canonical.
(If it can be made canonical.)

The image of WF/F in WEab/F is E×(E×∞)
0/E× = kerArt E. We will denote it ∆E.

Lemma 2.2. (1) For i > 0 there is an isomorphism H i(Gal (E/F ),
∏

v|∞E
×
v )

∼−→
H i(Gal (E/F ),∆E). Moreover

H i(Gal (E/F ),∆E) ∼= H i(Gal (E/F ),
∏
v|∞

E×v )
∼=
∏
v

H i(Gal (E/F )w(v), E
×
w(v)),
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where v runs over real places of F which do not split completely in E, and
w(v) is a choice of place of E above v.

(2) NE/F∆E = ∆F .
(3) H1(Gal (E/F ),∆E) = (0).

(4) If E is totally imaginary, then ∆
Gal (E/F )
E = F×F×∞/F

×. In particular if F is

totally imaginary then ∆
Gal (E/F )
E = ∆F .

(5) Art E : A×F/F× ↠ Gal (Eab/E)Gal (E/F ).
(6) If S is a finite set of finite places of F , then ∆F ∩

∏
v∈S F

×
v = {1} ⊂ A×F/F×.

Proof: The first four parts are proved in section III of [W]. The fifth part follows
from the third. The sixth part follows from the congruence subgroup property for the
group of S-units OF [1/S]× of F . (See [Ch].)
More precisely if a ∈

∏
v∈S F

×
v maps to the identity in A×F/F×∆F then we can

find ai ∈ F× with ai → a ∈ (A∞F )×. Then for i sufficiently large we have ai ∈
OF [1/S]×. For any m ∈ Z>0 we can find an open subgroup Um ⊂ (AS∪{v|∞}

F )× such
that Um∩OF [1/S]× ⊂ (OF [1/S]×)m. (Combine Dirichlet’s and Chevalley’s theorems.)
Then for i sufficiently large ai ∈ Um∩OF [1/S]× so that ai is anm

th power inOF [1/S]×
and hence ai,S is an mth power in

∏
v∈S F

×
v . Thus a ∈

⋂
m>0(

∏
v∈S F

×
v )

m = {1}, and
the sixth part follows. □

If u is a place of F then there is a continuous homomorphism

θu : WFu/Fu
−→ WF/F

such that

• φF/F ◦θu equals the composite of φFu/Fu
with the inverse of the canonical map

Gal (F/F )u
∼→ Gal (F u/Fu);

• and, for E a finite intermediate field, θu ◦ rEu equals the composite of rE with
the canonical map E×u → A×E/E×.

The map θu is determined up to conjugation by an element of WF/F . The images
of conja ◦ θu, for any a ∈ WF/F , are referred to as decomposition groups for u. The

closure of the image under φF/F of any decomposition group for u is Gal (F/F )u. If
σ ∈WF/F , then

θφF/F (σ)u ◦ conjφF/F (σ) = conjσ ◦ θu,

up to conjugation by an element of WF/F . If E/F is a finite Galois intermediate field

then θu induces a map W(EFv)ab/Fv
→ WEab/F which only depends on u|Eab and which

we will denote θu|
Eab

.

If v is a place of F and if ρ : F → Fv is F -linear, then we define

θρ = θu(F ,ρ) ◦ ρ∗ : WFv/Fv
−→ WF/F

(where ρ∗ : WFv/Fv

∼→ WFu(F,ρ)/Fv
). Up to conjugation by an element of WF/F :
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(1) If σ ∈ WF/F , then θρσ = conjσ−1 ◦θρ up to conjugation by an element ofWF/F .

(2) If τ ∈ Gal (Fv/Fv), then θτρ = θρ ◦ conjτ−1 .
(3) If E is an intermediate field finite over F , then we get an induced map

θρ : W(ρ(E)Fv)ab/Fv
−→ WEab/F ,

defined up to conjugation by an element of ∆E. Up to this ambiguity, it
only depends ρ|Eab . Moreover θρ ◦ rρ(E)Fv equals the composition of rE with

(ρ(E)Fv)
× ∼→ E×u(ρ) → A×E/E×, where the first map is the inverse of the

continuous extension of ρ.

If E is an intermediate field, finite and Galois over F , the short exact sequence

(0) −→ A×E/E
× rE−→ WEab/F −→ Gal (E/F ) −→ (0)

determines a class
[αWE/F ] ∈ H2(Gal (E/F ),A×E/E

×)

called the canonical class. This class depends only on E/F . If ıw : E×w → A×E/E×,
then we have

res
Gal (E/F )
Gal (E/F )w

[αWE/F ] = ıw,∗[αEw/Fv ] ∈ H2(Gal (E/F )w,A×E/E
×).

(See formula (12) in [T2].)
These classes enjoy completely analogous properties under change of field as the

local classes discussed in the previous section did.
If D ⊃ E ⊃ F are finite extensions (inside F ) with D/F Galois then we will write

[αWE/F,D] = inf
Gal (D/F )
Gal (E/F ) [α

W
E/F ] = [D : E][αWD/F ] ∈ H2(Gal (D/F ),A×D/D

×).

Note that if u|w|v are places of D ⊃ E ⊃ F , then

res[αWE/F,D] = ıu,∗([D : E]/[Du : Ew])[αEw/Fv ,Du ] ∈ H2(Gal (D/F )u,A×D/D
×).

If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F then

[αWE/F,C ] = inf
Gal (C/F )
Gal (D/F )[α

W
E/F,D]

and
[D : E][αWD/F,C ] = [αWE/F,C ].

Continue to suppose that D ⊃ E ⊃ F are finite Galois extensions of F in F . We
have a natural map

WDab/F ↠ WEab/F

which we will denote σ 7→ σ|Eab . Lemma 2.1 tells us there is an isomorphism

(A×E/E× ⋊WDab/F )/(A×D/D×)
∼−→ WEab/F |Gal (D/F ) = WEab/F ×Gal (E/F ) Gal (D/F )

[(a, τ)] 7−→ (rE(a)τ |Eab , τ |D),
where

A×D/D× −→ A×E/E× ⋊WDab/F

a 7−→ (ND/E(a)
−1, rD(a)).



COCYCLES FOR KOTTWITZ COHOMOLOGY 19

There is a commutative triangle

Gal (D/E)
↙ ↘ (σ 7→ (1, σ))

(A×E/E× ⋊WDab/F )/(A×D/D×)
∼−→ WEab/F |Gal (D/F )

where the left hand map is given by

Gal (D/E) −→ (A×E/E× ⋊WDab/F )/(A×D/D×)
σ 7−→ [(r−1E (σ̃|Eab)−1, σ̃)]

for any lift σ̃ ∈ WDab/E of σ. This latter map is well defined, i.e. independent of the
choice of lift σ̃. We see that we have maps of extensions

(0) −→ A×D/D× −→ WDab/F −→ Gal (D/F ) −→ (0)
ND/E ↓ ↓ ||

(0) −→ A×E/E× −→ WEab/F |Gal (D/F ) −→ Gal (D/F ) −→ (0)
|| ↓ ↓

(0) −→ A×E/E× −→ WEab/F −→ Gal (E/F ) −→ (0),

whose composite is the natural surjection WDab/F ↠ WEab/F , and where the middle
row can either be obtained as a pushout from the top row or a pullback from the
bottom row.

We define a pushout

(2.2) WEab/F,D = (A×D/D
× ⋊WEab/F |Gal (D/F ))/(A×E/E

×),

where
A×E/E× −→ A×D/D× ⋊WEab/F |Gal (D/F )

a 7−→ (a−1, (rE(a), 1)),

together with a splitting

Gal (D/E) −→ WEab/F,D

σ 7−→ [(1, (1, σ))].

The extension WEab/F,D corresponds to the class

[αWE/F,D] = inf
Gal (D/F )
Gal (E/F ) [α

W
E/F ] ∈ H2(Gal (D/F ),A×D/D

×).

Note that if C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then

(2.3)
(A×C/C× ⋊WE/F,D|Gal (C/F ))/(A×D/D×)

∼−→ WE/F,C

[(b, ([(a, (σ, τ))], η)] 7−→ [(ba, (σ, η))].

Also note that there is a natural embedding

Gal (EabD/F ) ↪→ WEab/F,D/∆E

σ 7−→ [(1, (σ̃|Eab , σ|D))],

where σ̃|Eab is any lift of σ|Eab to WEab/F .
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From the above discussion we see that WEab/F,D has a second description (corre-

sponding to [αWE/F,D] = [D : E][αWD/F ]) as

(A×D/D
× ⋊WDab/F )/(A×D/D

×)

where
A×D/D× ↪→ A×D/D× ⋊WDab/F

a 7−→ ((ND/Ea)
−1, rD(a)).

The map is given by

(A×D/D× ⋊WDab/F )/(A×D/D×)
∼−→ (A×E/E× ⋊WEab/F |Gal (D/F ))/(A×E/E×)

[(a, τ)] 7−→ [(a, (τ |Eab , τ |D))].
In the reverse direction

WEab/F |Gal (D/E) −→ (A×D/D× ⋊WDab/F )/(A×D/D×)
(σ, τ) 7−→ [(r−1E (στ̃ |−1

Eab), τ̃)],

where τ̃ ∈ WDab/F is any lift of τ .
We have a commutative diagram of extensions

(0) −→ A×E/E× −→ WEab/F −→ Gal (E/F ) −→ (0)
|| ↑ ↑

(0) −→ A×E/E× −→ WEab/F |Gal (D/F ) −→ Gal (D/F ) −→ (0)⋂
↓ ||

(0) −→ A×D/D× −→ WEab/F,D −→ Gal (D/F ) −→ (0)
ND/E ↑ ↑ ||

(0) −→ A×D/D× −→ WDab/F −→ Gal (D/F ) −→ (0).
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3. Generalities on algebraic cohomology

We will need a modification of the Galois cohomology of reductive group, which is
described in section 12 of [K]. Suppose that we are given the following data:

(1) An extension
(0) −→ E0 −→ E −→ Γ −→ (0)

where E0 is an abelian group and Γ is a group. Note that E0 has a Γ-action
by conjugation.

(2) A group G with an action of Γ. Note that the conjugation action of G and
the Γ-action on G, piece together to give a G⋊Γ action on G. This, together
with the Γ action on E0, gives a G⋊ Γ-action on Hom (E0, G).

(3) A pointed set N with an action of G⋊ Γ.
(4) A G⋊ Γ-equivariant map

N −→ Hom (E0, G)
ν 7−→ ν,

such that if e ∈ E0 and ν ∈ N , then
ν(e)ν = ν.

We will refer to N as a pre-algebraicity condition. In most cases we will have N ⊂
Hom (E0, G).

We define pointed sets

Z1
N (E , G) = {(ν, ϕ) ∈ N × Z1(E , G) : ϕ|E0 = ν and ϕ(e)−1

ν = eν ∀e ∈ E}.
We refer to elements of this pointed set as algebraic cocycles. We write

ν : Z1
N (E , G) −→ N

for the map (ν, ϕ) 7→ ν. In cases where N is contained Hom (E0, G) we will often use
ϕ to denote a cocycle (ν, ϕ) (as ν = ϕ|E0). The group G acts on Z1

N (E , G) by
g(ν, ϕ) = (gν, gϕ).

We define H1
N (E , G) to be the quotient of Z1

N (E , G) by G. We refer to this as the
algebraic cohomology.

There is a left exact sequence (of pointed sets)

(0) −→ H1(Γ, G) −→ H1
N (E , G)

ν−→ (G\N )Γ

(ν, ϕ) 7−→ [ν].

If Γ = {1}, then
Z1
N (E , G)

∼−→ N
and

H1
N (E , G)

∼−→ G\N .
These sets of cocycles and cohomology sets satisfy various natural functorialities,

which are a bit tedious to spell out:
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(A) Suppose first that we have a Γ-equivariant map h : G1 → G2, pre-algebraicity
conditions Ni for (E , Gi) and a Γ-equivariant map n : N1 → N2 such that

n(gν) = h(g)n(ν)

and

n(ν) = h ◦ ν
for all ν ∈ N and g ∈ G1. Then we obtain a natural map

h∗ = (h, n)∗ : Z
1
N1
(E , G1) −→ Z1

N2
(E , G2)

(ν, ϕ) 7−→ (n(ν), h ◦ ϕ),

which induces a map

h∗ = (h, n)∗ : H
1
N1
(E , G1) −→ H1

N2
(E , G2).

(B) Second suppose that we have maps of extensions

(0) −→ E01 −→ E1 −→ Γ1 −→ (0)
↓ f ↓ f ↓

(0) −→ E02 −→ E2 −→ Γ2 −→ (0),

a group homomorphism h : G2 → G1, pre-algebraicity conditions Ni for (Ei, Gi)
and a map n : N2 → N1 such that

• h(f(σ)a) = σh(a),
• n(gν) = h(g)n(ν),

• n(f(σ)ν) = σn(ν)

• and n(ν) = h ◦ ν ◦ f .
Then we obtain a natural map

f ∗ = (f, h, n)∗ : Z1
N2
(E2, G2) −→ Z1

N1
(E1, G1)

(ν, ϕ) 7−→ (n(ν), h ◦ ϕ ◦ f),

which induces a map

f ∗ = (f, h, n)∗ : H1
N2
(E2, G2) −→ H1

N1
(E1, G1).

(This is a minor generalization of Kottwitz’s map Ψ(n, f), which he defines in
the special case G1 = G2 and h = IdG. In the special case f = Id we recover the
map in part A.)

(If we take E1 = E2 and G1 = G2 and N1 = N2, and also take f = conje and
h = e−1 and n = e−1 with e ∈ E ; then

conj∗e(ν, ϕ) =
e−1

ϕ(e)(ν, ϕ).

In particular conj∗e is the identity on H1
N1
(E1, G1).)

We have (f1, h1, n1)
∗ ◦ (f2, h2, n2)

∗ = (f2 ◦ f1, h1 ◦ h2, n1 ◦ n2)
∗.
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(C) Thirdly suppose that we have maps of extensions

(0) −→ E01 −→ E1 −→ Γ −→ (0)
↓ f ↓ ||

(0) −→ E02 −→ E2 −→ Γ −→ (0),

and a Γ-equivariant group homomorphism h : G1 → G2 and pre-algebraicity
conditions Ni for (Ei, Gi) and a map n : N1 → N2 such that
• n(gν) = h(g)n(ν),
• n(σν) = σn(ν),

• and h ◦ ν = n(ν) ◦ f .
Then we obtain a natural map

f∗ = (f, h, n)∗ : Z
1
N1
(E1, G1) −→ Z1

N2
(E2, G2)

(ν, ϕ) 7−→ (n(ν), ϕ̃),

where ϕ̃ is defined by ϕ̃(tf(e)) = n(ν)(t)(h ◦ ϕ(e)) for any t ∈ E02 and e ∈ E1.
This induces

f∗ = (f, h, n)∗ : H
1
N1
(E1, G) −→ H1

N2
(E2, G).

(Kottwitz denotes this map Φ(h, n, f). The map in part A is a special case of
this map in which f is the identity.)

We see that (f1, h1, n1)∗ ◦ (f2, h2, n2)∗ = (f1 ◦ f2, h1 ◦ h2, n1 ◦ n2)∗.
Suppose that we are given commutative diagrams

E2
f←− E1

f2 ↓ ↓ f1
E ′2

f ′←− E ′1
and

G2
h−→ G1

h2 ↓ ↓ h1
G′2

h′−→ G′1
and

N2
n−→ N1

n2 ↓ ↓ n1

N ′2
n′
−→ N ′1

such that (f, h, n) and (f ′, h′, n′) are as in part B, while (f1, h1, n1) and (f2, h2, n2)
are as in this part. Then

Z1
N2
(E2, G2)

(f,h,n)∗−→ Z1
N1
(E1, G1)

(f2, h2, n2)∗ ↓ ↓ (f1, h1, n1)∗

Z1
N ′

2
(E ′2, G′2)

(f ′,h′n′)∗−→ Z1
N ′

1
(E ′1, G′1)
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commutes.
(D) Suppose that ∆ ⊂ Γ is a subgroup. If X is a set with an action of ∆ we will

write Ind Γ
∆X for the set of functions φ : Γ→ X satisfying

φ(τσ) = τφ(σ)

for all τ ∈ ∆ and σ ∈ Γ. It has an action of Γ via

(σφ)(σ′) = φ(σ′σ).

If X is a group and ∆ acts via group automorphisms, then Ind Γ
∆X is a group via

(φφ′)(σ) = φ(σ)φ′(σ),

and its Γ action is via group automorphisms. The map

ϵ : Ind Γ
∆X ↠ X

φ 7−→ φ(1)

is ∆-equivariant.
Take the same situation described before but with Γ replaced by ∆. Suppose

moreover that we are given a second extension

(0) −→ Ind Γ
∆E0 −→ Ẽ −→ Γ −→ (0)

(where the action of Γ on Ind Γ
∆E0 is the one described above) and a map of

extensions

(0) −→ Ind Γ
∆E0 −→ Ẽ|∆ −→ ∆ −→ (0)
ϵ ↓ ϵ̃ ↓ ||

(0) −→ E0 −→ E −→ ∆ −→ (0).

We will write i for the natural inclusion Ẽ |∆ ↪→ Ẽ . Note that if we think of N as

a pre-algebraicity condition for (Ẽ |∆, G) with the new ν equal to ν ◦ ϵ for ν ∈ N ,
then

ϵ̃∗ : Z
1
N (Ẽ |∆, G)

∼−→ Z1
N (E , G)

and
ϵ̃∗ : H

1
N (Ẽ |∆, G)

∼−→ H1
N (E , G),

with inverse ϵ̃∗.
Note that Ind Γ

∆N has an action of (Ind Γ
∆G)⋊ Γ, where

(φν)(σ) = φ(σ)(ν(σ))

for φ ∈ Ind Γ
∆G and ν ∈ Ind Γ

∆N . If ν ∈ Ind Γ
∆N we define ν ∈ Hom (Ind Γ

∆E0, Ind Γ
∆G)

by

ν(φ)(σ) = ν(σ)(φ(σ)).

It is easy to check that this makes Ind Γ
∆N a pre-algebraicity condition for

(Ẽ , Ind Γ
∆G). Combining lemma 12.10 of [K] with the observation of the last

paragraph we get the following result.
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Lemma 3.1. In the above situation the composite

H1
Ind Γ

∆N
(Ẽ , Ind Γ

∆G)
(i,ϵ,ϵ)∗−→ H1

N (Ẽ |∆, G)
ϵ̃∗−→ H1

N (E , G)

is an isomorphism.

It will be convenient for us to work with pre-algebraicity conditions N with slightly
more structure. Namely we will assume that N is endowed with a pointed subset
Nbasic ⊂ NG, an abelian group structure on Nbasic and a right action of Nbasic on the
set (not pointed set) N extending the action of Nbasic on itself by translation such
that the following properties hold:

• Γ preserves Nbasic and acts on it via group automorphisms.
• The action of G ⋊ Γ on N commutes with the action of Nbasic, i.e.

g(µν) =
(gµ)ν and σ(µν) = σµ σν for all ν ∈ Nbasic, µ ∈ N , g ∈ G and σ ∈ Γ.
• If ν ∈ Nbasic, then ν factors through Z(G).
• µν = µ ν.

We will refer to this additional data as an algebraicity condition. Note that in this case
both N and Nbasic are pre-algebraicity conditions. We will often write Z1

N (E , G)basic
and H1

N (E , G)basic, instead of Z1
Nbasic

(E , G) and H1
Nbasic

(E , G). We refer to these as the
set of basic algebraic cocycles and the basic algebraic cohomology.

If G is abelian then Z1
N (E , G)basic and H1

N (E , G)basic are naturally abelian groups.
There is a natural map

ad : Z1
N (E , G)basic −→ Z1(Γ, Gad )
(ν, ζ) 7−→ ζ mod Z(G)

which induces a map in cohomology. If (ν, ζ) ∈ Z1
Nbasic

(E , Z(G)) and (µ, ϕ) ∈ Z1
N (E , G)

then (νµ, ζϕ) ∈ Z1
N (E , G). This induces maps

(ν, ζ) : Z1
N (E , G)basic −→ Z1

N (E , G)basic
and

(ν, ζ) : H1
N (E , G) −→ H1

N (E , G)
and

(ν, ζ) : H1
N (E , G)basic −→ H1

N (E , G)basic.
This gives actions of Z1

Nbasic
(E , Z(G)) on Z1

N (E , G) and Z1
N (E , G)basic and ofH1

Nbasic
(E , Z(G))

on H1
N (E , G) and H1

N (E , G)basic. The map H1
N (E , G) → H1

N (E , Gad ) is constant on
H1
Nbasic

(E , Z(G))-orbits.
We have the following additions to our various functorialities:

(A) In the situation of A if n(N1,basic) ⊂ N2,basic then (h, n)∗ takes basic cocycles or
cohomology classes to basic ones.

(B) In the situation of B if n(N2,basic) ⊂ N1,basic then (f, h, n)∗ takes basic cocycles
or cohomology classes to basic ones.

(C) In the situation of C if n(N1,basic) ⊂ N2,basic then (f, h, n)∗ takes basic cocycles
or cohomology classes to basic ones.
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(D) In the situation of D if (N ,Nbasic) is an algebraicity condition for (E , G), then
(Ind Γ

∆N , Ind Γ
∆Nbasic) is one for (Ẽ , Ind Γ

∆G), and lemma 3.1 is also true for the
basic algebraic cohomology.

(E) Suppose that G is abelian and that ∆ ⊂ Γ is a subgroup of finite index. Let
R ⊂ E be a set of representatives for E|∆\E . Then we obtain a natural map

corR : Z1
N (E|∆, G)basic −→ Z1

N (E , G)basic
(ν, ϕ) 7−→ (

∏
r∈R

r−1
ν, ϕ̃),

where

ϕ̃(e) =
∏
r∈R

r−1

(ϕ(res−1))

with each s ∈ R chosen such that res−1 ∈ E|∆. (The usual formula for corestric-
tion in group cohomology.) It induces a map

cor : H1
N (E|∆, G)basic −→ H1

N (E , G)basic
which is independent of the choice of R.

If E = Eα with α ∈ Z2(Γ, E0) and ∆ = {1}, then we may take R = Rα =
{eα(σ) : σ ∈ Γ} and we will write

corα = corRα : Nbasic −→ Z1
N (Eα, G)basic.

Note that

(corαν)(eα(σ)) =
∏
η∈Γ

η−1(ν(α(η, σ))).

If β : Γ→ E0 and if iβ : Eα
∼→ Eβα is the canonical isomorphism sending eα(σ) to

β(σ)eβα(σ) then it is easily verified that

i∗β(corβαν) =
∏

η∈Γ η
−1(ν(β(η))−1)corαν.

(Indeed, both sides are of the form (
∏

η∈Γ
ην, ϕ) for some ϕ. Moreover

(i∗βcorβα(ν))(eα(σ))
= corβα(ν)(β(σ)eβα(σ))
=

∏
η∈Γ(

ην)(β(σ))
∏

η∈Γ η
−1(ν(βα(η, σ)))

=
∏

η∈Γ(
ην)(β(σ))

∏
η∈Γ η

−1(ν(α(η, σ)β(ησ)β(η)−1 ηβ(σ)−1))
=

∏
η∈Γ(

ην)(β(σ))corα(ν)(eα(σ))
∏

η∈Γ η
−1(ν(β(ησ)))∏

η∈Γ η
−1(ν(β(η))−1)

∏
η∈Γ(

η−1
ν)(β(σ))−1

= corα(ν)(eα(σ))σ
(∏

η∈Γ η
−1(ν(β(η)))

)
/
∏

η∈Γ η
−1(ν(β(η))).)

Now consider the case that Γ = Gal (E/F ) and G = H(AE), where

• E/F is a finite Galois extension of fields;
• H/F is an algebraic group;
• and AE = A⊗F E for some F -algebra A.
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If (ν, ϕ) ∈ Z1
N (E , H(AE))basic then we define ϕH/A to be the etale descent of H ×AE

to A via the action
σ 7−→ conjϕ(e) ◦ σ,

where e ∈ E is any lift of σ. Thus ϕH ×AF
AE = H ×F AE. If g ∈ H(AE) then

conjg :
ϕH

∼−→ gϕH

over AF . Thus
ϕH depends only on [(ν, ϕ)] up to an isomorphism that is unique up to

composition with conjugation by an element of (ϕH)(A). (Note that we have ϕH(A)

here and not
ϕ
Had (A). This is an important point.) When we are only concerned

with properties of ϕH for which this ambiguity does not matter, we may write [(ν,ϕ)]H.
There is a bijection

Z1
N (E , ϕH(AE))

∼−→ Z1
N (E , H(AE))

(µ, ψ) 7−→ (µν, ψϕ)

which takes basic subset to basic subset, and induces isomorphisms in cohomology.
Note that

gh((µ, ψ)(ν, ϕ)) = conjg(
h(µ, ψ)) g(ν, ϕ).

If ϕ ∈ H1
N (E , H(AE))basic then

{ζ ∈ H1
Nbasic

(E , Z(H)(AE)) : ζϕ = ϕ} = ker(H1
Nbasic

(E , Z(H)(AE))→ H1
N (E , ϕH(AE)))

is a subgroup of H1
Nbasic

(E , Z(H)(AE)).
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4. Kottwitz cohomology: the local case

4.1. Kottwitz cohomology for local Weil groups. Suppose that F is a local field
of characteristic 0 and D ⊃ E ⊃ F are finite Galois extensions. If α ∈ [αE/F,D] ⊂
Z2(Gal (D/F ), D×), then we get a well defined extension

0 −→ D× −→ WE/F,D,α −→ Gal (D/F ) −→ 0.

In the case D = E we will write simply WE/F,α. As H1(Gal (D/F ), D×) = (0) the
only automorphisms of this extension are conjugation by an element of D×. If α′ is
a second element of [αE/F,D], then there is an isomorphism of extensions

0 −→ D× −→ WE/F,D,α −→ Gal (D/F ) −→ 0
|| ↓ ≀ ||

0 −→ D× −→ WE/F,D,α′ −→ Gal (D/F ) −→ 0.

However it is only unique up to composition with conjugation by an element ofD×. In
particular, if F is an algebraic closure of F containing D, then the extensionWE/F,D,α

is isomorphic toWEab/F,D, but this isomorphism is only unique up to composition with
conjugation by an element of D×.
Let G/F denote an algebraic group. We will consider the algebraicity conditions
N = X∗(G)(D) and Nbasic = X∗(Z(G))(D). We will denote the corresponding alge-
braic cocycles, basic cocycles, cohomology and basic cohomology as Z1

alg(WE/F,D,α, G(D)),

Z1
alg(WE/F,D,α, G(D))basic, H

1
alg(WE/F,D, G(D)), and H1

alg(WE/F,D, G(D))basic respec-
tively. As the notation suggest the two cohomology groups are canonically inde-
pendent of the choice of α ∈ [αE/F,D]. In the case D = E we will use the same
conventions and algebraicity conditions except we will write WE/F,α (resp. WE/F ) in
place of WE/F,E,α (resp. WE/F,E).

We will call ϕ ∈ H1
alg(WE/F,D, G(D))basic compact if

ϕ
Gad (F ) is compact, and we

will writeH1
alg(WE/F,D, G(D))compact

basic for the set of compact elements inH1
alg(WE/F,D, G(D))basic.

Choose representatives αE/F ∈ [αE/F ] and αD/F ∈ [αD/F ] and γD/E : Gal (D/F )→
D× such that

γD/E
α
[D:E]
D/F = infD/E αE/F ∈ Z2(Gal (D/F ), D×). Then there is a com-

mutative diagram

(0) −→ D× −→ WD/F,αD/F
−→ Gal (D/F ) −→ (0)

[D : E] ↓ ηD/E,γD/E
↓ ||

(0) −→ D× −→ WE/F,D,infD/E αE/F
−→ Gal (D/F ) −→ (0)

↑ ↑ ||
(0) −→ E× −→ WE/F,αE/F

|Gal (D/F ) −→ Gal (D/F ) −→ (0)
|| ↓ ↓

(0) −→ E× −→ WE/F,αE/F
−→ Gal (E/F ) −→ (0),

where ηD/E,γD/E
is the map obtained by first pushing out along the [D : E]-power

map and then applying iγD/E
(as in section 2.2) to change from one choice of 2-cocyle
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to the other. Using successively functorialities (B) then (C) then (B) again from the
end of section 3, we obtain a map

infD/E,γD/E
: Z1

alg(WE/F,αE/F
, G(E)) −→ Z1

alg(WE/F,αE/F
|Gal (D/F ), G(D))

−→ Z1
alg(WE/F,D,infD/E αE/F

, G(D))
−→ Z1

alg(WD/F,αD/F
, G(D)).

(Where we use the algebraicity conditions N = X∗(G)(D) and Nbasic = X∗(Z(G))(D)
for the second set of cocycles.) All these maps are functorial in G, take basic ele-
ments to basic elements and commute with products, in the sense that if (ν, ϕ) ∈
Z1

alg(WE/F,αE/F
, G(E))basic and (µ, ψ) ∈ Z1

alg(WE/F,αE/F
, ϕG(E)) then

inf
D/E,γD/E

(µν, ψϕ) = inf
D/E,γD/E

(µ, ψ) inf
D/E,γD/E

(ν, ϕ).

The composite sends (ν, ϕ) to (ν [D:E], ϕ̃), where, if ηD/E,γD/E
(e) = de′ with d ∈ D×

and e′ ∈ WE/F,αE/F
|Gal (D/F ) then

ϕ̃(e) = ν(d)ϕ(e′)

where e′ denotes the image of e′ in WE/F,αE/F
. This composite is injective. The map

γE/D can only be replaced by

dγD/E : σ 7→ γD/E(σ)d/
σd,

for some d ∈ D×. (As H1(Gal (D/F ), D×) = (0).) We have

ηD/E,dγD/E
= conjd−1 ◦ ηD/E,γD/E

,

and so the induced map

infD/E,γD/E
: H1

alg(WE/F , G(E)) −→ H1
alg(WD/F , G(D))

is independent of the choice of γD/E and so we will denote it simply infD/E. The maps

infD/E : H1
alg(WE/F , G(E)) −→ H1

alg(WE/F |Gal (D/F ), G(D))
−→ H1

alg(WE/F,D, G(D))
−→ H1

alg(WD/F , G(D))

are all injective. (The first because the usual inflation map is injective on H1, and
the second and third immediately from the definitions.)

Kottwitz defines
B(F,G) = lim

→E
H1

alg(WE/F , G(E))

and
B(F,G)basic = lim

→E
H1

alg(WE/F , G(E))basic.

If ϕ1,ϕ2 ∈ H1
alg(WE/F , G(E)) have the same image in H1(WE/F , G

ad (E)), then we

can find a finite extension D/E Galois over F such that inf ϕi ∈ H1
alg(WD/F , G(D))

can be represented by cocycles ϕi with adϕ1 = adϕ2. (If ϕ′i is a representative
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of ϕi and if g ∈ Gad (E) with gadϕ′1 = adϕ′2, then we may choose such a field
D and a g̃ ∈ G(D) lifting g. Then g̃infϕ′1 and inf ϕ′2 will do.) Thus inf ϕ1, inf ϕ2 ∈
H1

alg(WD/F , G(D)) differ by an element ofH1
alg(WD/F , Z(G)(D))basic = H1

alg(WD/F , Z(G)(D)).

4.2. Reductive groups. If T/F is a torus split by a finite Galois extension E/F ,
then Kottwitz (see formula (9.1) of [K]) shows that

cor : X∗(T )Gal (E/F ) = H1
alg(WE/E, T (E))basic

∼−→ H1
alg(WE/F , T (E))basic = H1

alg(WE/F , T (E)).

(We continue to use the notation surrounding algebraic cohomology established in the
last section, as we will throughout the rest of this paper, and cor is the map discussed
in paragraph E in section 3.) Moreover if G is any reductive group which splits over
E, then Kottwitz constructs a map

κ : H1
alg(WE/F , G(E)) −→ ΛG,Gal (E/F )

with the following properties

• it is functorial in G;
• if G = T is a torus, then κ = cor−1;
• if D/E is a finite extension Galois over F , then

H1
alg(WE/F , G(E))

κ−→ ΛG,Gal (F/F )

infD/E ↓ κ↗
H1

alg(WD/F , G(D))

commutes.

(See sections 9 and 11 of [K].) In the limit Kottwitz obtains a map

κ : B(F,G) −→ ΛG,Gal (F/F ).

Lemma 4.1. If ϕ ∈ H1
alg(WE/F , G)basic and ψ ∈ H1

alg(WE/F ,
ϕG) then

κ(ψϕ) = κ(ψ)κ(ϕ).

Proof: This follows easily from the construction of κ in section 9.3 of [K]: If G is a
torus it simply expresses the fact that cor is an abelian group homomorphism in this
case. If Gder is simply connected it follows for the corresponding fact for C(G). In
the general case it follows from the corresponding fact for a suitable z-extension of
G. □

If T ⊂ G is a maximal torus then we define H1
alg(WE/F , T (E))G−basic to be those

elements [(ν, ϕ)] where ν factors through Z(G). If F = R suppose that T is funda-
mental, while if F is p-adic assume that T is elliptic. (Recall that in the case F = R
‘fundamental’ means that its split rank is minimal among those of all maximal tori
defined over R. All fundamental maximal tori are G(R)-conjugate - see [BW] section
I.7.1.) If E splits T then

H1
alg(WE/F , T (E))G−basic ↠ H1

alg(WE/F , G(E))basic.
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(See proposition 13.1 and lemma 13.2 of [K].) We deduce that if E splits an elliptic
(in the p-adic case) or fundamental (in the real case) torus, then

H1
alg(WE/F , G(E))basic

∼→ B(F,G)basic.

We further deduce that for E sufficiently large the quotient of H1
alg(WE/F , G(E))basic

by its action ofH1
alg(WE/F , Z(G)(E)) embeds intoH1

alg(WE/F , G
ad (E))basic = H1(Gal (E/F ), Gad (E)).

(First choose E0 such that H1
alg(WE/F , G(E))basic

∼→ B(F,G)basic for any E ⊃ E0, and

then E ⊃ E0 such that every element of Gad (E0) has a lift in G(E).)
If F is a p-adic field then κ is in fact a bijection

κ : B(F,G)basic
∼−→ ΛG,Gal (F/F ).

and so B(F,G)basic becomes an abelian group. (See proposition 13.1 of [K].) We
deduce that if E splits some elliptic maximal torus of G defined over F , then

κ : H1
alg(WE/F , G(E))basic

∼−→ ΛG,Gal (F/F ).

In particular if G is semi-simple, simply connected, thenH1
alg(WE/F , G(E))basic = {1}.

If G is semisimple then

κ : H1(F,G)
∼−→ B(F,G)basic

∼−→ ΛG,Gal (F/F ).

If F = C then WC/C = C×, H1(C, G) = (0) and B(C, G)basic = X∗(Z(G)) and
κ : B(C, G)basic = X∗(Z(G)) ↪→ ΛG.

4.3. The real case. Now suppose that F = R. Choose a representative α0
C/R for

[αC/R] defined by

α0
C/R(σ1, σ2) =

{
−1 if σ1 = σ2 = c
1 otherwise.

Then

WC/R,α0
C/R
∼= ⟨C×, j : j2 = −1 and jzj−1 = cz⟩,

with e(1) = 1 and e(c) = j. Thus an element of Z1
alg(WC/R,α0

C/R
, G(C)) is a pair (ν, J)

where ν ∈ X∗(G) and J ∈ G(C) satisfy

ν = J cνJ−1

and

J cJ = ν(−1).
Moreover [(ν, J)] = [(ν ′, J ′)] ∈ H1

alg(WC/R, G(C)) if there exists g ∈ G(C) such that

ν ′ = gνg−1

and

J ′ = gJ
c
g−1.
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If µ ∈ X∗(G) and the image of µ commutes with that of cµ, then we obtain an

element λ̂G(µ) ∈ Z1
alg(WC/R,α0

C/R
, G(C)) defined by

λ̂G(µ) = (µ cµ, µ(−1)).

Note that κ(λ̂G(µ)) equals the image of µ in ΛG,Gal (C/R). (To see this note that it

suffices to treat the case that G = T is a torus, in which case λ̂G(µ) = corα0
C/R
µ.)

If µ cµ factors through Z(G), then λ̂G(µ) ∈ Z1
alg(WC/R,α0

C/R
, G(C))basic. This induces

maps

λ̂G : G(R)\{µ ∈ X∗(G) : the images of µ and cµ commute} −→ H1
alg(WC/R, G(C))

and

λ̂G : G(R)\{µ ∈ X∗(G) : cµ = µ−1 ∈ X∗(Gad )}↠ H1
alg(WC/R, G(C))basic.

(To see the latter map is surjective choose a fundamental torus T ⊂ G. Given a class
in H1

alg(WC/R, G(C))basic it will be the image of a class in H1
alg(WC/R, T (C))G−basic,

which in turn is of the form corα0
C/R
µ for µ ∈ X∗(T ). Then the class is represented

by (µ cµ, µ(−1)) and µ cµ is valued in Z(G).) The image λ̂G(µ) depends only on the

G(R)-conjugacy class of µ, so we will sometimes write λ̂G([µ]G(R)).



COCYCLES FOR KOTTWITZ COHOMOLOGY 33

5. Some extensions of global Galois groups

In the case of global Kottwitz cohomology we will need to consider various different
extensions of a global Galois group Gal (E/F ) and the relationships between them.
For now consider D ⊃ E ⊃ F with D and E finite Galois over F . We will be
primarily interested in the case D = E, but we will need the more general case to
allow comparisons as the extension E varies. When we drop D from the notation we
imply that we are in the case D = E.

5.1. Some pro-tori and related groups. If E/F is a finite Galois extension of
number fields we will write T2,E (resp. T3,E) for the protorus over F with cocharacter
group Z[VE] (resp. Z[VE]0) with its natural action of Gal (E/F ). Here Z[VE] denotes
the free abelian group with basis the set, VE, of places of E, and Z[VE]0 denotes the
subgroup of elements

∑
w∈VE mww where

∑
wmw = 0. Thus there is a natural short

exact sequence

(0) −→ Gm −→ T2,E −→ T3,E −→ (0).

We will denote by πw : T2,E → Gm the character corresponding to w ∈ VE. Now
suppose that D ⊃ E ⊃ F are number fields Galois over F . Then we have∏

w∈VE

πw : T2,E(AD)
∼−→

∏
w∈VE

A×D,

but with Galois action given by

σ((xw)w) = (σxσ−1w)w.

The map
Z[VD] −→ Z[VE]∑
umuu 7−→

∑
umuu|E

gives rise to a commutative diagram

(0) −→ Gm −→ T2,E −→ T3,E −→ (0)
|| ι0D/E ↓ ↓ ι0D/E

(0) −→ Gm −→ T2,D −→ T3,D −→ (0);

and the map
Z[VE] −→ Z[VD]∑
wmww 7−→

∑
u[Du : Eu|E ]mu|Eu

gives rise to a commutative diagram

(0) −→ Gm −→ T2,D −→ T3,D −→ (0)
[D : E] ↓ η0D/E ↓ ↓ η0D/E

(0) −→ Gm −→ T2,E −→ T3,E −→ (0),

and

η0D/E ◦ ι0D/E = [D : E].
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Note that
ι0,∗D/E : Z[VD]Gal (D/E)

∼−→ Z[VE].
In fact we also have

ι0,∗D/E : Z[VD]0,Gal (D/E)
∼−→ Z[VE]0.

Suppose that D ⊃ E ⊃ F are number fields with D and E Galois over F . If
t ∈ T2,D(AF ) then for each place u of D we have tu ∈ (A×D)Gal (D/F )u and tσu = σtu.
Moreover if w is the place of E below u then

ηD/E(t)w =
∏

u′|w
∏

σ∈Gal (D/E)u′
σtu′

=
∏

τ∈Gal (D/E)/Gal (D/E)u

∏
σ∈Gal (D/E)u

τστ−1
tτu

=
∏

τ∈Gal (D/E)/Gal (D/E)u

∏
σ∈Gal (D/E)u

τσtu
= ND/Etu.

Lemma 5.1. Suppose that D ⊃ E ⊃ F are number fields with D and E Galois over
F . For each place v of F choose places u(v)|w(v)|v of D and E respectively.

(1) H i(Gal (D/F ), T2,E(D)) ∼=
∏

v∈VF H
i(Gal (D/F )w(v), D

×) and

H1(Gal (D/F ), T2,E(D)) = (0).
(2) H i(Gal (D/F ), T2,E(AD)) ∼=

∏
v∈VF H

i(Gal (D/F )w(v),A×D) and
H1(Gal (D/F ), T2,E(AD)) = (0).

(3) H i(Gal (D/F ), T2,E(AD)/T2,E(D)) ∼=
∏

v∈VF H
i(Gal (D/F )w(v),A×D/D×) and

H1(Gal (D/F ), T2,E(AD)/T2,E(D)) = (0).
(4) H1(Gal (D/F ), T3,E(D)) = (0).

Proof: The proof of the first three parts is standard, for instance it follows the same
lines as the proof of the lemma on page 714 of [T2].

Consider the fourth part. As D splits T2,E there is an exact sequence

(0) −→ D× −→ T2,E(D) −→ T3,E(D) −→ (0),

and so it suffices to show that

H2(Gal (D/F ), D×) −→ H2(Gal (D/F ), T2,E(D)) ∼=
∏
v∈VF

H2(Gal (D/F )w(v), D
×)

is injective. In fact it suffices to show that the composite with the map∏
v∈VF

H2(Gal (D/F )w(v), D
×) −→

∏
v∈VF

H2(Gal (D/F )u(v), D
×
u(w))

is injective. However this injectivity follows from the fact that the Brauer group of F
(of which H2(Gal (D/F ), D×) is a subgroup) injects into the product of the Brauer
groups of all completions of F . □

Lemma 5.2. If D ⊃ E ⊃ F are finite Galois extensions of F and if A is any finitely
generated ablelian group (with a trivial action of Gal (D/E)), then

ι0,∗D/E : (Z[VD]⊗ A)Gal (D/E)
∼−→ Z[VE]⊗ A
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and

ι0,∗D/E : (Z[VD]0 ⊗ A)Gal (D/E)
∼−→ Z[VE]0 ⊗ A.

Proof: The first assertion is clear. For the second use the long exact sequence
associated to

(0)→ Z[VD]0 ⊗ A→ Z[VD]⊗ A→ A→ (0)

and the surjectivity of
⊕

w∈VE Gal (Du(w)/Ew)
ab ⊗ A → Gal (D/E)ab ⊗ A, where for

each w ∈ VE we choose a place u(w) of D above it. □

If D ⊃ E ⊃ F are finite Galois extensions of F and if S is a set of places of F ,
then we will write

E loc(E/F )0D,S =
∏

w∈VE,S

D×w ⊂ T2,E(AD),

where we consider D×w ⊂ A×D inside the wth-factor. If C ⊃ D is also finite Galois over
F then E loc(E/F )C,S is preserved by Gal (C/F ) and

(E loc(E/F )0C,S)Gal (C/D) = E loc(E/F )0D,S.

The map η0D/E : T2,D → T2,E sends

η0D/E : E loc(D/F )0C,S −→ E loc(E/F )0C,S
(xu)u∈VD,S

7−→ (
∏

u|w x
[Du:Ew]
u )w∈VE,S

.

We also define

Eglob(E/F )0D = T2,E(AD)×T2,E(AD)/T2,E(D) A×D/D×
= {a ∈ T2,E(AD) : πw(a) mod D× is independent of w}
⊂ T2,E(AD).

It is preserved by Gal (D/F ) and

(Eglob(E/F )0D)Gal (D/E) = Eglob(E/F )0E,
which we are denoting simply Eglob(E/F )0. Moreover we have short exact sequences

(5.1) (0) −→ A×D −→ E
glob(E/F )0D −→ T3,E(D) −→ (0),

and

(5.2) (0) −→ Eglob(E/F )0D −→ T2,E(AD)× A×D/D
× −→ T2,E(AD)/T2,E(D) −→ (0)

and

(5.3) (0) −→ T2,E(D) −→ Eglob(E/F )0D −→ A×D/D
× −→ (0).

Moreover, if C ⊃ D in another finite Galois extension of F , then

η0D/E : Eglob(D/F )0C −→ Eglob(E/F )0C .

This is compatible with the [D : E]-power map A×C/C× to itself.
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Lemma 5.3. Suppose that D ⊃ E ⊃ F are finite Galois extensions of F and that S
is a set of places of F . For each place v of F choose places u(v)|w(v)|v of D and E
respectively.

(1) H i(Gal (D/F ), E loc(E/F )0D,S) ∼=
∏

v∈S H
i(Gal (D/F )u(v), D

×
u(v)).

(2) H1(Gal (D/F ), E loc(E/F )0D,S) = (0).

(3) There is a unique class [αloc
E/F,D,S] ∈ H2(Gal (D/F ), E loc(E/F )0D,S) which re-

stricts to [αEw(v)/Fv ,Du(v)
] ∈ H2(Gal (D/F )u(v), D

×
u(v)) for all v ∈ S. This class

does not depend on the choices of the w(v) and u(v). If S ′ ⊂ S then the image
of [αloc

E/F,D,S] in H
2(Gal (D/F ), E loc(E/F )0D,S′) equals [αloc

E/F,D,S′ ].

(4) H1(Gal (D/F ), Eglob(E/F )0D) = (0) and H1(Gal (D/E), Eglob(E/F )0D) = (0).
(5) There is a left exact sequence

(0) −→ H2(Gal (D/F ), Eglob(E/F )0D) −→ H2(Gal (D/F ), T2,E(AD))⊕H2(Gal (D/F ),A×D/D×)
−→

∏
v∈VF H

2(Gal (D/F )w(v),A×D/D×);

and a unique class [αglob
E/F,D] ∈ H2(Gal (D/F ), Eglob(E/F )0D) which maps to

((cor
Gal (D/F )w(v)

Gal (D/F )u(v)
ıu(v),∗[αEw(v)/Fv ,Du(v)

]), [αWE/F,D])

∈
(∏

v∈VF H
2(Gal (D/F )w(v),A×D)

)
⊕H2(Gal (D/F ),A×D/D×).

This class does not depend on the choices of the w(v) and u(v).

Moreover [αloc
E/F,D] and [α

glob
E/F,D] have the same image in H2(Gal (D/F ), T2,E(AD)),

which we will denote [α2,E/F,D].
(6) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then

ηD/E,∗[α
loc
D/F,C,S] = [αloc

E/F,C,S]

and

ηD/E,∗[α
glob
D/F,C ] = [αglob

E/F,C ].

(7) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then

inf
C/D

[αloc
E/F,D,S] = [αloc

E/F,C,S]

and

inf
C/D

[αglob
E/F,D] = [αglob

E/F,C ].

Proof: The first part is an application of Shapiro’s lemma. The second and third
parts follow easily. The fourth part follows from part 4 of lemma 5.1 and the long
exact sequence associated to (5.1).



COCYCLES FOR KOTTWITZ COHOMOLOGY 37

The left exact sequence in part five comes from the long exact sequence associated
to (5.2) and part 3 of lemma 5.1. The existence of [αglob

E/F,D] follows because

cor
Gal (D/F )w(v)

Gal (D/F )u(v)
ıu(v),∗[αEw(v)/Fv ,Du(v)

]

= cor
Gal (D/F )w(v)

Gal (D/F )u(v)
[Du(v) : Ew(v)][α

W

D/D
Gal (D/F )u(v)

]

= [DGal (D/F )u(v) : DGal (D/F )w(v) ][Du(v) : Ew(v)][α
W

D/D
Gal (D/F )w(v)

]

= [D : E][αW
D/D

Gal (D/F )w(v)
]

= [D : E]res
Gal (D/F )
Gal (D/F )w(v)

[αWD/F ]

= res
Gal (D/F )
Gal (D/F )w(v)

[αWE/F,D].

The images of [αloc
E/F,D] and [αglob

E/F,D] in

H2(Gal (D/F ), T2,E(AD)) ∼=
∏
v∈VF

H2(Gal (D/F )w(v),A×D)

are

(ıw(v),∗cor
Gal (D/F )w(v)

Gal (D/F )u(v)
[αEw(v)/Fv ,Du(v)

])v = (cor
Gal (D/F )w(v)

Gal (D/F )u(v)
ıu(v),∗[αEw(v)/Fv ,Du(v)

])v.

For the sixth part note that, if t(v) is a place of C above u(v), then

[αEw(v)/Fv ,Ct(v)
] = [Ct(v) : Ew(v)][αCt(v)/Fv ] = [Du(v) : Ew(v)][αDu(v)/Fv ,Ct(v)

],

and

[αWE/F,C ] = [D : E][αWD/F,C ].

For the seventh part note that

res
Gal (C/F )u(v)
Gal (C/F )t(v)

Gal (C/F )u(v)

inf
Gal (D/F )u(v)

[αEw(v)/Fv ,Du(v)
] =

Gal (C/F )t(v)

inf
Gal (D/F )u(v)

[αEw(v)/Fv ,Du(v)
] = [αEw(v)/Fv ,Ct(v)

]

and

inf
C/D

[αWE/F,D] = [αWE/F,C ].

□

We will write α3,E/F,D for the image of αglob
E/F,D in H2(Gal (D/F ), T3,E(D)).

5.2. Some extensions. We will write Z(E/F )D for the group of 3-tuples

α = (αglob, αloc, β) ∈ [αglob
E/F,D]× [αloc

E/F,D]× C1(Gal (D/F ), T2,E(AD))

such that (after taking images in Z2(Gal (D/F ), T2,E(AD)))

β
αloc = αglob ∈ Z2(Gal (D/F ), T2,E(AD)).

(See lemma 5.3 for the definition of [αloc
E/F,D] and [αglob

E/F,D].)
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We will also write B(E/F )D for the abelian group consisting of pairs γ = (γglob, γloc)
where γglob : Gal (D/F ) → Eglob(E/F )0D and γloc : Gal (D/F ) → E loc(E/F )0D; with
pointwise multiplication. Then B(E/F )D acts on Z(E/F )D via

(γglob,γloc)(αglob, αloc, β) = (
γglob

αglob,
γloc

αloc, γglobβ(γloc)−1).

We write H(E/F )D for the set of orbits of B(E/F )D on Z(E/F )D. We will call two
elements of Z(E/F )D in the same orbit equivalent.

Moreover T2,E(AD) acts on Z(E/F )D via
t(αglob, αloc, β) = (αglob, αloc, tβ).

This action commutes with the action of B(E/F )D, and the induced action of B(E/F )D×
T2,E(AD) is transitive (because H1(Gal (D/F ), T2,E(AD)) = (0)). The stabilizer in
B(E/F )D × T2,E(AD) of any α is the group of

((a1, b1), bc/a)

with a ∈ Eglob(E/F )0D and b ∈ E loc(E/F )0D and c ∈ T2,E(AF ). (This is because
H1(Gal (D/F ), E loc(E/F )0D) = (0) and H1(Gal (D/F ), Eglob(E/F )0D) = (0).)

Lemma 5.4. (1) If w1 ̸= w2 are places of E, then the intersection of the images
of D×w1

and D×w2
in A×D/D× is trivial. Thus Eglob(E/F )0D ∩E loc(E/F )0D = {1}.

(2) If t ∈ Eglob(E/F )0D and s ∈ E loc(E/F )0D and st ∈ T2,E(AF ), then s and
t ∈ T2,E(AF ).

Proof: For the first part, if ti ∈ D×wi
have the same image in A×D/D× for i = 1, 2, then

t1/t2 ∈ D× ∩D×w1
D×w2

= {1} and so t1 = t2 = 1. Then Eglob(E/F )0D ∩ E loc(E/F )0D =
T2,E(D) ∩ E loc(E/F )0D = {1}.
For the second part, write t = (tw) and s = (sw) as w runs over places of E. Also

write t for the common image of the tw in A×D/D×. We see that for all σ ∈ Gal (D/F )
we have

σtσ−1w ≡ tw mod D×w .

From the first part of the lemma we see that
σ
t/t = 1, and so

t ∈ (A×D/D
×)Gal (D/F ) = A×F/F

×.

Thus we may write tw = t0t
′
w with t0 ∈ A×F independent of w and t′w ∈ D×. If

σ ∈ Gal (D/F ), then

σ(t′w)/(t
′
w) = (sw)/

σ(sw) ∈
∏
w

D× ∩
∏
w

D×w ⊂
∏
w

A×D,

from which we can conclude that σ(t′w) = (t′w) and
σ(sw) = (sw). The lemma follows.

□

Corollary 5.5. If α and α1 ∈ Z(E/F )D are equivalent, then there is a unique
γ = (γglob, γloc) ∈ B(E/F )D with

α1 =
γα.
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Proof: Any other such pair must be of the form (
a
γglob,

b
γloc) with a ∈ Eglob(E/F )0D

and b ∈ E loc(E/F )0D and a/b ∈ T2,E(AF ). Thus, by the lemma (5.4), a, b ∈ T2,E(AF )

so that
a
γglob = γglob and

b
γloc = γloc. □

Corollary 5.6. The stabilizer in T2,E(AD) of a class a ∈ H(E/F )D is

E loc(E/F )0DEglob(E/F )0DT2,E(AF ).

Proof: Suppose α = (αglob, αloc, β) ∈ a. If ta = a, then

(αglob, αloc, tβ) = (
γglob

αglob,
γloc

αloc, γglobβ(γloc)−1)

for some γ = (γglob, γloc) ∈ B(E/F )D. Then γglob = a1 for some a ∈ Eglob(E/F )0D
(because H1(Gal (D/F ), Eglob(E/F )0D) = (0)) and γloc = b1 for some b ∈ E loc(E/F )0D
(because H1(Gal (D/F ), E loc(E/F )0D) = (0)) and tβ = a/bβ, so that tb/a ∈ T2,E(AF )
and t ∈ E loc(E/F )0DEglob(E/F )0DT2,E(AF ). The converse is easier. □

If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then there are maps

infC/D : B(E/F )D −→ B(E/F )C
(γglob, γloc) 7−→ (infC/D γ

glob, infC/D γ
loc)

and
infC/D : Z(E/F )D −→ Z(E/F )C

(αglob, αloc, β) 7−→ (infC/D α
glob, infC/D α

loc, infC/D β),

which induce a map
infC/D : H(E/F )D −→ H(E/F )C .

These maps are compatible with the map T2,E(AD) ↪→ T2,E(AC) and the actions of
these groups. There are also maps

ηD/E,∗ : B(D/F )C −→ B(E/F )C
(γglob, γloc) 7−→ (ηD/E ◦ γglob, ηD/E ◦ γloc)

and
ηD/E,∗ : Z(D/F )C −→ Z(E/F )C

(αglob, αloc, β) 7−→ (ηD/E ◦ αglob, ηD/E ◦ αloc, ηD/E ◦ β),
which induce a map

ηD/E,∗ : H(D/F )C −→ H(E/F )C .
These maps are compatible with the map ηD/E : T2,D(AC)→ T2,E(AC) and the actions
of these groups.

If B ⊃ C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then

infB/C ◦ infC/D = infB/D

and
ηD/E,∗ ◦ ηC/D,∗ = ηC/E,∗

and
infB/C ◦ ηD/E,∗ = ηD/E,∗ ◦ infB/C : H(D/F )C −→ H(E/F )B.
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The following lemma is immediate:

Lemma 5.7. Suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F .
Suppose also that αC ∈ Z(C/F ) and αD ∈ Z(D/F ) and αE ∈ Z(E/F ) satisfy

ηC/D,∗αC = t′ infC/DαD and ηD/E,∗αD = tinfD/EαE with t′ ∈ T2,D(AC) and t ∈
T2,E(AD). Then

ηC/E,∗αC = tηD/E(t′) inf
C/E
αE.

To an element α = (αglob, αloc, β) we can associate extensions, and maps between
them as follows:

• Eglob(E/F )D,α = Eglob(E/F )D,αglob the extension of Gal (D/F ) by Eglob(E/F )0D
arising from αglob.
• WE/F,D,α an extension of Gal (D/F ) by A×D/D× obtained as the pushout of
Eglob(E/F )D,α along Eglob(E/F )0D ↠ A×D/D×.
• E3(E/F )D,α an extension of Gal (D/F ) by T3,E(D) obtained as the pushout
of Eglob(E/F )D,α along Eglob(E/F )0D ↠ T3,E(D).
• E loc(E/F )D,α = E loc(E/F )D,αloc the extension of Gal (D/F ) by E loc(E/F )0D
arising from αloc.
• E loc(E/F )D,S,α, for any set S of places of F , an extension of Gal (D/F ) by
E loc(E/F )0D,S obtained as the pushout of E loc(E/F )0D → E loc(E/F )0D,S. (Note
that E loc(E/F )D,α = E loc(E/F )D,VF ,α.)
• E2(E/F )D,α an extension of Gal (D/F ) by T2,E(AD) obtained as the pushout
of E loc(E/F )0D → T2,E(AD).
• If u|w|v are places of D, E and F respectively, then we obtain an extension
WEw/Fv ,D,α of Gal (D/F )w by D×w as the pushout of E loc(E/F )D,α|Gal (D/F )w

along E loc(E/F )0D ↠ D×w ; and an extensionWEw/Fv ,Du,α of Gal (D/F )u by D
×
u

as the pushout of E loc(E/F )D,α|Gal (D/F )u along E loc(E/F )0D ↠ D×u .
• A map of extensions

localα = localβ = iβ−1 : Eglob(E/F )D,α −→ E2(E/F )D,α
eαglob(σ) 7−→ β(σ)−1eαloc(σ)

extending Eglob(E/F )0D ↪→ T2,E(AD).
• A map of extensions

ιαw : WEw/Fv ,D,α −→ WE/F,D,α|Gal (D/F )w

eαloc
w
(σ) 7−→ (πw ◦ β)(σ)eαglob(σ)

extending D×w ↪→ A×D/D×.
We will write E?(E/F )D for any of the above extensions and E?(E/F )0D for the kernel
of E?(E/F )D → Gal (D/F ).

If [α1] = [α] ∈ H(E/F )D then by corollary 5.5 we get a unique γ = (γglob, γloc) ∈
B(E/F )D with α1 =

γα. In this case iγglob , which from now on we will often denote
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iγ , gives canonical isomorphisms of extensions from Eglob(E/F )D,α to Eglob(E/F )D,α1 ;
from WE/F,D,α to WE/F,D,α1 ; and from E3(E/F )D,α to E3(E/F )D,α1 . Moreover iγloc ,
which from now on we will also often denote iγ , gives canonical isomorphisms of exten-
sions from E loc(E/F )D,α to E loc(E/F )D,α1 ; from E loc(E/F )D,S,α to E loc(E/F )D,S,α1 ;
fromWEw/Fv ,D,α toWEw/Fv ,D,α1 ; fromWEw/Fv ,Du,α toWEw/Fv ,Du,α1 ; and from E2(E/F )D,α
to E2(E/F )D,α1 . We have iγ ◦ localα = localα1 ◦ iγ and iγ ◦ ιαw = ια1

w ◦ iγ . Thus to
a ∈ H(E/F )D we can canonically associate a well defined diagram of extensions:
(5.4)

E3(E/F )D,a ↞ Eglob(E/F )D,a ↠ WE/F,D,a

locala ↓
E loc(E/F )D,S,a ↞ E loc(E/F )D,a ↪→ E2(E/F )D,a⋃
WEw/Fv ,D,a ↞ E loc(E/F )D,a|Gal (D/F )w⋃
WEw/Fv ,Du,a ↞ E loc(E/F )D,a|Gal (D/F )u ,

together with maps

ιaw : WEw/Fv ,D,a −→ WE/F,D,a.

If α = (αglob, αloc, β) ∈ a ∈ H(E/F )D, we will sometimes write

eglobα (σ) = eαglob(σ) ∈ E3(E/F )D,a
and

elocα (σ) = eαloc(σ) ∈ E loc(E/F )D,a.
Note that there is an isomorphism of extensions WE/F,D,a

∼= WEab/F,D which is

unique up to composition with conjugation by an element of A×D/D×. Moreover there
is an isomorphism of extensions WEw/Fv ,Du,a

∼= WEab
w /Fv ,Du

which is unique up to
composition with conjugation by an element of D×u .
Any map of extensions

(0) −→ E×w −→ WEw/Fv ,a −→ Gal (Ew/Fv) −→ (0)
↓ i ↓ ||

(0) −→ A×E/E× −→ WE/F,a|Gal (E/F )w −→ Gal (E/F )w −→ (0)

must be of the form conja ◦ ιaw for some a ∈ A×E/E×. (As H1(Gal (Ew/Fv),A×E/E×) =
(0).) If φ : WE/F,a

∼→ WEab/F and φw : WEw/Fv ,a
∼→ WEab

w /Fv
are isomorphisms of

extensions, and if u is a place of Eab above w, then we conclude that φ ◦ ιaw =
conja ◦ θu ◦ φw for some a ∈ A×E/E×. Thus conj−1a ◦ φ ◦ ιaw and θu have the same
image. In particular the image of φ ◦ ιaw is the decomposition group for some place of
Eab above w. This suggests that the choice of a is not dissimilar from the choice of
a place of Eab above each place of E.

If t ∈ T2,E(AD) then

Eglob(E/F )D,α = Eglob(E/F )D,αglob = Eglob(E/F )D,tα
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and

E loc(E/F )D,α = E loc(E/F )D,αloc = E loc(E/F )D,tα.
Thus we get identifications (indeed just equality)

zt : E?(E/F )D,α
∼−→ E?(E/F )D,tα

for all the extensions considered above. They commute with all the unlabelled maps
in diagram 5.4, but satisfy

(5.5) zt ◦ localα = conjt ◦ localtα ◦ zt

and

(5.6) conjtw ◦ zt ◦ ι
α
w = ι

tα
w ◦ zt.

Moreover zt ◦ iγ = iγ ◦ zt, and so the maps zt descend to well-defined maps

(5.7) zt : E?(E/F )D,a
∼−→ E?(E/F )D,ta

for all the extensions considered above, which satisfy the same compatibilities. (To
be clear, this just means we have maps for any α ∈ a and these maps commute with
the canonical identifications between the extensions for different α in a.) We have
zt1t2 = zt1 ◦ zt2 .
If a ∈ E loc(E/F )0D and b ∈ Eglob(E/F )0D and c ∈ T2,E(AF ) then abca = a. More-

over zabc : E?(E/F )D,a
∼→ E?(E/F )D,a equals conj−1b for E?(E/F )D,a = Eglob(E/F )D,a

or E3(E/F )D,a or WE/F,D,a; and zabc = conja for E?(E/F )D,a = E loc(E/F )D,S,a or
E2(E/F )D,a or WEw/Fv ,D,a or WEw/Fv ,Du,a.

Lemma 5.8. If τ ∈ Gal (D/F ) and α = (αglob, αloc, β) ∈ a , then the automor-
phism conjelocα (τ) of E loc(E/F )D induces an isomorphism of its quotients WEw/Fv ,D,a

and WEτw/Fv ,D,a, which we will again denote conjelocα (τ). Moreover

ιaτw ◦ conjelocα (τ) = conjβ(τ)τw ◦ conjeglobα (τ) ◦ ι
a
w : WEw/Fv ,D,a −→ WE/F,D,a.

Proof: The first assertion is clear. We check the equality. Both maps send x ∈ D×w
to τx ∈ D×τw.

If σ ∈ Gal (D/F )w, then conje
αloc (τ)

(eαloc(σ)) ∈WEτw/Fv ,D,a is the image of

eαloc(τ)eαloc(σ)eαloc(τ)−1

= eαloc(τ)eαloc(σ)eαloc(τ−1)(eαloc(τ)eαloc(τ−1))−1

= αloc(τ, σ)αloc(τσ, τ−1)eαloc(τστ−1)(αloc(τ, τ−1)αloc(1, 1))−1 ∈ E loc(E/F )D
and so

conje
αloc (τ)

(eαloc(σ)) = πτw(α
loc(τ, σ)αloc(τσ, τ−1)/ τστ

−1

(αloc(τ, τ−1)αloc(1, 1)))eαloc(τστ−1)

∈ WEτw/Fv ,D,a.
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Thus

(ιaτw ◦ conje
αloc (τ)

)(eαloc(σ))

= πτw(α
loc(τ, σ)αloc(τσ, τ−1)β(τστ−1)/ τστ

−1

(αloc(τ, τ−1)αloc(1, 1)))eαglob(τστ−1)
∈ WE/F,D,a.

On the other hand

(conjπτwβ(τ) ◦ conjeαglob(τ)
◦ ιaw)(eαloc(σ))

= πτw(β(τ))
τ (πw(β(σ)))eαglob(τ)eαglob(σ)eαglob(τ)−1πτw(β(τ))

−1

= πτw(β(τ)
τ (β(σ))/ τστ

−1

(β(τ)))eαglob(τ)eαglob(σ)eαglob(τ)−1

= πτw(β(τ)
τ (β(σ))/ τστ

−1

(β(τ)))eαglob(τ)eαglob(σ)eαglob(τ−1)(eαglob(τ)eαglob(τ−1))−1

= πτw(β(τ)
τ (β(σ))αglob(τ, σ)αglob(τσ, τ−1)/ τστ

−1

(β(τ)))eαglob(τστ−1)πτw(α
glob(τ, τ−1)αglob(1, 1))−1.

Thus to prove the lemma it suffices to check that

αloc(τ, σ)αloc(τσ, τ−1)β(τστ−1)/ τστ
−1

(αloc(τ, τ−1)αloc(1, 1))

= β(τ) τ (β(σ))αglob(τ, σ)αglob(τσ, τ−1)/ τστ
−1

(β(τ)αglob(τ, τ−1)αglob(1, 1)),

or equivalently that

β(τστ−1)

= β(τ) τ (β(σ))β(τσ)β(τστ−1) τστ
−1

(β(τ) τ (β(τ−1))β(1)2)/β(τ) τ (β(σ))β(τσ) τσ(β(τ−1)) τστ
−1

(β(τ)β(1)2),

which is clear. □

We have an identification of E?(E/F )C,infC/D a with the pushout of E?(E/F )D,a|Gal (C/F )

along
E?(E/F )0D −→ E?(E/F )0C

for each of the extensions considered above. (In the caseWEw/Fv ,D,a we useWEw/Fv ,D,a|Gal (C/F )w ;
and in the case WEw/Fv ,Du,a we use WEw/Fv ,Du,a|Gal (C/F )t .) These identifications com-
mute with the maps locala, ι

a
w and zt.

We also have an identification of E?(E/F )C,ηD/E,∗a with the pushout of E?(D/F )C,a
along

ηD/E : E?(D/F )0C −→ E?(E/F )0C
for each of the extensions considered above, except for the case WDu/Fv ,C,a. These
identifications commute with the maps locala and zt.

The case of WDu/Fv ,C,a is much more complicated, and will be discussed in the next
section.

Lemma 5.9. Suppose (αglob, αloc, β) ∈ Z(E/F )D. If w1, w2 are places of E above a
place v of F , then

(πw1/πw2)(β(σ1σ2)) ≡ (πw1/πw2)(β(σ1))
σ1((πσ−1

1 w1
/πσ−1

1 w2
)(β(σ2))) mod D×D×v .

Moreover
(πw1/πw2)(β(1)) ≡ 1 mod D×D×v .
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Proof: For the first part we have

(πw1/πw2)(β(σ1)
σ1(β(σ2))/β(σ1σ2)) = (πw1/πw2)(α

loc(σ1, σ2)/α
glob(σ1, σ2)) ∈ D×D×v .

The second part follows from the first and 12 = 1. □

5.3. The extension WEw/Fv ,D,a. Our first aim is to find a more canonical version of
this group which does not depend on the choice of a in the same way that WEab

w /Fv ,Du

is a more canonical group isomorphic to WEw/Fv ,Du,a.

Fix an F -linear embedding ρ : E ↪→ Fv. We define

W(EFv)ab/Fv ,ρ,D = (D×w(ρ) ⋊ (W(EFv)ab/Fv
×Gal (E/F ) Gal (D/F )))/E×w(ρ)

= (D×w(ρ) ⋊ (W(EFv)ab/Fv
×Gal (E/F )w(ρ)

Gal (D/F )w(ρ)))/E
×
w(ρ)

where:

• W(EFv)ab/Fv
↠ Gal (E/F )w(ρ) is the composition ofW(EFv)ab/Fv

↠ Gal (EFv/Fv)

with the inverse of the isomorphism Gal (E/F )w(ρ)
∼→ Gal ((EFv)/Fv) induced

by ρ.
• W(EFv)ab/Fv

×Gal (E/F )w(ρ)
Gal (D/F )w(ρ) acts on D×w(ρ) via its projection to

Gal (D/F )w(ρ) ⊂ Gal (D/F ).
• The map E×w(ρ) → D×w(ρ)⋊ (W(EFv)ab/Fv

×Gal (E/F )w(ρ)
Gal (D/F )w(ρ)) sends a to

(a−1, (rEFv(ρ(a)), 1)).

It fits into an exact sequence

(0) −→ D×w(ρ) −→ W(EFv)ab/Fv ,ρ,D −→ Gal (D/F )w(ρ) −→ (0),

which has class

infDu/Ew(ρ)
[αEw(ρ)/Fv ] ∈ H2(Gal (D/F )u, D

×
u )
∼= H2(Gal (D/F )w(ρ), D

×
w(ρ))

for any place u of D above w(ρ). If σ ∈ Gal (D/F ) then we get an isomorphism

σ∗ : W(EFv)ab/Fv ,ρ,D
∼−→ W(EFv)ab/Fv ,ρσ−1,D

[(a, (τ1, τ2))] 7−→ [(σ(a), (τ1, στ2σ
−1))].

Now suppose that ρ̃ : D ↪→ Fv is F -linear. Then we define

(5.8) W(EFv)ab/Fv ,D,ρ̃ = (D×w(ρ̃) ⋊ (W(DFv)ab/Fv
×Gal (E/F ) Gal (D/F )))/W(DFv)ab/(EFv)

where:

• w(ρ̃) is the place of E induced by ρ̃|E.
• W(DFv)ab/Fv

×Gal (E/F )Gal (D/F ) acts onD×w(ρ̃) via projection to Gal (D/F )w(ρ̃) ⊂
Gal (D/F ).
• The map W(DFv)ab/(EFv) → D×w(ρ̃)⋊ (W(DFv)ab/Fv

×Gal (E/F )Gal (D/F )) is given

by

σ 7−→ (ρ̃−1r−1EFv
(σ|−1

(EFv)ab
), (σ, 1)).
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We leave it to the reader to check that the image of this map is a normal
subgroup.

Again it fits into an exact sequence

(0) −→ D×w(ρ̃) −→ W(EFv)ab/Fv ,D,ρ̃ −→ Gal (D/F )w(ρ̃) −→ (0),

which has class

[Du(ρ̃) : Ew(ρ̃)][αDu(ρ̃)/Fv ] ∈ H2(Gal (D/F )u(ρ̃), D
×
u(ρ̃))

∼= H2(Gal (D/F )w(ρ̃), D
×
w(ρ̃)).

If σ ∈ Gal (D/F ) then we get an isomorphism

σ∗ : W(EFv)ab/Fv ,D,ρ̃
∼−→ W(EFv)ab/Fv ,D,ρ̃σ−1

[(a, (τ1, τ2))] 7−→ [(σ(a), (τ1, στ2σ
−1))].

Moreover there are natural isomorphisms of extensions

W(EFv)ab/Fv ,D,ρ̃
∼−→ W(EFv)ab/Fv ,ρ̃|E ,D

[(a, (τ1, τ2))] 7−→ [(a, (τ1|(EFv)ab , τ2))]

compatible with the actions of Gal (D/F ). (We leave the verification of this to the
reader.)

If ρ : Eab ↪→ Fv is F -linear, then there is a natural map

θρ : W(EFv)ab/Fv ,ρ|E ,D −→ WEab/F,D = (A×D/D× ⋊WEab/F |Gal (D/F ))/(A×E/E×)
[(a, (τ1, τ2))] 7−→ [(a, (θρ(τ1), τ2))],

which is canonical up to composition with conjugation with an element of ∆E. If
σ ∈WEab/F |Gal (D/F ), then

θρσ−1 ◦ σ|D,∗ = conjσ ◦ θρ
up to composition with conjugation by an element of ∆E.

If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F then

(5.9) W(EFv)ab/Fv ,ρ|E ,C
∼= (C×w(ρ) ⋊W(EFv)ab/Fv ,ρ|E ,D|Gal (C/F )w(ρ)

)/D×w(ρ).

Moreover

θρ : W(EFv)ab/Fv ,ρ|E ,C −→ WEab/F,C

is identified with

(C×w(ρ) ⋊W(EFv)ab/Fv ,ρ|E ,D|Gal (C/F )w(ρ)
)/D×w(ρ) −→ (A×C/C× ⋊WEab/F,D|Gal (C/F ))/(A×D/D×)

[(a, (σ, τ))] 7−→ [(a, (θρ(σ), τ))].

If ρ̃ : Dab ↪→ Fv is F -linear, then there is a natural map

(5.10)
θρ̃ : W(EFv)ab/Fv ,D,ρ̃|D −→ WEab/F,D = (A×D/D× ⋊WDab/F )/(A×D/D×)

[(a, (τ1, τ2))] 7−→ [(ar−1E ((θρ̃(τ1)τ̃
−1
2 )|Eab), τ̃2)],
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where τ̃2 ∈ WDab/F is any lift of τ2. This map in fact only depends on ρ̃|EabD, so we

will sometimes write θρ̃ for ρ̃ : E
abD ↪→ Fv. This map is canonical up to composition

with conjugation with an element of ∆E = ND/E∆D. If σ ∈ WDab/F , then

θρ̃σ|−1

EabD

◦ σ|D,∗ = conjσ ◦ θρ̃

up to composition with conjugation by an element of ∆E. Moreover

W(EFv)ab/Fv ,D,ρ̃|D
∼−→ W(EFv)ab/Fv ,ρ̃|E ,D

θρ̃ ↘ ↙ θρ̃|
Eab

WEab/F,D

commutes. We also leave these verifications to the reader.
We see that there is an isomorphism of extensions

WEw(ρ)/Fv ,D,a
∼= WEw(ρ)/Fv ,ρ,D,

which is unique up to composition with conjugation by an element of D×w(ρ). If

φ : WE/F,D,a
∼→ WEab/F,D and φw(ρ) : WEw(ρ)/Fv ,D,a

∼→ WEw(ρ)/Fv ,ρ,D are isomorphisms
of extensions then φ ◦ ιaw(ρ) and θρ ◦ φw(ρ) differ by composition with conjugation by

an element of A×D/D×.
We now want to look at the analogues for WEw/Fv ,D,α of some of the results dis-

cussed above for W(EFv)ab/Fv ,ρ,D. This discussion turn out to be significantly more
complicated.

Lemma 5.10. Suppose that D ⊃ E ⊃ F are finite Galois extensions of a number
field F and that u|w|v are places of these fields. Suppose also that α ∈ Z(D/F ).
Then there is an isomorphism

jD/E,α : (D×w⋊(WDu/Fv ,α×Gal (E/F )Gal (D/F )))/WDu/Fv ,α|Gal (D/E)u
∼−→ WEw/Fv ,D,ηD/E,∗α,

where

WDu/Fv ,α|Gal (D/E)u −→ D×w ⋊ (WDu/Fv ,α ×Gal (E/F ) Gal (D/F ))
σ 7−→ (ϵ(σ)−1, (σ, 1)),

and

ϵ = ϵD/E : WDu/Fv ,α|Gal (D/E)u −→ E×w ,

which we embed diagonally in D×w , is the homomorphism sending

σ 7−→
∏

η∈Gal (Du/Ew)

sησs
−1
ησ

for any section s : Gal (Du/Ew)→ WDu/Fv ,α|Gal (D/E)u. The isomorphism is given by

jD/E,α((a, (be
loc
α (σ), τ))) = a

∏
η∈Gal (D/E)

(
η(b)αloc(η, σ)/αloc(τ, τ−1ησ)

)
|ηuelocηD/E,∗α

(τ),
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where if c ∈
∏

xD
×
x we write c|x ∈

∏
xD

×
x for the element that is cx at x and 1

elsewhere. We also have

(5.11) iηD/E,∗γ ◦ jD/E,α = conj∏
η∈Gal (D/E) γ

loc(η)|ηu ◦ jD/E,ηD/E,∗α ◦ (1× iγ × 1).

Moreover the map

ι
ηD/E,∗α
w ◦jD/E,α : (D×w⋊(WDu/Fv ,α×Gal (E/F )Gal (D/F )))/WDu/Fv ,α|Gal (D/E)u −→ (A×D/D

×⋊WD/F )/(A×D/D
×)

sends
[(a, (1, 1))] 7−→ [(a, 1)]

for a ∈ D×w , and
(5.12)

[(1, (σ, τ))] 7−→ conj∏
η∈Gal (D/E) β(η)ηu

[(
∏

η∈Gal (D/E)

eglobα (τησ−1)ιαu (σ)e
glob
α (η)−1eglobα (τ)−1, eglobα (τ))]

for (σ, τ) ∈WDu/Fv ,α ×Gal (E/F ) Gal (D/F ).

Proof: The map ϵ is independent of the choice of section s, it is a WDu/Fv ,α-
equivariant homomorphism and it is valued in E×w ⊂ D×u . The map

WDu/Fv ,α|Gal (D/E)u −→ D×w ⋊ (WDu/Fv ,α ×Gal (E/F ) Gal (D/F ))

is therefore a homomorphism with normal image.
There is an exact sequence

(0) −→ D×w −→ (D×w⋊(WDu/Fv ,α×Gal (E/F )Gal (D/F )))/WDu/Fv ,α|Gal (D/E)u −→ Gal (D/F )w −→ (0).

The given map jD/E,α is compatible with the inclusion of D×w and the projection to
Gal (D/F )w. Thus to prove the first assertion of the lemma it suffices to show that
jD/E,α is a homomorphism that is trivial when restricted to WDu/Fv ,α|Gal (D/E)u .

Thus to prove the lemma it suffices to check that:

• If (σ1, τ1) ∈ Gal (D/F )u ×Gal (E/F ) Gal (D/F ) and b2 ∈ E loc(D/F )0, then
τ1 ∏

η∈Gal (D/E)

η(b2)|ηu

 =
∏

η∈Gal (D/E)

η(σ1b2)|ηu.

• If (σ1, τ1) and (σ2, τ2) ∈ Gal (D/F )u ×Gal (E/F ) Gal (D/F ) then∏
η∈Gal (D/E)

(
αloc(η, σ1)/α

loc(τ1, τ
−1
1 ησ1)

)
|ηu

τ1(∏
η∈Gal (D/E)

(
αloc(η, σ2)/α

loc(τ2, τ
−1
2 ησ2)

)
|ηu
)
ηD/E,∗(α

loc)(τ1, τ2)

=
∏

η∈Gal (D/E)

(
η(αloc(σ1, σ2))α

loc(η, σ1σ2)/α
loc(τ1τ2, τ

−1
2 τ−11 ησ1σ2)

)
|ηu

• If σ ∈ Gal (D/E)u and b ∈ D×u , then

ϵ(belocα (σ))−1
∏

η∈Gal (D/E)

(
η(b)αloc(η, σ)/αloc(1, ησ)

)
|ηuelocηD/E,∗αloc(1) = 1

in WEw/Fv ,D,ηD/E,∗α.
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• If (σ, τ) ∈ Gal (D/F )u ×Gal (E/F ) Gal (D/F ) then∏
η∈Gal (D/E)(γ

loc(η) η(γloc(σ)|u)
γloc
αloc(η, σ)/

γloc
αloc(τ, τ−1ησ))|ηu τ (γloc(η)|−1ηu )

= (ηD/E ◦ γloc)(τ)|w
∏

η∈Gal (D/E)(α
loc(η, σ)/αloc(τ, τ−1ησ))|ηu.

• If b ∈ D×u then

[(
∏

η∈Gal (D/E)

η(b)|ηu, 1)] =

 ∏
η∈Gal (D/E)

eglobα (η)b|ueglobα (η)−1

 eglobα (1)−[D:E], eglobα (1)


in (A×D/D× ⋊WD/F )/(A×D/D×).
• If (σ, τ) ∈ Gal (D/F )u ×Gal (E/F ) Gal (D/F ) then

(1−τ)(∏
η∈Gal (D/E) β(η)ηu

)∏
η∈Gal (D/E) e

glob
α (τησ−1)β(σ)|ueglobα (σ)eglobα (η)−1eglobα (τ)−1

=
∏

η∈Gal (D/E)

(
αloc(η, σ)/αloc(τ, τ−1ησ)

)
|ηu(ηD/Eβ)(τ)|w

in (A×D/D× ⋊WD/F )/(A×D/D×).
(The first two assertions show that

jD/E,α([(1, (b1e
loc
α (σ1), τ1))][(1, (b2e

loc
α (σ2), τ2))]) = jD/E,α([(1, (b1e

loc
α (σ1), τ1))])jD/E,α([(1, (b2e

loc
α (σ2), τ2))]).

The third assertion shows that jD/E,α vanishes on WDu/Fv ,α|Gal (D/E)u . The fourth
assertion proves equation 5.11. The fifth and sixth assertions prove equation 5.12 for
the element [(1, (belocα (σ), τ))].)

The first assertion is equivalent to∏
η∈Gal (D/E)

(τ1ησ
−1
1 )(σ1b2)|τ1ησ−1

1 u =
∏

η∈Gal (D/E)

η(σ1b2)|ηu,

which is clear on changing variables in the product.
The second assertion is equivalent to∏

η∈Gal (D/E)

(
αloc(η, σ1)α

loc(τ1, τ2)/α
loc(τ1, τ

−1
1 ησ1)

)
|ηu∏

η∈Gal (D/E)

(τ1αloc(η, σ2)/
τ1αloc(τ2, τ

−1
2 ησ2)

)
|τ1ησ−1

1 u

=
∏

η∈Gal (D/E)

(η
αloc(σ1, σ2)α

loc(η, σ1σ2)/α
loc(τ1τ2, τ

−1
2 τ−11 ησ1σ2)

)
|ηu

or ∏
η∈Gal (D/E)

(
αloc(η, σ1)α

loc(τ1, τ2)
τ1αloc(τ−11 ησ1, σ2)/α

loc(τ1, τ
−1
1 ησ1)

τ1αloc(τ2, τ
−1
2 τ−11 ησ1σ2)

)
|ηu

=
∏

η∈Gal (D/E)

(η
αloc(σ1, σ2)α

loc(η, σ1σ2)/α
loc(τ1τ2, τ

−1
2 τ−11 ησ1σ2)

)
|ηu

or ∏
η∈Gal (D/E)

(τ1αloc(τ−11 ησ1, σ2)/α
loc(τ1, τ

−1
1 ησ1)

)
|ηu

=
∏

η∈Gal (D/E)

(η
αloc(σ1, σ2)α

loc(η, σ1σ2)/α
loc(η, σ1)

)
|ηu∏

η∈Gal (D/E)

(τ1αloc(τ2, τ
−1
2 τ−11 ησ1σ2)/α

loc(τ1τ2, τ
−1
2 τ−11 ησ1σ2)α

loc(τ1, τ2)
)
|ηu.
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Apply the cocycle relation twice the right hand side is just∏
η∈Gal (D/E)

(
αloc(ησ1, σ2)/α

loc(τ1, τ
−1
1 ησ1σ2)

)
|ηu.

Applying the cocycle relation once this also equals the left hand side.
For the third assertion note that for b ∈ D×u and σ ∈ Gal (Du/Ew) we have

ϵ(b) =
∏

η∈Gal (D/E)

η(b)|ηu

and

ϵ(elocα (σ)) =
∏

η∈Gal (D/E)u

αloc(η, σ)|u ∈ E×w ⊂ D×w .

If a ∈ E×w ⊂ D×w and ifR ⊂ Gal (D/E) is a set of representatives for Gal (D/E)/Gal (D/E)u,
then we can write a =

∏
ζ∈R

ζa′, where a′ is a thought of as an element of D×u . Thus

If R ⊂ Gal (D/E) is a set of representatives for Gal (D/E)/Gal (D/E)u, the latter is
equivalent to

ϵ(elocα (σ)) =
∏

ζ∈R

ζ(∏
η∈Gal (D/E)u

αloc(η, σ)|u
)

=
∏

ζ∈R
∏

η∈Gal (D/E)u
(
ζ
αloc(η, σ))|ζu

=
∏

ζ∈R
∏

η∈Gal (D/E)u
(αloc(ζη, σ)αloc(ζ, η)/αloc(ζ, ησ))|ζu

=
∏

ζ∈R
∏

η∈Gal (D/E)u
αloc(ζη, σ)|ζηu∏

ζ∈R
∏

η∈Gal (D/E)u
αloc(ζ, η)|ζu/∏

ζ∈R
∏

η∈Gal (D/E)u
αloc(ζ, ησ)|ζu

=
∏

η∈Gal (D/E) α
loc(η, σ)|ηu

∈ D×w .

Thus the third assertion is equivalent to

ϵ(belocα (σ)) =

 ∏
η∈Gal (D/E)

(
η(b)αloc(η, σ)/αloc(1, ησ)

)
|ηu

 (ηD/E,∗α
loc)(1, 1)|w,

i.e. to ∏
η∈Gal (D/E)

αloc(η, σ)|ηu =
∏

η∈Gal (D/E)

(
αloc(η, σ)αloc(1, 1)/αloc(1, ησ)

)
|ηu,

which is true.
The fourth assertion is equivalent to∏

η∈Gal (D/E)(γ
loc(η)

η
γloc(σ)γloc(ησ)γloc(η)−1

η
γloc(σ)−1/γloc(ησ)γloc(τ)−1

τ
γloc(τ−1ησ)−1)|ηu∏

η∈Gal (D/E)(
τ
γloc(η))|−1τησ−1u

=
∏

η∈Gal (D/E) γ
loc(τ)|ηu,
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i.e. to ∏
η∈Gal (D/E)

(
τ
γloc(τ−1ησ)−1)|ηu =

∏
η∈Gal (D/E)

(
τ
γloc(η))|τησ−1u,

which follows immediately on changing variables.
The fifth assertion is immediate because∏

η∈Gal (D/E)

η(b)|ηu =
∏

η∈Gal (D/E)

eglobα (η)b|ueglobα (η)−1,

and we can move eglobα (1) across the comma at the expense of replacing it by its
[D : E]-power.

The sixth assertion is equivalent to

(1−τ)(∏
η∈Gal (D/E) β(η)ηu

)
∏

η∈Gal (D/E)(
τησ−1

β(σ))|τησ−1uα
glob(τησ−1, σ)eglobα (τη)eglobα (η)−1eglobα (τ)−1

=
∏

η∈Gal (D/E)

(
αglob(η, σ)β(η) ηβ(σ)β(τ)β(ησ)/β(ησ)αglob(τ, τ−1ησ)β(τ) τβ(τ−1ησ)

)
|ηu,

i.e. to∏
η∈Gal (D/E) ((β(η)

ηβ(σ))|ηu/(τβ(η))|τηu)
∏

η∈Gal (D/E)(α
glob(τησ−1, σ)/αglob(τ, η))

=
∏

η∈Gal (D/E)(α
glob(η, σ)/αglob(τ, τ−1ησ))∏

η∈Gal (D/E) (β(η)
ηβ(σ)) |ηu/

∏
η∈Gal (D/E)(

τβ(η))|τηu,

which is seen to be true, by change of variable. □

5.4. Explicit cocycles. For comparison with some constructions of Langlands in
[L], it will be useful to us to have a more explicit form for some elements of Z(E/F ).

Fix the following data

• α representing [αglob
E/F ],

• a place w = w(v) above each place v of F ,
• αw representing [αEw/Fv ] for each such w,
• a section sw : Gal (E/F )/Gal (Ew/Fv) → Gal (E/F ) with image Hw for each
such w,
• and, for each such w, a function γw : Gal (Ew/Fv) → A×E such that γw(πw ◦
α)|Gal (Ew/Fv) = iwαw ∈ Z2(Gal (Ew/Fv),A×E). (This is possible as α is equiva-
lent to some αloc in Z2(Gal (E/F ), T2,E(AE)).)

Also set δv(σ) = σ−1sv(σ).
Then

αloc(σ1, σ2) =
∏
v∈VF

∏
η∈Gal (E/F )/Gal (Ew/Fv)

sw(η)αw(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))

is a representative of [αloc
E/F ]. (If one restricts the class to Gal (Ew/Fv) and projects

to E×w one certainly recovers αw, so the only thing to check is that α(σ1, σ2) is a
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2-cocycle. Writing out the cocycle relation and changing the variable from η to σ1η
in one of the terms, what we need to check is that

(sw(η)
−1σ1sw(σ

−1
1 η))αw(sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η), sw(σ

−1
2 σ−11 η)−1σ3sw(σ

−1
3 σ−12 σ−11 η))

αw(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2σ3sw(σ

−1
3 σ−12 σ−11 η))

= αw(sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η), sw(σ

−1
2 σ−11 η)−1σ3sw(σ

−1
3 σ−12 σ−11 η))

αw(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η)),

which is just the cocycle relation for αw.)
Define

β : Gal (E/F ) −→ T2,E(AE)

by

πηwβ(σ) = πηw(α(sw(η), sw(η)
−1σsw(σ

−1η))/α(σ, sw(σ
−1η))) sw(η)(γw(sw(η)

−1σsw(σ
−1η)))−1.

We claim that (α, αloc, β) ∈ Z(E/F ), i.e. that
β
αloc = α.

Our verification is a rather ugly cocyle computation. We need to check that

β(σ1σ2)β(σ1)
−1 σ1(β(σ2))

−1αloc(σ1, σ2) = α(σ1, σ2)

or, after projecting under πηw, that

πηwα(σ1, σ2)
= πηw(β(σ1σ2)β(σ1)

−1) σ1(πσ−1
1 ηw(β(σ2)))

−1

sw(η)(αw(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))).

Substituting for β using the definition, the right hand side equals

πηw(α(sw(η), sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η))α(σ1, sw(σ

−1
1 η)))

πηw(α(sw(η), sw(η)
−1σ1sw(σ

−1
1 η))α(σ1σ2, sw(σ

−1
2 σ−11 η)))−1

σ1 [πσ−1
1 ηw(α(σ2, sw(σ

−1
2 σ−11 η))/α(sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η)))]

[sw(η)(αw(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η)))

sw(η)(γw(sw(η)
−1σ1sw(σ

−1
1 η))/(γw(sw(η)

−1σ1σ2sw(σ
−1
2 σ−11 η)))

σ1sw(σ−1
1 )(γw(sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η)))]

or, using σ1 ◦ πσ−1
1 ηw = πηw ◦ σ1 and γw(πw ◦ α)|Gal (Ew/Fv) = αw, this becomes

πηw(α(sw(η), sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η))α(σ1, sw(σ

−1
1 η)))

πηw(α(sw(η), sw(η)
−1σ1sw(σ

−1
1 η))α(σ1σ2, sw(σ

−1
2 σ−11 η)))−1

[πηw(
σ1(α(σ2, sw(σ

−1
2 σ−11 η)))/ σ1(α(sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))))]

sw(η)[πw(α(sw(η)
−1σ1sw(σ

−1
1 η), sw(σ

−1
1 η)−1σ2sw(σ

−1
2 σ−11 η)))],
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which in turn, after using sw(η) ◦ πw = πηw ◦ sw(η), equals the image under πηw of

α(sw(η), sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η))α(σ1, sw(σ

−1
1 η))

(α(sw(η), sw(η)
−1σ1sw(σ

−1
1 η))α(σ1σ2, sw(σ

−1
2 σ−11 η)))−1

σ1{α(σ2, sw(σ−12 σ−11 η))}/ σ1{α(sw(σ−11 η), sw(σ
−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))}

sw(η){α(sw(η)−1σ1sw(σ−11 η), sw(σ
−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))}.

Using the cocycle relation for α three times, we can rewrite this

α(sw(η), sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η))α(σ1, sw(σ

−1
1 η))

(α(sw(η), sw(η)
−1σ1sw(σ

−1
1 η))α(σ1σ2, sw(σ

−1
2 σ−11 η)))−1

{α(σ1, σ2sw(σ−12 σ−11 η))−1α(σ1σ2, sw(σ
−1
2 σ−11 η))α(σ1, σ2)}

{α(σ1sw(σ−11 η), sw(σ
−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))−1α(σ1, sw(σ

−1
1 η))−1α(σ1, σ2sw(σ

−1
2 σ−11 η))}

{α(σ1sw(σ−11 η), sw(σ
−1
1 η)−1σ2sw(σ

−1
2 σ−11 η))α(sw(η), sw(η)

−1σ1sw(σ
−1
1 η))

α(sw(η), sw(η)
−1σ1σ2sw(σ

−1
2 σ−11 η))−1}

in which almost everything cancels leaving just α(σ1, σ2). The claim follows.
Let us be still more explicit in a special case. Assume that F = Q and that E is

totally imaginary. We may and will assume that

• α(1, 1) = 1,
• αw(1, 1) = 1 for all w,
• 1 ∈ Hw for all w,

• αw(∞)(σ1, σ2) =

{
−1 if σ1 = σ2 = cw(∞)

1 otherwise,
• γw(∞) is identically 1,
• and α(σ, cw(∞)) = 1 if σ ∈ H∞.

(To achieve the last of these we replace α by γα where γ(1) = γ(cw(∞)) = 1 and
γ(σcw(∞)) = α(σ, cw(∞))γ(σ) if σ ∈ H∞.) Then

• α(σ, 1) = α(1, σ) = 1;
• α(cw(∞), cw(∞))w(∞) = −1w(∞);
• α(σ, cw(∞))σw(∞) = −1σw(∞) if σ ̸∈ H∞;

• α(σ1, σ2cw(∞))σ1σ2w(∞) = α(σ1, σ2)σ1σ2w(∞)

{
−1σ1σ2w(∞) if δ∞(σ2) ̸= δ∞(σ1σ2)
1 if δ∞(σ2) = δ∞(σ1σ2).

(For the penultimate of these note that α(σ, cw(∞)) =
σα(cw(∞), cw(∞))α(σ, 1)/α(σcw(∞), cw(∞)),

and for the ultimate one use the cocycle relation.) Thus

πηw(∞)β(σ) = πηw(∞)(α(ηδ∞(η), δ∞(η)
−1δ∞(σ

−1η))/α(σ, σ−1ηδ∞(σ
−1η)))

≡ πηw(∞)(α(σ, σ
−1η))−1

{
−1ηw(∞) if δ∞(σ

−1η) ̸= 1
1 if δ∞(σ

−1η) = 1

for all η ∈ H∞ and σ ∈ Gal (E/Q). In particular

πw(∞)β(cw(∞)) = 1.
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Although this doesn’t fix α uniquely, we will use α0 to denote the element of
Z(E/Q) arising from such a choice. Also choose ρ0 : Ew(∞)

∼→ C. Then we get a
canonical identification

Θ̃0 : WC/R
∼−→ WEw(∞)/Q∞,α0 .

Moreover
ια0

w(∞)(e
loc
α (cw(∞))) = eglobα0

(cw(∞)).
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6. Kottwitz cohomology: the global case

We will continue with the notation of the previous section.

6.1. Algebraic cohomology. We will be concerned with the following algebraicity
conditions:

(1) For the algebraic cohomology of E loc(E/F )D,S,a we will use the algebraicity
conditions

NS = {(νw)w∈SE
: νw ∈ X∗(G)(Dw) and νw = 1 for all but finitely many w}

and

NS,basic = {(νw) ∈ NS : νw factors through Z(G) ∀w ∈ SE}.
(2) For the algebraic cohomology of E2(E/F )D,a and Eglob(E/F )D,a we will use

the algebraicity conditions

N = {ν ∈ Hom (T2,E, G)(AD) : ν is G(AD)−conjugate to an element of Hom (T2,E, G)(D)}
and

Nbasic = Hom (T2,E, Z(G))(D).

(3) For the algebraic cohomology of WEw/Fv ,Du,a we will use the algebraicity con-
ditions

NS = X∗(G)(Du)

and
NS,basic = X∗(Z(G))(Du).

(4) For the algebraic cohomology of E3(E/F )D,a we will use the algebraicity con-
ditions

N = Hom (T3,E, G)(D)

and
Nbasic = Hom (T3,E, Z(G))(D).

We will denote the corresponding pointed sets of cycles and cohomology classes
Z1

alg(E?(E/F )D,a, G(AD)) and Z1
alg(E?(E/F )D,a, G(AD))basic andH1

alg(E?(E/F )D, G(AD))
and H1

alg(E?(E/F )D, G(AD))basic, where
(1) For E loc(E/F )D,S,a we will use AD = AD,S.
(2) For E2(E/F )D,a and Eglob(E/F )D,a we will use AD = AD.
(3) For WEw/Fv ,Du,a we will use AD = Du.
(4) For E3(E/F )D,a we will use AD = D.

We have a canonical isomorphism

H1
alg(WEw/Fv ,Du,a, G(Du)) ∼= H1

alg(WEw/Fv ,Du , G(Du))

preserving basic subsets and products.

Lemma 6.1. In each case ν is determined by ν.
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Proof: In all cases except the case Eglob(E/F )D,a this follows because the the rational
points in a split torus are Zariski dense. In the case Eglob(E/F )D,a suppose that T
is a split torus over a number field D and that ν1, ν2 : T → G are homomorphisms,
defined over D, to an algebraic group G. Suppose moreover that g1, g2 ∈ G(AD)
with g1ν1g

−1
1 = g2ν2g

−1
2 on T (D). We need to prove that g1ν1g

−1
1 = g2ν2g

−1
2 . We

immediately reduce to the case T = Gm in which case it suffices to show that D×

is Zariski dense in Gm/AD
, i.e. that if f ∈ AD[X,X

−1] and f vanishes on D×, then
f = 0. As D is infinite, this follows easily by using Vandermonde determinants.□

The map locala induces an isomorphism

local∗a : Z
1
alg(E2(E/F )D,a, G(AD))

∼−→ Z1
alg(Eglob(E/F )D,a, G(AD))

which is functorial in G and preserves basic subsets and passes to cohomology. (The
map sending (ν, ϕ) ∈ Z1

alg(Eglob(E/F )D,a, G(AD)) to (ν, ϕ′), where

ϕ′(ax) = ν(a)ϕ(x)

for a ∈ T2,E(AD) and x ∈ Eglob(E/F )D,a, gives a two sided inverse.) We will denote
its inverse simply

loca : Z
1
alg(Eglob(E/F )D,a, G(AD))

∼−→ Z1
alg(E2(E/F )D,a, G(AD)).

We will also denote by loca the composite map

loca : Z
1
alg(E3(E/F )D,a, G(D)) −→ Z1

alg(Eglob(E/F )D,a, G(AD))
∼−→ Z1

alg(E2(E/F )D,a, G(AD)),

which is again functorial in G and preserves basic subsets and passes to cohomology.
We have loca(ϕ1ϕ2) = loca(ϕ1)loca(ϕ2).

If S ′ ⊃ S then there are natural maps

Z1
alg(E loc(E/F )D,S,a, G(AD,S)) −→ Z1

alg(E loc(E/F )D,S′,a, G(AD,S′))
resS−→ Z1

alg(E loc(E/F )D,S,a, G(AD,S))

with composite the identity. The first arises from functoriality B of section 3 and the
natural maps

• E loc(E/F )D,S′,a ↠ E loc(E/F )D,S,a,
• G(AD,S) ↪→ G(AD,S′)
• and NS ↪→ NS′ .

The second arises from functoriality C of section 3 and the maps

• E loc(E/F )D,S′,a ↠ E loc(E/F )D,S,a,
• G(AD,S′) ↠ G(AD,S)
• and NS′ ↠ NS.
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These maps are functorial in G, preserve basic subsets, commute with products and
pass to cohomology. They give rise to isomorphisms

Z1
alg(E loc(E/F )D,S,a, G(AD,S))

∼−→
∏
v∈S

′
Z1

alg(E loc(E/F )D,{v},a, G(Dv))

and

(6.1) H1
alg(E loc(E/F )D,S,a, G(AD,S))

∼−→
∏
v∈S

′
H1

alg(E loc(E/F )D,{v},a, G(Dv))

where the product is restricted with respect to the subsets (defined for almost all v -
i.e. for those finite v for which G has an integral model) Z1(Gal (D/F ), G(OD,v)) and
Im (H1(Gal (D/F ), G(OD,v)) → H1(Gal (D/F ), G(Dv))) respectively. (To see this,
note that to give an element (ν, ϕ) ∈ Z1

alg(E loc(E/F )D,S,a, G(AD,S)) it is equivalent to
give a pair (νv, ϕv) for all v ∈ S where νv ∈ X∗(G)(Dv) with νv = 1 for all but finitely
many v and

ϕv : E loc(E/F )D,S,a −→ G(Dv)

is a 1-cocycle such that ϕv|E loc(E/F )0D,S
equals νv composed with projection to D×v , such

that for all x ∈ E loc(E/F )D,S,a we have ϕv(x) ∈ G(OD,v) for all but finitely many v.
As ϕv factors through the finite group Gal (D/F ) for all but finitely many v, this last
condition is equivalent to ϕv ∈ Z1(Gal (D/F ), G(OD,v)) for all but finitely many v.
For all v we may think of (νv, ϕv) ∈ Z1

alg(E loc(E/F )D,{v},a, G(Dv)), and the assertion
follows.)

These isomorphisms preserve basic subsets. If G is connected, the right hand side of
the second of these isomorphisms becomes simply ⊕v∈SH1

alg(E loc(E/F )D,{v},a, G(Dv)).
(See the corollary to theorem 6.8 of [PR].)

If u|w|v ∈ S are places of D, E and F respectively, then we get a map

resu : Z
1
alg(E loc(E/F )D,S,a, G(AD,S)) −→ Z1

X∗(G)(Dw)(E loc(E/F )D,S,a|Gal (D/F )u , G(AD,S))

−→ Z1
alg(WEw/Fv ,Du,a, G(Du)),

the first map coming from functoriality B and the second functoriality C of section
3. Here Z1

X∗(G)(Dw) simply refers to algebraic cocycles with algebraicity condition

X∗(G)(Dw).) This map is functorial in G, preserves basic subsets, commutes with
products and passes to cohomology. It follows from lemma 3.1 that

(6.2) resu : H
1
alg(E loc(E/F )D,{v},a, G(Dv))

∼−→ H1
alg(WEw/Fv ,Du,a, G(Du)),

and similarly for basic subsets.
Note that resσu = σ∗ ◦ resu. We deduce that if D0

v/E
0
v/Fv are finite extensions

abstractly isomorphic to Du/Ew/Fv for any, and hence all, u|w|v ∈ S, then we obtain
a natural map

resD0
v/Fv

: H1
alg(E loc(E/F )D,S, G(AD,S)) −→ H1

alg(WE0
v/Fv ,D0

v
, G(D0

v)),
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defined as τ∗ ◦resu for any u|w|v and any τ : Du
∼→ D0

v over Fv. (The point being that
resD0

v/Fv
does not depend on the choice of u or τ .) This is functorial in G, preserves

basic subsets, commutes with products and is an isomorphism if S = {v}. If G is
connected, then

H1
alg(E loc(E/F )D,S, G(AD,S))

∼−→
⊕
v∈S

H1
alg(WE0

v/Fv ,D0
v
, G(D0

v)).

The composite

resE0
v/Fv
◦ loca : H1

alg(E3(E/F ), G(E)) −→ H1
alg(WE0

v/Fv
, G(E0

v))

coincides with the localization map defined by Kottwitz in [K].
If a, a′ ∈ H(E/F )D and if t ∈ T2,E(AE) with a′ = ta, then we get isomorphisms

zt = ((zt)
−1)∗ : Z1

alg(E?(E/F )D,a, G(AD))
∼−→ Z1

alg(E?(E/F )D,a′ , G(AD))

which preserve basic subsets. (Recall zt was defined in equation 5.7.) These are
functorial in G, commute with taking products and pass to cohomology (as gzt(ϕ) =
zt(

gϕ)). Moreover zt commutes with the maps resS and resw, while

loctazt(ϕ) =
νϕ(t)zt(locaϕ).

If a ∈ T2,E(AF ) and b ∈ Eglob(E/F )0D and c ∈ E loc(E/F )0D, then

zabct(ϕ) =
νϕ(b)zt(ϕ)

if ϕ ∈ Z1
alg(E3(E/F )D,a, G(D)) or Z1

alg(Eglob(E/F )D,a, G(AD)), while

zabct(ϕ) =
νϕ(c

−1)zt(ϕ)

if ϕ is in any of the other groups of cocycles Z1
alg(E?(E/F )D,a, G(AD)). Thus on the

level of cohomology zt is independent of t and only depends on a and a′. In par-
ticular H1

alg(E?(E/F )D,a, G(AD)) and H1
alg(E?(E/F )D,a, G(AD))basic are canonically

independent of a, so we will drop the a in the notation and denote them simply
H1

alg(E?(E/F )D, G(AD)) and H1
alg(E?(E/F )D, G(AD))basic. Moreover the map

loca : H
1
alg(E3(E/F )D, G(D)) −→ H1

alg(E2(E/F )D, G(AD))

is independent of a so we will denote it simply loc. The same is true for resS and
resu.

Now suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F . We have
maps

infC/D : Z1
alg(E?(E/F )D,a, G(AD)) −→ Z1

alg(E?(E/F )D,a|Gal (C/F ), G(AC))
−→ Z1

alg(E?(E/F )C,infC/D a, G(AC))

where the first map arises from functoriality B (and the map E?(E/F )D,a|Gal (C/F ) ↠
E?(E/F )D,a) and the second from functoriality C of section 3 (and the map E?(E/F )D,a|Gal (C/F ) →
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E?(E/F )C,infC/D a). These maps are functorial in G, preserve basic subsets, commute
with products, and pass to cohomology. We also have

infC/D ◦ loca = locinfC/D a ◦ infC/D
and infC/D also commutes with resS, resu and zt. We also have maps

η∗D/E : Z1
alg(E?(E/F )C,ηD/E,∗a, G(AC)) −→ Z1

alg(E?(D/F )C,a, G(AC))

induced by functoriality B of section 3 (and the map E?(D/F )C,a → E?(E/F )C,ηD/E,∗a).
These maps are functorial in G, preserve basic subsets, commute with products, and
pass to cohomology. We also have

η∗D/E ◦ locηD/E,∗a = loca ◦ η∗D/E
and

η∗D/E ◦ zηD/E(t) = zt ◦ η∗D/E.
Moreover η∗D/E commutes with resS and resu.

If aD ∈ H(D/F ) and aE ∈ H(E/F ) then, by the transitivity of the action of
T2,E(AD) on H(E/F )D (see the paragraph before lemma 5.4), we can find a t ∈
T2,E(AD) with ηD/E,∗aD = tinfD/EaE. Then we set

infD/E,t : Z
1
alg(E?(E/F )aE , G(AE))

infD/E−→ Z1
alg(E?(E/F )D,infD/E aE , G(AD))

zt−→ Z1
alg(E?(E/F )D,ηD/E,∗aD , G(AD))

η∗
D/E−→ Z1

alg(E?(D/F )aD , G(AD)).
this map is functorial in G, preserves basic subsets, commutes with products, and
passes to cohomology, where it is independent of aD, aE and t so we will denote it
simply infD/E. These maps are all injective, even on the level of cohomology. (The
first map because it is inflation, the second because it is an isomorphism, and the
third from its definition.) If a ∈ T2,E(AF ) and b ∈ Eglob(E/F )0D and c ∈ E loc(E/F )0D,
then

inf
D/E,abct

(ϕ) = νϕ(b) inf
D/E,t

(ϕ)

if ϕ ∈ Z1
alg(E3(E/F )aE , G(E)) or Z1

alg(Eglob(E/F )aE , G(AE)), while

inf
D/E,abct

(ϕ) = νϕ(c
−1) inf

D/E,t
(ϕ)

if ϕ is in any of the other groups of cocycles Z1
alg(E?(E/F )aE , G(AE)). Note that

infE/E,t = zt

and

(6.3) locaD(infD/E,t(ϕ)) =
νϕ(t)infD/E,t(locaEϕ)

and
ν infD/E,tϕ = νϕ ◦ ηD/E.
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If C ⊃ D is another finite Galois extension of F and if aC ∈ H(C/F ) and if t′ ∈
T2,D(AC) with ηC/D,∗aC = t′ infC/DaD, then

infC/D,t′ ◦ infD/E,t = infC/E,tηD/E(t′).

We define
B(F,G) = lim

→,E/F
H1

alg(E3(E/F ), G(E))

and
Bloc(F,G)S = lim

→,E/F
H1

alg(E loc(E/F )S, G(AE,S)),

and similarly for the basic subsets. We have maps

loc : B(F,G) −→ Bloc(F,G)

and
resS : Bloc(F,G) −→ Bloc(F,G)S

and, for v ∈ S,
resv : B

loc(F,G)S −→ B(Fv, G)

for any place v of F . (Recall that B(Fv, G) was defined in section 4.1. These maps
are simply the direct limits of the maps defined above.) These maps preserve the
basic subsets. Note that

resv : B
loc(F,G){v}

∼−→ B(Fv, G)

and

Bloc(F,G)S
∼−→
∏
v∈S

′
B(Fv, G),

where the product is restricted with respect to {Im (H1(Gal (F nr
v /Fv), G(OFnr

v
)) →

H1(Gal (F nr
v /Fv), G(F

nr
v )))}, where F nr

v denotes the maximal unramified extension of
Fv. (These isomorphisms are just the direct limits of the isomorphisms 6.1 and 6.2.)
If G is connected, then

Bloc(F,G)S
∼−→
⊕
v∈S

Bloc(Fv, G).

These all preserve basic subsets.

6.2. The algebraic cohomology of reductive groups. Now suppose that G is
reductive.

If α = (αglob, αloc, β) ∈ a ∈ H(E/F ) and T over F is a torus split over E then

corglobα = corαglob : Z[VE]0 ⊗X∗(T ) = Hom (T3,E, T ) −→ Z1
alg(E3(E/F )a, T (E))

and
corlocα = corαloc : Z[VE]⊗X∗(T ) −→ Z1

alg(E loc(E/F )a, T (AE))

induce bijections

cor : (Z[VE]0 ⊗X∗(T ))Gal (E/F )
∼−→ H1

alg(E3(E/F ), T (E))
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and
cor : (Z[VE]⊗X∗(T ))Gal (E/F )

∼−→ H1
alg(E loc(E/F ), T (AE))

which are independent of α. (Note that corα depends on α and not just its image in
H(E/F ).) (For the global case see formula (9.1) of [K]. The local case follows from
the corresponding result for local fields. Recall that T3,E was defined in section 5.1.)

We have the following special case of the general observation made in item E of
section 3:

Lemma 6.2. Suppose that α = (αglob, αloc, β) ∈ a ∈ H(E/F ). Suppose also that
T/F is a torus split by E and that χ : T3,E → T is a homomorphism (which must
then be defined over E). Set

b =
∏

η∈Gal (E/F )

η−1χ(β(η))−1.

Then
locacorαglob(χ) = bcorαloc(χ).

Suppose also that

• G splits over E,
• and E is totally complex.

Then there are maps

κ : H1
alg(E3(E/F ), G(E)) −→ (Z[VE]0 ⊗ ΛG)Gal (E/F )

and
κ : H1

alg(E loc(E/F )S, G(AE,S)) −→ (Z[VE,S]⊗ ΛG)Gal (E/F )

with the following properties:

(1) They are functorial in G.
(2) If G = T is a torus then they equal cor−1.
(3) κ ◦ resS′ equals the composition of the natural map (Z[VE,S]⊗ΛG)Gal (E/F ) →

(Z[VE,S′ ]⊗ ΛG)Gal (E/F ) with κ.
(4) κ ◦ resE0

v/Fv
equals the composition of the natural map

(Z[VE,S]⊗ ΛG)Gal (E/F ) −→ (Z[VE,{v}]⊗ ΛG)Gal (E/F )
∼−→ ΛG,Gal (E0

v/Fv)

with κ.
(5) κ ◦ infD/E equals the composite of the natural isomorphisms

(Z[VD,S]⊗ ΛG)Gal (D/F )
∼−→ (Z[VE,S]⊗ ΛG)Gal (E/F )

or
(Z[VD]0 ⊗ ΛG)Gal (D/F )

∼−→ (Z[VE]0 ⊗ ΛG)Gal (E/F )

(induced by the maps Z[VD]→ Z[VE] sending u 7→ u|E) with κ.
(6) κ ◦ loc equals the composition of the natural map (Z[VE]0 ⊗ ΛG)Gal (E/F ) →

(Z[VE]⊗ ΛG)Gal (E/F ) with κ.
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We will denote by κG the composite

H1
alg(E loc(E/F )S, G(AE,S))

κ−→ (Z[VE,S]⊗ ΛG)Gal (E/F ) ↠ ΛG,Gal (E/F )

induced by
∑

w w ⊗ xw 7→
∑

w xw. Note that κG ◦ loc = 0. (In the local case we
construct κ from the corresponding maps for local fields using the decompositions

H1
alg(E loc(E/F )S, G(AE,S)) ∼=

⊕
v∈S

H1
alg(WE0

v/Fv
, G(E0

v))

and

(Z[VE,S]⊗ ΛG)Gal (E/F )
∼=
⊕
v∈S

ΛG,Gal (E0
v/Fv).

Then all the above properties, and the construction of κ in the global case, can be
found in [K], particularly sections 9 and 11. We warn the reader that our κ has a
different meaning from Kottwitz’s use of the same symbol.)

Note that we obtain a commutative square:

B(F,G)
κ−→ (Z[VF ]0 ⊗ ΛG)Gal (F/F )

loc ↓ ↓
Bloc(F,G)

κ−→ (Z[VF ]⊗ ΛG)Gal (F/F ).

If E/F splits G then Kottwitz proves that there is a cartesian square

B(F,G)basic
⊕v|∞resv◦loc−→

∏
v|∞B(Fv, G)basic

κ ↓
∏

v|∞ κ ↓
(Z[VE]0 ⊗ ΛG)Gal (E/F ) −→

∏
v|∞ ΛG,Gal (Ew/Fv)∑

w w ⊗ [λw] 7−→ (
∑

σ∈Gal (Eṽ/Fv)\Gal (E/F ) σλσ−1ṽ)v|∞,

where ṽ|v. (See proposition 15.1 of [K].) In particular the fibres of κ : B(F,G)basic →
(Z[VE]0 ⊗ ΛG)Gal (E/F ) are finite.

Lemma 6.3. loc : B(F,G)basic → kerκ ⊂ Bloc(F,G)basic is surjective with finite
fibres.

Proof: For the surjectivity, if κ(ψ) = 1 then we may lift κ(ψ) ∈ (ΛG⊗Z[VE])Gal (E/F )

to an element λ ∈ (ΛG⊗Z[VE]0)Gal (E/F ). The image of λ in
∏

v|∞ ΛG,Gal (Eṽ/Fv) equals

the image of κ(ψ) and hence the image of res∞ψ. Thus, by the above diagram, we
can find ϕ ∈ B(F,G)basic with res∞locϕ = res∞ψ and κ(ϕ) = λ. This implies that
κres∞locϕ = κres∞ψ, so that res∞locϕ = κres∞ψ. Thus locϕ = ψ.
If ϕ,ϕ′ ∈ B(F,G)basic have the same image in Bloc(F,G)basic, then ϕ′ϕ−1 ∈

B(F, ϕG)basic has νϕ′ϕ−1 = 1 and so ϕ′ϕ−1 ∈ H1(Gal (F/F ), ϕG). In fact ϕ′ϕ−1 ∈
ker1(Gal (F/F ), ϕG), which is finite. (See for instance theorem 6.15 of [PR].)□

If S is a finite set of places of F , we will write B(F,G)S,basic for the inverse image
in B(F,G)basic under κ of the image of Z[VE,S]0⊗ΛG in (Z[VE]0⊗ΛG)Gal (E/F ). (Here
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E/F is any finite Galois extension that splits G. To see that the definition does not
depend on the choice of E, use lemma 5.2.)

Lemma 6.4. If S is a finite set of places of F , then there is a finite Galois extension
D/F such that B(F,G)S,basic is contained in the image of H1

alg(E3(D/F ), G(D))basic.

Proof: Let E/F be a finite Galois extension which splitsG. Note that ΛG/X∗(Z(G)
0)

is finite and hence (Z[VE,S]0⊗ΛG)Gal (E/F )/(Z[VE,S]0⊗X∗(Z(G)0))Gal (E/F ) is finite. We
conclude that B(F,Z(G)0)S has only finitely many orbits on B(F,G)S,basic. Moreover
B(F,Z(G)0)S is finitely generated (being isomorphic to the image of Z[VE,S]⊗ΛZ(G)0

in (Z[VE]0⊗ΛZ(G)0)Gal (E/F )). Thus there is a finite Galois extension D/F containing
E such that B(F,G)S,basic is contained in the image of H1

alg(E3(D/F ), G(D)).□

Kottwitz also shows that there is a commutative diagram with exact rows

(0) −→ ker1(F,G) −→ B(F,G)basic −→ Bloc(F,G)
κF−→ (ΛG)Gal (F/F )

|| ↑ ↑ ||
(0) −→ ker1(F,G) −→ H1(F,G) −→

⊕
v∈VF H

1(Fv, G)
κF−→ (ΛG)Gal (F/F ).

(See proposition 15.6 of [K].)
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7. Rigidification data.

7.1. Technical lemmas. Suppose that D ⊃ E ⊃ F are finite Galois extensions of a
number field F , that u is a place of D and that α = (αglob, αloc, β) ∈ Z(D/F ). We
define

γE,u,α : WD/F,α −→ A×D/D×
aeglobα (τ) 7−→ (ND/E(a)/a

[D:E])
∏

η∈Gal (D/E)(α
glob(η, τ)β(η)ηu)/(α

glob(τ, η) τ (β(η)ηu))

=
∏

η∈Gal (D/E) e
glob
α (η)(aeglobα (τ))eglobα (ησ)−1)/((aeglobα (τ))eglobα (η)eglobα (τη)−1)

(1−τ)(∏
η∈Gal (D/E) β(η)ηu

)
.

We will see that this is an explicit element of Z1(WD/F,α,A×D/D×) which extends the

endomorphism of A×D/D× which sends a to ND/E(a)/a
[D:E].

Lemma 7.1. With the above notation and assumptions we have:

(1) If a ∈ A×D/D× then γE,u,α(a) = ND/E(a)/a
[D:E].

(2) If σ1, σ2 ∈ WD/F,α, then γE,u,α(σ1σ2) = γE,u,α(σ1)
σ2γE,u,α(σ2), i.e. γE,u,α ∈

Z1(WE/F,α,A×D/D×).
(3) γE,u,α descends to a map γE,u,α : WD/F,α/∆D → A×D/D×∆D.

(4) If σ ∈ WD/F,α and a ∈ A×D/D×, then

γE,u,α(conja(σ)) = (ND/E(a/
σa)/(a/ σa)[D:E])γE,u,α(σ).

(5) If τ ∈ Gal (D/F ) and σ ∈ WD/F,α, then

τγE,u,α(σ) = γE,u,α(e
glob
α (τ)σeglobα (τ)−1) (τστ−1−1)γE,u,α(e

glob
α (τ)).

(6) If τ ∈ Gal (D/F ), then γE,τu,α =
∏

η∈Gal (D/E)(β(η)ητu/β(η)ηu)γE,u,α.

(7) If σ ∈ WD/F,α, then γE,u,γα(iγglob(σ)) = γE,u,α(σ)
(σ−1)(∏

η∈Gal (D/E) γ
loc(η)ηu

)
.

(8) γE,u,tα ◦ zt =
∏

η∈Gal (D/E) tηu/
η(tu)γE,u,α.

Proof: For the first part note that a maps to aαglob(1, 1)eglobα (1) ∈WD/E,α and so

γE,u,α(a) = (ND/E(aα
glob(1, 1)−1)/(aαglob(1, 1)−1)[D:E])

∏
η∈Gal (D/E) α

glob(η, 1)/αglob(1, η)

= ND/E(a)/a
[D:E].

Here we use the relations αglob(η, 1) =
η
αglob(1, 1) and αglob(1, η) = αglob(1, 1) from

section 2.2.
For the second part set

γ(aeglobα (τ)) = (ND/E(a)/a
[D:E])

∏
η∈Gal (D/E)

αglob(η, τ)/αglob(τ, η)

so that

γE,u,α =
∏

η∈Gal (D/E) β(η)ηuγ.



64 JACK SEMPLINER AND RICHARD TAYLOR

It suffices to check that γ is a 1-cocycle. However

γ(a1e
glob
α (τ1)a2e

glob
α (τ2))

= γ(a1
τ1a2α

glob(τ1, τ2)e
glob
α (τ1τ2))

= (ND/E(a1
τ1a2)/(a1

τ1a2)
[D:E])

∏
η∈Gal (D/E)

η
αglob(τ1, τ2)α

glob(η, τ1τ2)/α
glob(τ1, τ2)α

glob(τ1τ2, η)

= (ND/E(a1
τ1a2)/(a1

τ1a2)
[D:E])

∏
η∈Gal (D/E) α

glob(ητ1, τ2)α
glob(η, τ1)/

τ1αglob(τ2, η)α
glob(τ1, τ2η)

= (ND/E(a1
τ1a2)/(a1

τ1a2)
[D:E])

∏
η∈Gal (D/E) α

glob(τ1η, τ2)α
glob(η, τ1)/

τ1αglob(τ2, η)α
glob(τ1, ητ2)

= (ND/E(a1)
τ1ND/E(a2))/(a1

τ1a2)
[D:E])

∏
η∈Gal (D/E)

τ1αglob(η, τ2)α
glob(η, τ1)/

τ1αglob(τ2, η)α
glob(τ1, η)

= γE,α(a1e
glob
α (τ1))

τ1γE,α(a2e
glob
α (τ2)).

The second equality is just the definition of γ; the third uses the cocyle relation for
αglob twice; the fourth replaces η by τ1ητ

−1
1 in one product and by τ−12 ητ2 in another;

the fifth applies the cocycle relation to αglob(τ1η, τ2)/α
glob(τ1, ητ2); and the sixth is

again the definition of γ.
Parts (3), (4) and (5) follow easily from the first two parts. For the fifth we have
τγE,u,α(σ) = γE,u,α(e

glob
α (τ))−1γE,u,α(e

glob
α (τ)σ)

= γE,u,α(e
glob
α (τ))−1γE,u,α(e

glob
α (τ)σeglobα (τ)−1) τστ

−1
γE,u,α(e

glob
α (τ))

= (τστ−1−1)γE,u,α(e
glob
α (τ))γE,u,α(e

glob
α (τ)σeglobα (τ)−1).

The final three parts are straightforward, and we leave their verification to the
reader. □

7.2. Rigidification data. We have seen that WE/F,D,a is isomorphic as an extension
to WEab/F,D, and so there exists an isomorphism of extensions

(0) −→ A×D/D×∆E
rD−→ WEab/F,D/∆E −→ Gal (D/F ) −→ (0)

|| Γ ↓ ≀ ||
(0) −→ A×D/D×∆E −→ WE/F,D,a/∆E −→ Gal (D/F ) −→ (0)

Such an isomorphism will be called a Galois rigidification of a if it lifts to an isomor-
phism of extensions

Γ̃ : WEab/F,D
∼−→ WE/F,D,a.

Because H1(Gal (D/F ),A×D/D×) = (0) we see that all Galois rigidifcations differ by
composition with conjugation by an element of A×D/D× ↠ A×D/D×∆E. Note however
that H1(Gal (D/F ),A×D/D×∆E) may not vanish. (For instance take D = E, in which
case we have an exact sequence

H1(Gal (E/F ),A×E/E
×) −→ H1(Gal (E/F ),A×E/E

×∆E) −→ H2(Gal (E/F ),∆E) −→ H2(Gal (E/F ),A×E/E
×).

Using lemma 2.2, this becomes

(0) −→ H1(Gal (E/F ),A×E/E
×∆E) −→ {±1}r −→ Q/Z,

where r is the number of real places of F which become complex in E.)
Moreover if t ∈ A×D/D× and conjt ◦Γ = Γ then t = rs with r ∈ A×F/F× and s ∈ ∆D

with σs/s ∈ ∆E for all σ ∈ Gal (D/F ). (To see this note that σt/t ∈ ∆E ⊂ ∆D for
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all σ ∈ Gal (D/F ). As H1(Gal (D/F ),∆D) = (0) we deduce that there is an s ∈ ∆D

with σt/t = σs/s for all σ ∈ Gal (D/F ). Thus t/s ∈ A×F/F× and the claim follows.)
We say that a Galois rigidification Γ is adapted to an F -linear embedding ρ :

EabD ↪→ F v if

Γ̃ ◦ θρ|
Eab

= ιaw(ρ) ◦Θ : W(ρ(E)Fv)ab/Fv ,ρ,D −→ WE/F,D,a,

for some isomorphism of extensions

Θ :W(EFv)ab/Fv ,ρ,D
∼−→ WEw(ρ)/Fv ,D,a,

some lifting Γ̃ : WEab/F,D
∼→ WE/F,D,a of Γ and some choice of θρ|

Eab
. Note that this

definition only depends on the class a. Some of the formulae below will depend on a
choice of α ∈ a, but this dependence will usually turn out to be only up to conjugation
by an element of D×w(ρ). Hence we will end up working with D×w(ρ) conjugacy classes

of Galois rigidifications. We were unable to find a way round this.

Lemma 7.2. Suppose that ρ : EabD → Fv is F -linear.

(1) A Galois rigidification adapted to ρ exists.
(2) Any two Galois rigidifications adapted to ρ differ by composition with conju-

gation by an element of (A×E/E×)Gal (E/F )w(ρ)D×w(ρ).

(3) If σ ∈ Gal (EabD/F ), if Γ is a Galois rigidification of a adapted to ρ : EabD ↪→
F v and if α = (αglob, αloc, β) ∈ a then

Γσ,α = conj(β(σ|−1
D )w(ρσ))

◦ conjeglobα (σ|−1
D ) ◦ Γ ◦ conjσ

is a Galois rigidification of a adapted to ρ ◦ σ. (In the last term we think of

σ ∈ Gal (EabD/F ) ↪→ Gal (Eab/F )×Gal (E/F ) Gal (D/F ) ↪→ WEab/F,D/∆E,

see equation 2.2.) If γ = (γglob, γloc) ∈ B(E/F )D, then we have

Γσ,
γα = conj−1

γloc(σ−1)w(ρσ)
◦ Γσ,α.

(4) (Γσ1,α)σ2,α = conjαloc(σ−1
2 ,σ−1

1 )w(ρσ1σ2)
◦ Γσ1σ2,α.

(5) If Γ is a Galois rigidification of a adapted to ρ and if t ∈ T2,E(AD), then
tΓ = conjtw(ρ)

◦ zt ◦ Γ

is a Galois rigidification of ta adapted to ρ. Moreover
t1( t2Γ) = t1t2Γ.

(6) If t ∈ T2,E(AD) fixes a, then t = abc with a ∈ E loc(E/F )0D, b ∈ Eglob(E/F )0D
and c ∈ T2,E(AF ) and

tΓ = conjaw(ρ)cw(ρ)
◦ Γ.

Moreover if Γ and Γ′ are two Galois rigidifications of a adapted to ρ then
we can find t ∈ E loc(E/F )0DT2,E(AF ) with

tΓ = Γ′.
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(7) (tΓ)σ,
tα = t(Γσ,α).

(8) Suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , that a ∈
H(E/F )D and that ρ : EabC ↪→ Fv is F -linear. If Γ is a Galois rigidification
for a adapted to ρ|EabD, then the map infC/D Γ from

((A×C/C
×∆E)⋊ (WEab/F,D/∆E)|Gal (C/F ))/(A×D/D

×∆E) ∼= WEab/F,C/∆E

(see equation 2.3) to

((A×C/C
×∆E)⋊ (WE/F,D,a/∆E)|Gal (C/F ))/(A×D/D

×∆E) ∼= WE/F,C,infC/D a

(similarly) given by

infC/DΓ : [(a, (σ, τ))] 7−→ [(a, (Γ(σ), τ))]

is a Galois rigidification for infC/D a adapted to ρ.

(9) (infC/D Γ)σ,infC/D α = infC/D(Γ
σ|

EabD
,α) and infC/D

tΓ = t( infC/D Γ). If B ⊃
C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then infB/C ◦ infC/D =
infB/D.

(10) Suppose that α ∈ a ∈ H(D/F ) and that ρ̃ : Dab ↪→ Fv is F -linear. If Γ is a
Galois rigidification for a adapted to ρ̃, then the map

ηD/E,α,ρ̃,∗Γ :WEab/F,D/∆E −→ WE/F,D,ηD/E,∗α/∆E

given by

((A×D/D×∆E)⋊WDab/F )/(A×D/D×) −→ ((A×D/D×∆E)⋊WD/F,a)/(A×D/D×)
[(a, σ)] 7−→ [(aγE,u(ρ̃),α(Γ(σ)),Γ(σ))]

(where u(ρ̃) is the place of D induced by ρ̃) is a Galois rigidification for ηD/E,∗a
adapted to ρ̃|Eab.

(11) ηD/E,α,ρ̃,∗(conja ◦ Γ) = conjND/Ea
◦ ηD/E,α,ρ̃,∗(Γ).

(12) If γ = (γglob, γloc) ∈ B(D/F ), then ηD/E,γα,ρ̃,∗Γ = conj∏
η∈Gal (D/E) γ

loc(η)−1
ηu(ρ̃)
◦

iηD/E◦γglob ◦ (ηD/E,α,ρ̃,∗Γ). (See section 2.2 for the notation iγ.)

(13) If t ∈ T2,D(AD) then ηD/E,tα,ρ̃,∗(
tΓ) = ηD/E(t)ηD/E,α,ρ̃,∗(Γ).

(14) If σ ∈ Gal (Dab/F ), then

(ηD/E,α,ρ̃,∗Γ)
σ,ηD/E,∗α = conj∏

η∈Gal (D/E) α
loc(σ−1,η)σ−1ηu(ρ̃)/α

loc(η,σ−1)ηu(ρ̃σ)
◦ηD/E,α,ρ̃σ,∗(Γσ,α).

(15) Suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions, that α ∈ Z(C/F )
and that Γ is a Galois rigidification of [α] adapted to ρ̃ : Cab ↪→ Fv. Suppose
also that α′ ∈ Z(D/E) and that Γ′ is a Galois rigidification of [α′] adapted
to ρ̃|Dab. Then we can find t ∈ T2,D(AC) and γ ∈ B(D/E)C such that

ηC/D,∗α = t,γ inf
C/D
α′ and ηC/D,ρ̃,∗Γ = t inf

C/D
Γ′.

Moreover
ηC/E,ρ̃,∗Γ = ηD/E(t) inf

C/D
ηD/E,ρ̃,∗Γ

′.
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Proof: For the first part choose isomorphisms of extensions Γ̃ : WEab/F,D
∼→ WE/F,D,a

and Θ : W(ρ(E)Fv)ab/Fv ,ρ|Eab ,D
∼→ WEw(ρ)/Fv ,D,a. Because H

1(Gal (D/F )w(ρ),A×D/D×) =
(0), we see that

conja ◦ Γ̃ ◦ θρ = ιaw(ρ) ◦Θ
for some a ∈ A×D/D×. Replacing Γ by conja◦Γ we have the desired Galois rigidification
adapted to ρ.

For the second part suppose that Γ1 and Γ2 are two Galois rigidifications adapted

to ρ. Suppose more explicitly that Γi lifts to an isomorphism of extensions Γ̃i :

WEab/F,D
∼→ WE/F,D,a and that Θi : W(ρ(E)Fv)ab/Fv ,ρ|Eab ,D

∼→ WEw(ρ)/Fv ,D,a so that Γ̃i ◦
θρ = ιaw(ρ)◦Θi. Replacing Γ̃2 by a ∆E-conjugate, we may assume that we have the same

choice of θρ in both equations. Then we can find b ∈ D×w(ρ) such that Θ2 = conjb ◦Θ1

(as H1(Gal (D/F )w(ρ), D
×
w(ρ)) = (0)). Moreover we can find a ∈ A×D/D× such that

Γ̃2 = conja◦Γ̃1 (as H
1(Gal (D/F ),A×D/D×) = (0)). Then conjab−1 ◦Γ̃1◦θρ = ιaw(ρ)◦Θ1,

so that ab−1 ∈ (A×D/D×)Gal (D/F )w(ρ) = (A×E/E×)Gal (E/F )w(ρ) , as desired.

For the third part, if Γ̃ : WEab/F,D
∼→ WE/F,D,a is an isomorphism of extensions

lifting Γ and σ̃ ∈ WEab/F |Gal (D/F ) lifts σ, then

Γ̃σ,α = conj(β(σ−1)w(ρσ))
◦ conjeglobα (σ−1) ◦ Γ̃ ◦ conjσ̃ : WEab/F,D

∼−→ WE/F,D,a

is an isomorphism of extensions lifting Γσ,α, and so Γσ,α is a Galois rigidification.
Moreover using lemma 5.8 (for the third equality below) we have

Γ̃σ,α ◦ θρσ|
Eab

= conj(β(σ−1)w(ρσ))
◦ conjeglobα (σ−1) ◦ Γ̃ ◦ θρ ◦ (σ|D)∗

= conj(β(σ−1)w(ρσ))
◦ conjeglobα (σ−1) ◦ ι

a
w(ρ) ◦Θ ◦ (σ|D)∗

= ιaw(ρσ) ◦ (conjelocα (σ−1) ◦Θ ◦ (σ|D)∗),

and conjelocα (σ−1) ◦Θ◦ (σ|D)∗ : W(ρ(E)Fv)ab/Fv ,ρσ,D
∼→ WEw(ρσ)/Fv ,D,a is an isomorphism of

extensions. The second assertion of this part follows immediately from the definitions.
For the fourth part we have

Γσ1σ2,α

= conj(β(σ−1
2 σ−1

1 )w(ρσ1σ2)
) ◦ conjeglobα (σ−1

2 σ−1
1 ) ◦ Γ ◦ conjσ1conjσ2

= conj(β(σ−1
2 σ−1

1 )w(ρσ1σ2)
) ◦ conjαglob(σ−1

2 ,σ−1
1 )−1 ◦ conjeglobα (σ−1

2 ) ◦ conjeglobα (σ−1
1 ) ◦ Γ ◦ conjσ1conjσ2

= conj(β(σ−1
2 σ−1

1 )w(ρσ1σ2)
) ◦ conjαglob(σ−1

2 ,σ−1
1 )−1 ◦ conjeglobα (σ−1

2 ) ◦ conj
−1
β(σ−1

1 )w(ρσ1)
◦ Γσ1,α ◦ conjσ2

= conj(β(σ−1
2 σ−1

1 )w(ρσ1σ2)
) ◦ conjαglob(σ−1

2 ,σ−1
1 )−1 ◦ conj−1

(σ
−1
2 β(σ−1

1 ))w(ρσ1σ2)

◦ conjeglobα (σ−1
2 ) ◦ Γ

σ1,α ◦ conjσ2

= conj
(β(σ−1

2 σ−1
1 )αglob(σ−1

2 ,σ−1
1 )−1 σ−1

2 β(σ−1
1 )−1β(σ−1

2 )−1)w(ρσ1σ2)

◦ (Γσ1,α)σ2,α

= conjαloc(σ−1
2 ,σ−1

1 )−1
w(ρσ1σ2)

◦ (Γσ1,α)σ2,α.
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For the fifth part simply recall from equation 5.6 that ι
ta
w ◦ zt = conjtw ◦ zt ◦ ιaw.

The first assertion of the sixth part follows from corollary 5.6 and the fact that
zabc = conj−1bw(ρ)

as automorphisms of WE/F,D,a (see the paragraph before lemma 5.8).

The second assertion of the sixth part follows from the first assertion and part 2.
For the seventh part we have

(tΓ)σ,
tα = conj((tβ)(σ−1)w(ρσ))

◦ conjeglobtα
(σ−1) ◦ conjtw(ρ)

◦ zt ◦ Γ ◦ conjσ
= zt ◦ conjtw(ρσ)β(σ

−1)w(ρσ)/
σ−1

tw(ρ)
◦ conjσ−1

tw(ρ)
◦ conjeglobα (σ−1) ◦ Γ ◦ conjσ

= t(Γσ,α).

(The first equality is from the definitions. The second uses the definition of tβ; inter-

changes conjeglobtα
(σ−1) and conjtw(ρ)

; and uses the equation zt(e
glob
α (σ−1)) = eglobtα (σ−1).

The third uses the obvious cancellation and the definitions.)

For the eighth part suppose that Γ̃ and Θ are as in the definition of Galois rigidi-

fication. Define infC/D Γ̃ from

((A×C/C
×)⋊WEab/F,D|Gal (C/F ))/(A×D/D

×)

to
((A×C/C

×)⋊WE/F,D,a|Gal (C/F ))/(A×D/D
×)

by

infC/DΓ̃ : [(a, (σ, τ))] 7−→ [(a, (Γ(σ), τ))];

and
infC/DΘ : W(ρ(E)Fv)ab/Fv ,ρ,C

∼−→ WEw(ρ)/Fv ,C,infC/D a

to be

(C×w(ρ) ⋊W(ρ(E)Fv)ab/Fv ,ρ,D|Gal (C/F )w(ρ)
)/D×w(ρ)

∼−→ (C×w(ρ) ⋊WEw(ρ)/Fv ,D,a|Gal (C/F )w(ρ)
)/D×w(ρ)

[(a, (σ, τ))] 7−→ [(a, (Θ(σ), τ))].

(The left hand side is the identification of equation 5.9, while the right hand side is
similar.) Then

(infC/DΓ̃) ◦ θρ = ι
infC/Da

w(ρ) ◦ ( inf
C/D

Θ).

We leave the straightforward verification of the ninth part to the reader.
For the tenth part we recall that in (A×D/D×⋊WDab/F )/(A×D/D×) the implicit map

is
A×D/D× −→ A×D/D× ⋊WDab/F

a −→ (ND/Ea
−1, a),

while in (A×D/D× ⋊WD/F,a)/(A×D/D×) the implicit map is

(A×D/D×) −→ A×D/D× ⋊WD/F,a

a 7−→ (a−[D:E], a).

The difficulty here is that these two maps are not directly compatible.
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Let Γ̃ and Θ be as in the definition of Galois rigidification. Let

Γ̃E : WEab/F,D −→ WE/F,D,ηD/E,∗α

be given by

(A×D/D× ⋊WDab/F )/(A×D/D×) −→ (A×D/D× ⋊WD/F,a)/(A×D/D×)
[(a, σ)] 7−→ [(aγE,u(ρ̃),α(Γ̃(σ)), Γ̃(σ))].

This is well defined because for a ∈ A×D/D× we have γα,u(ρ̃),E(a) = ND/E(a)/a
[D:E].

(See part 1 lemma 7.1.) It is a homomorphism because γα,E is a 1-cocycle. We deduce

that Γ̃E is an isomorphism of extensions. Thus ηD/E,α,∗Γ is a rigidification of ηD/E,∗a.
We also define an isomorphism

ΘE : W(EFv)ab/Fv ,D,ρ̃
∼−→ WEw(ρ̃)/Fv ,D,ηD/E,∗a

to be the map from

(D×w(ρ̃) ⋊ (W(DFv)ab/Fv
×Gal (E/F ) Gal (D/F )))/W(DFv)ab/(EFv)

to

(D×w(ρ̃) ⋊ (WDu(ρ̃)/Fv ,α ×Gal (E/F ) Gal (D/F )))/(WDu(ρ̃)/Fv ,α|Gal (Du(ρ̃)/Ew(ρ̃)))

given by

[(a, (σ, τ))] 7→ [(a, (Θ(σ), τ))].

(We are using equation 5.8 and the identification of lemma 5.10. Recall that in the
first identification W(DFv)ab/(EFv) embeds via σ 7→ (ρ̃−1r−1EFv

(σ|−1
(EFv)ab

), (σ, 1)); while

in the second identification WDu(ρ̃)/Fv ,α|Gal (Du(ρ̃)/Ew(ρ̃)) embeds via σ 7→ (ϵ(σ)−1, (σ, 1))

with ϵ as in lemma 5.10.) To see this is well defined we need to check that for
σ ∈W(DFv)ab/(EFv) we have

rEFv(ϵ(Θ(σ))) = σ|(EFv)ab .

However if s : Gal (Du(ρ̃)/Ew(ρ̃))→ W(DFv)ab/EFv
is a set theoretic section, we have

rEFv(ϵ(Θ(σ))) = rEFv(
∏

η∈Gal (Du(ρ̃)/Ew(ρ̃))
Θ(sη)Θ(σ)Θ(s−1ησ ))

= rEFv(Θ(trW
(DFv)ab/EFv

/W
(DFv)ab/DFv

σ|(EFv)ab))

= rEFv(Θ ◦ rDFv ◦ r−1EFv
(σ|(EFv)ab)),

and the claim follows because Θ ◦ rDFv is the identity on (DFv)
×. We also claim that

Γ̃E ◦ θρ̃ = ι
ηD/E,∗a

w(ρ̃) ◦ΘE : W(ρ̃(E)Fv)ab/Fv ,D,ρ̃ −→ WE/F,D,ηD/E,∗a,

from which the tenth part will follow. We will realize these maps as maps

(D×w(ρ̃)⋊(W(DFv)ab/Fv
×Gal (E/F )Gal (D/F )))/W(DFv)ab/EFv

−→ (A×D/D
×⋊WD/F,α)/(A×D/D

×).
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Both composites send a ∈ D×w(ρ̃) to a ∈ A×D/D×. Thus suppose (σ, τ) ∈W(DFv)ab/Fv
×Gal (E/F )

Gal (D/F ). Using equation 5.10, we see that the first map, Γ̃E ◦ θρ̃, sends (σ, τ) to

[(r−1E (θρ̃(σ)Γ̃
−1(eglobα (τ))−1)|EabγE,u(ρ̃),α(e

glob
α (τ)), eglobα (τ))]

= [(r−1D (
∏

η∈Gal (D/E) Γ̃
−1(eglobα (η))θρ̃(σ)Γ̃

−1(eglobα (τ))−1Γ̃−1(eglobα (ηστ−1))−1)

γE,u(ρ̃),α(e
glob
α (τ)), eglobα (τ))]

= [(
∏

η∈Gal (D/E) e
glob
α (η)(Γ̃ ◦ θρ̃)(σ)eglobα (τ)−1eglobα (ηστ−1))−1γE,u(ρ̃),α(e

glob
α (τ)), eglobα (τ))].

(For the first equality note that the transfer map WEab/E → WDab/D composed with

rE equals rD composed with the natural inclusion A×E/E× ↪→ A×D/D×.) On the other

hand, by the last part of lemma 5.10, ι
ηD/E,∗a

w(ρ̃) ◦ΘE sends (σ, τ) to

conj∏
η∈Gal (D/E) β(η)|ηu(ρ̃) [(

∏
η∈Gal (D/E)

eglobα (τησ−1)ιαu(ρ̃)(Θ(σ))eglobα (η)−1eglobα (τ)−1, eglobα (τ))].

Thus what we have to show is that for (σ, τ) ∈ WEw(ρ̃)/Fv ,D,ηD/E,∗a×Gal (E/F )Gal (D/F )
we have∏

η∈Gal (D/E)(e
glob
α (η)ιαu(ρ̃)(σ)e

glob
α (τ)−1eglobα (ηστ−1)−1)γE,u(ρ̃),α(e

glob
α (τ))

=
(1−τ)(∏

η∈Gal (D/E) β(η)|ηu(ρ̃)
)∏

η∈Gal (D/E) e
glob
α (τησ−1)ιαu(ρ̃)(σ)e

glob
α (η)−1eglobα (τ)−1,

i.e. (using the definitions of αglob twice)∏
η∈Gal (D/E)(e

glob
α (η)ιαu(ρ̃)(σ)e

glob
α (ησ)−1)

∏
η∈Gal (D/E) α

glob(ηστ−1, τ)−1γE,u(ρ̃),α(e
glob
α (τ))

=
(1−τ)(∏

η∈Gal (D/E) β(η)|ηu(ρ̃)
)

∏
η∈Gal (D/E)(e

glob
α (τησ−1)ιαu(ρ̃)(σ)e

glob
α (τη)−1)

∏
η∈Gal (D/E) α

glob(τ, η)−1.

Changing the dummy variables, this in turn is equivalent to

γE,u(ρ̃),α(e
glob
α (τ)) =

∏
η∈Gal (D/E)

(αglob(η, τ)β(η)|ηu(ρ̃))/(αglob(τ, η) τ (β(η)|ηu(ρ̃))),

which is just the definition.
For the eleventh part note that

ηD/E,α,ρ̃,∗(conja ◦ Γ)([(b, σ)])
= [(bγE,u(ρ̃),α(

(1−σ)aΓ(σ)), (1−σ)aΓ(σ))]
= [(bND/E(

(1−σ)a)((1−σ)a)−[D:E]γE,u(ρ̃),α(Γ(σ))(
(1−σ)a)[D:E],Γ(σ))]

= [(b (1−σ)ND/E(a)γE,u(ρ̃),α(Γ(σ)),Γ(σ))]
= conjND/Ea

ηD/E,α,ρ̃,∗(Γ)([(b, σ)]).

(Using parts 1 and 2 of lemma 7.1 and using the and the embedding of

A×D/D× ↪→ (A×D/D×)⋊WD/F,α

a 7−→ (a−[D:E], a)
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in the isomorphism

((A×D/D
×)⋊WD/F,α)/(A×D/D

×) ∼= WE/F,D,ηD/E,∗α.)

The twelfth and thirteenth parts are straightforward, so we leave them to the
reader.

For the fourteenth part, if σ ∈ Gal (Dab/F ) and [(a, τ)] ∈ (A×D/D×∆E⋊WDab/F )/(A×D/D×),
then we have that

ηD/E,α,ρ̃σ,∗(Γ
σ,α)(a, τ)

= (aγE,u(ρ̃σ),α(Γ
σ,α(τ)),Γσ,α(τ))

= (aγE,u(ρ̃σ),α(
(1−τ)β(σ−1)u(ρ̃σ)conjeglobα (σ−1)(Γ(conjσ(τ)))),

(1−τ)β(σ−1)u(ρ̃σ)conjeglobα (σ−1)(Γ(conjσ(τ))))

= (a (1−τ)(ND/Eβ(σ
−1)u(ρ̃σ)/β(σ

−1)
[D:E]
u(ρ̃σ))

γE,u(ρ̃σ),α(conjeglobα (σ−1)(Γ(conjσ(τ))))
(1−τ)β(σ−1)

[D:E]
u(ρ̃σ), conjeglobα (σ−1)(Γ(conjσ(τ))))

= (a (1−τ)(
∏

η∈Gal (D/E)
η(β(σ−1)u(ρ̃σ))β(η)ηu(ρ̃σ)/β(η)ηu(ρ̃))

γE,u(ρ̃),α(conjeglobα (σ−1)(Γ(conjσ(τ)))), conjeglobα (σ−1)(Γ(conjσ(τ))))

= conj∏
η∈Gal (D/E)

η(β(σ−1)u(ρ̃σ))β(η)ηu(ρ̃σ)/β(η)ηu(ρ̃)
(aγE,u(ρ̃),α(conjeglobα (σ−1)(Γ(conjσ(τ)))),

conjeglobα (σ−1)(Γ(conjσ(τ)))).

(The first two equalities are the definitions. The third uses parts 1 and 2 of lemma
7.1 and the embedding A×D/D× ↪→ (A×D/D×)⋊WD/F,α as above. The fourth uses part
6 of lemma 7.1 and an immediate cancelation. The fifth is a simple rearrangement.)
On the other hand we have

(ηD/E,u(ρ̃),α,∗Γ)
σ,ηD/E,∗α(a, τ)

= conj(ηD/E◦β)(σ−1)w(ρ̃σ)
◦ conjeglobα (σ−1)(ηD/E,u(ρ̃),α,∗(Γ)(

σa, conjσ(τ)))

= conj(ηD/E◦β)(σ−1)w(ρ̃σ)
◦ conjeglobα (σ−1)(

σaγE,u(ρ̃),α(Γ(conjσ(τ))),Γ(conjσ(τ)))

= conj(ηD/E◦β)(σ−1)w(ρ̃σ)
(a σ

−1
γE,u(ρ̃),α(Γ(conjσ(τ))), conjeglobα (σ−1)(Γ(conjσ(τ))))

= conj(ηD/E◦β)(σ−1)w(ρ̃σ)
(a (τ−1)γE,u(ρ̃),α(e

glob
α (σ−1))

γE,u(ρ̃),α(e
glob
α (σ−1)Γ(conjσ(τ))e

glob
α (σ−1)−1), conjeglobα (σ−1)(Γ(conjσ(τ))))

= conj(ηD/E◦β)(σ−1)w(ρ̃σ)γE,u(ρ̃),α(eglobα (σ−1))−1(aγE,u(ρ̃),α(conjeglobα (σ−1)(Γ(conjσ(τ)))),

conjeglobα (σ−1)(Γ(conjσ(τ))))

= conjA(ηD/E,α,ρ̃σ,∗(Γ
σ,α)(a, τ)),

with

A = (ηD/E◦β)(σ−1)w(ρ̃σ)γE,u(ρ̃),α(eglobα (σ−1))−1
∏

η∈Gal (D/E)

η(β(σ−1)u(ρ̃σ))
−1β(η)−1ηu(ρ̃σ)β(η)ηu(ρ̃).
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(The first two equalities follow from the definitions. The fourth uses part 2 of lemma
7.1.) Then

A =
∏

η∈Gal (D/E) β(σ
−1)ηu(ρ̃σ)α

glob(σ−1, η) σ
−1

(β(η)ηu(ρ̃))α
glob(η, σ−1)−1β(η)−1ηu(ρ̃)

η(β(σ−1)u(ρ̃σ))
−1β(η)−1ηu(ρ̃σ)β(η)ηu(ρ̃)

=
∏

η∈Gal (D/E) β(σ
−1)σ−1ησu(ρ̃σ)α

glob(σ−1, η)(σ
−1

β(η))σ−1ηu(ρ̃))α
glob(η, σ−1)−1

(ηβ(σ−1))ηu(ρ̃σ))
−1β(η)−1ηu(ρ̃σ)

=
∏

η∈Gal (D/E)(β(σ
−1)αglob(σ−1, η) σ

−1

β(η)β(σ−1η)−1)σ−1ηu(ρ̃)β(σ
−1η)σ−1ηu(ρ̃)

(αglob(η, σ−1)β(η) ηβ(σ−1)β(ησ−1)−1)−1ηu(ρ̃σ)β(ησ
−1)−1ηu(ρ̃σ)

=
∏

η∈Gal (D/E) α
loc(σ−1, η)σ−1ηu(ρ̃)β(ησ

−1)ησ−1u(ρ̃)α
loc(η, σ−1)−1ηu(ρ̃σ)β(ησ

−1)−1ηu(ρ̃σ)
=

∏
η∈Gal (D/E)(α

loc(σ−1, η)σ−1ηu(ρ̃)/α
loc(η, σ−1)−1ηu(ρ̃σ)),

as desired. (The first equality is the definition of ηD/E and γE,u(ρ̃),α. The second equal-
ity uses a change of the dummy variable η in some terms and an obvious cancellation.

The third is a simple rearrangement. The fourth uses the relation
β
αloc = αglob. The

fifth again uses a change of the dummy variable η in some terms.)
The last part follows from parts six and thirteen. □

We call two Galois rigidifications Γ1,Γ2 of a adapted to ρ equivalent if Γ2 = conja◦Γ1

for some a ∈ D×w(ρ). We will write Γ1 ∼ Γ2 to mean Γ1 and Γ2 are equivalent, and [Γ1]

for the equivalence class of Γ1. Note that, if Γ1 ∼ Γ2, then Γσ,α1 ∼ Γσ,α2 and tΓ1 ∼ tΓ2

and infC/D Γ1 ∼ infC/D Γ2 and ηD/E,α,ρ̃,∗Γ1 ∼ ηD/E,α,ρ̃,∗Γ2. The latter uses part (11)
of the above lemma. Moreover we have the following corollary:

Corollary 7.3. (1) If [Γ] is an equivalence class of Galois rigidifications for a
adapted to ρ, then [Γσ,α] does not depend on the choice of α ∈ a and is an
equivalence class of Galois rigidifications for a adapted to ρσ. We will denote
it [Γ]σ. We have

([Γ]σ1)σ2 = [Γ]σ1σ2 .

(2) If [Γ] is an equivalence class of Galois rigidifications for a adapted to ρ and
t ∈ T2,E(AD), then

t[Γ] = [tΓ] is an equivalence class of Galois rigidifications
for ta adapted to ρ. We have

t([Γ]σ) = (t[Γ])σ.

If [Γ] and [Γ′] are two equivalence classes of Galois rigidifications of a
adapted to ρ, then we can find t ∈ T2,E(AF ) with [Γ′] = t[Γ].

If t ∈ T2,E(AD) and
ta = a and t[Γ] = [Γ], then t = abc with a ∈ E loc(E/F )0D,

b ∈ Eglob(E/F )0D and c ∈ T2,E(AF ). Moreover for any such a, b, c we must
have cw(ρ) ∈ (A×E/E×)Gal (E/F )w(ρ) of the form cw(ρ) = ef with e ∈ A×F and

f ∈ ∆
Gal (D/F )w(ρ)

D with σf/f ∈ ∆E for all σ ∈ Gal (D/F ). If E is totally

imaginary, we deduce that f ∈ ∆
Gal (E/F )w(ρ)

E .
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(3) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions, if a ∈ H(E/F )D, and if
[Γ] is an equivalence class of Galois rigidifications for a adapted to ρ|EabD,
then infC/D[Γ] = [infC/D Γ] is an equivalence class of Galois rigidifications for
infC/D a adapted to ρ. We have

( inf
C/D

[Γ])σ = inf
C/D

([Γ]σ|Dab ) and inf
C/D

(t[Γ]) = t( inf
C/D

[Γ]),

for σ ∈ Gal (Cab/F ) and t ∈ T2,E(AD). Moreover if B ⊃ C ⊃ D ⊃ E ⊃ F
are finite Galois extensions if a number field F , then

( inf
B/C
◦ inf
C/D

)[Γ] = inf
B/D

[Γ].

(4) If aD ∈ H(D/F ) and if [Γ] is an equivalence class of Galois rigidifications
for aD adapted to and F -linear embedding ρ̃ : Dab ↪→ Fv, then [ηD/E,α,ρ̃,∗Γ]
does not depend on the choice of α ∈ aD. We will denote it ηD/E,ρ̃,∗[Γ]. If
t ∈ T2,D(AD) we have

ηD/E,ρ̃,∗(
t[Γ]) = ηD/E(t)(ηD/E,ρ̃,∗[Γ]).

If σ ∈ Gal (Dab/F ) we have

ηD/E,ρ̃σ,∗([Γ]
σ) = (ηD/E,ρ̃,∗[Γ])

σ.

Proof: Everything but the last assertion of the second part follows immediately
from the previous lemma. For the last assertion of the second part, recall that we
must have t = abc with a ∈ E loc(E/F )0D, b ∈ Eglob(E/F )0D and c ∈ T2,E(AF ). We have
abc[Γ] = [conjaw(ρ)cw(ρ)

◦ Γ] and so Γ = conjd−1cw(ρ)
◦ Γ for some d ∈ D×w(ρ). We deduce

that cw(ρ) = de′ with e′ ∈ A×D/D× satisfying (1−σ)e′ ∈ ∆E for all σ ∈ Gal (D/F ). As

H1(Gal (D/F ),∆D) = (0), we see that there is f ∈ ∆D with (1−σ)e′ = (1−σ)f for all
σ ∈ Gal (D/F ). Thus e′ = ef with e ∈ A×F and f/ σf ∈ ∆E for all σ ∈ Gal (D/F ).
If σ ∈ Gal (D/F )w(ρ) then σd/d = f/ σf ∈ D×w(ρ) ∩ ∆D ⊂ A×D/D× and, as this

intersection is trivial, we see that d ∈ F×v and f ∈ ∆
Gal (D/F )w(ρ)

D . Replacing e with de
the assertion follows. □

By complete rigidification data, {[Γρ̃]}, for a ∈ H(E/F )D we mean the choice for
each place v of F and for each F -linear embedding ρ̃ : EabD ↪→ Fv of an equivalence
class [Γρ̃] of rigidification data for a adapted to ρ̃ such that

• if σ ∈ Gal (EabD/F ) then [Γρ̃σ] = [Γρ̃]
σ.

Lemma 7.4. (1) If for each place v of F we choose an F -linear embedding ρ̃v :
EabD ↪→ Fv and an equivalence class of rigidification data [Γv] for a adapted
to ρ̃v, then there is complete rigidification data {[Γρ̃]} for a with [Γρ̃v ] = [Γv].
Moreover {[Γρ̃]} is unique.

(2) If t ∈ T2,E(AD) and if {[Γρ̃]} is complete rigidification data for a, then {t[Γρ̃]}
is complete rigidification data for ta.
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(3) If {[Γρ̃]} and {[Γ′ρ̃]} are complete rigidification data for a, then there exists

t ∈ T2,E(AF ) such that [Γ′ρ̃] =
t[Γρ̃] for all ρ̃.

(4) If aD ∈ H(D/F ) and {[Γρ̃]} is complete rigidification data for aD, then
{ηD/E,ρ̃,∗[Γρ̃]} is complete rigidification data for ηD/E,∗aD ∈ H(E/F )D.

(5) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , if a ∈ H(E/F )D and if
{[Γρ̃]} is complete rigidification data for a, then {infC/D[Γρ̃|

EabD
]} is complete

rigidification data for infC/D a ∈ H(E/F )C.

Proof: The first two and last two parts are clear. For the third part choose for each
place v of F an F -linear embedding ρ̃v : D

ab ↪→ Fv. Then, by part (6) of lemma 7.2,
we can find tv ∈ (A×D/D×)Gal (D/F )w(ρ̃v) such that

Γ′ρ̃v ∼ conjtv ◦ Γρ̃v .
Define t ∈ T2,E(AF ) by

tσw(ρ̃v) = σtw(ρ̃v).

Then
[Γ′ρ̃vσ] = (t[Γρ̃v ])

σ = t([Γρ̃v ]
σ) = t[Γρ̃vσ],

and the third part follows. □

We will write H(E/F )+D for the set of pairs (a, {[Γρ̃]}), where a ∈ H(E/F )D and
where {[Γρ̃]} is complete rigidification data for a. This set, by (3) of the above lemma,
has a transitive action of T2,E(AD), where

t(a, {[Γρ̃]}) = (ta, {t[Γρ̃]}).
There is a natural T2,E(AD) equivariant map

H(E/F )+D ↠ H(E/F )D
(a, {[Γρ̃]}) 7−→ a.

We will often denote an element of H(E/F )+D by a+ and then let a denote the under-
lying element of H(E/F )D.

Lemma 7.5. If a+ = (a, {[Γρ̃]}) ∈ H(E/F )+D and
t
a+ = a+, then t = abef with

a ∈ E loc(E/F )0D, b ∈ Eglob(E/F )0D, e ∈ T2,F (AF ) and

f ∈ T2,E(AF ) ∩
∏
w∈VE

{d ∈ ∆D : σd/d ∈ ∆E ∀σ ∈ Gal (D/F )}.

If E is totally imaginary then in fact f ∈ T2,E(AF ) ∩
∏

w∈VE ∆E.

Proof: We know (from corollary 5.6) that t = abc with a ∈ E loc(E/F )0D, b ∈
Eglob(E/F )0D and c ∈ T2,E(AF ). Moreover (by part (2) of corollary 7.3) for all w ∈ VE
we have cw = ewfw with ew ∈ A×F and fw ∈ ∆

Gal (D/F )w
D with σfw/fw ∈ ∆E for all

σ ∈ Gal (D/F ). Then for σ ∈ Gal (D/F ) we have cσw = ew
σfw and so we may

assume that eσw = ew and fσw = σfw. The lemma follows. □
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There is a natural map

ηD/E,∗ : H(D/F )+ ↠ H(E/F )+D
(aD, {[Γρ̃]}) 7−→ (ηD/E,∗aD, {ηD/E,ρ̃,∗[Γρ̃]}).

If t ∈ T2,D(AD) then

ηD/E,∗
t
a+D = ηD/E(t)(ηD/E,∗a

+
D).

If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then there is a natural map

infC/D : H(E/F )+D ↠ H(E/F )+C
(a, {[Γρ̃]}) 7−→ (infC/D a, {infC/D[Γρ̃|

EabD
]}).

If t ∈ T2,E(AD) then

inf
C/D

t
a+ = t( inf

C/D
a+).

If B ⊃ C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , then

inf
B/C
◦ inf
C/D

= inf
B/D

.

Now suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of a number field
F and that a+ = (a, {[Γρ̃]}) ∈ H(D/F )+C . We wish to define ηD/E,∗a

+ ∈ H(E/F )+C .
To this end choose a+1 ∈ H(D/F )+. Then we can find t1 ∈ T2,D(AC) with a+ =
t1 infC/Da

+
1 . We wish to define

ηD/E,∗a
+ = ηD/E(t1) inf

C/D
ηD/E,∗a

+
1 .

To see that this is a good definition suppose also that a+2 ∈ H(D/F )+ and t2 ∈
T2,D(AC) with a+ = t2 infC/Da

+
2 . Choose s ∈ T2,D(AD) with a+2 =

s
a+1 . Then

t2st
−1
1 a+ =

a+, so that

t2st
−1
1 ∈

E loc(D/F )0CEglob(D/F )0CT2,F (AF )(T2,D(AF ) ∩
∏

v∈VD{d ∈ ∆C : σd/d ∈ ∆D ∀σ ∈ Gal (C/F )})

and

ηD/E(t2st
−1
1 ) ∈

E loc(E/F )0CEglob(E/F )0CT2,F (AF )(T2,E(AF ) ∩
∏

v∈VE{d ∈ ∆C : σd/d ∈ ∆E ∀σ ∈ Gal (C/F )}).

(To see this suppose that

(fu)u∈VD ∈ T2,D(AF ) ∩
∏
v∈VD

{d ∈ ∆C : σd/d ∈ ∆D ∀σ ∈ Gal (C/F )}.

Then fu ∈ A×D and ηD/E(fu)u∈VD = (ND/Efu(w))w∈VE , where for each w ∈ VE
we choose u(w) ∈ VD above it. Moreover if σ ∈ Gal (D/F ) then σND/Efu(w) =
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ND/E
σfu(w) = ND/Efu(σw); and so ηD/E(fu) ∈ T2,E(AF ). Finally if τ ∈ Gal (C/F ) we

have (τ−1)ND/Efu(w) = ND/E(
(τ−1)fu(w)) ∈ ND/E∆D = ∆E.) Thus

ηD/E(t2)infC/DηD/E,∗a
+
2 = ηD/E(t2)infC/DηD/E,∗

s
a+1

= ηD/E(t2s)infC/DηD/E,∗a
+
1

= ηD/E(t2st
−1
1 )( ηD/E(t1)infC/DηD/E,∗a

+
1 )

= ηD/E(t1)infC/DηD/E,∗a
+
1 ,

and ηD/E,∗a
+ is well defined.

Lemma 7.6. Suppose that B ⊃ C ⊃ D ⊃ E ⊃ F are finite Galois extensions of a
number field F .

(1) If a+ ∈ H(D/F )+C and t ∈ T2,D(AC), then ηD/E,∗
t
a+ = ηD/E(t)ηD/E,∗a

+.

(2) If a+ ∈ H(C/F )+B then ηD/E,∗ηC/D,∗a
+ = ηC/E,∗a

+.
(3) If a+ ∈ H(D/F )C then ηD/E,∗ infB/C a+ = infB/C ηD/E,∗a

+.

Proof: These are all formal consequences of the definition, and the facts given above.
□

Corollary 7.7. Suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of
F . Suppose also that a+C ∈ H(C/F )+ and a+D ∈ H(D/F )+ and a+E ∈ H(E/F )+
satisfy ηC/D,∗a

+
C = t′ infC/Da

+
D and ηD/E,∗a

+
D = tinfD/Ea

+
E with t′ ∈ T2,D(AC) and

t ∈ T2,E(AD). Then

ηC/E,∗a
+
C = tηD/E(t′) inf

C/E
a+E.

7.3. More technical lemmas. We have chosen to split the calculations needed
to prove the results of the next section into two. In this section we begin those
calculations.

Suppose that F is a number field, that v is a place of F and that D ⊃ E ⊃ F are
finite Galois extensions of F . Also let

a+ = (a, {[Γρ̃]}) ∈ H(E/F )+D.
If ρ̃ : EabD ↪→ Fv is F -linear and if τ ∈ Aut (Fv/F ) (a field theoretic automorphism
of F v fixing elements of F , but not necessarily continuous) then we have

τ ρ̃ ∈ Gal (EabD/F ) ↪→ Gal (Eab/F )×Gal (E/F ) Gal (D/F ) ⊂WEab/F,D

and we can define

ga+,v,ρ̃(τ) =

((
localaΓ̃ρ̃(τ ρ̃)

)−1
elocα (τ ρ̃)

)
w(τ ρ̃)

∈ A×D/D
×∆ED

×
v ,

where α = (αglob, αloc, β) ∈ a, and Γ̃ρ̃(τ ρ̃) is any lift of Γρ̃(τ
ρ̃) (for some Γρ̃ ∈ [Γρ̃]) to

Eglob(E/F )D,a. This element is independent of the choices Γρ̃ and Γ̃ρ̃(τ ρ̃), and of the
choice of α ∈ a.
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Unfortunately we don’t have a heuristic understanding of the elements ga+,v,ρ̃(τ).
Isolating some of their properties seems to make the calculations in the next section
with the important elements ba+,v,µ,τ , which help us compare the local and global
Kottwitz maps on the level of cocycles, easier. That is the only justification for them
we know of.

Lemma 7.8. (1) ga+,v,ρ̃σ(τ) =
σ−1

ga+,v,ρ̃(τ)β(σ
−1)w(ρ̃σ)/β(σ

−1)w(τ ρ̃σ). In particu-
lar ga+,v,ρ̃(τ) only depends on ρ̃|D.

(2) If t ∈ T2,E(AD), then gt
a+,v,ρ̃(τ) = (tw(ρ̃)/tw(τ ρ̃))ga+,v,ρ̃(τ).

(3) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , if ρ̃′ : EabC ↪→ F v is
F -linear and if a+ ∈ H(E/F )+D, then gindC/Da+,v,ρ̃′(τ) = ga+,v,ρ̃′|

EabD
(τ).

(4) ga+,v,ρ̃(τ) only depends on ρ̃|E. If ρ : E ↪→ F v is F -linear, we will write

ga+,v,ρ(τ) = ga+,v,ρ̃(τ) for any extension ρ̃ : EabD ↪→ F v of ρ.
(5) If σ ∈ Gal (D/E) then σga+,v,ρ(τ) = ga+,v,ρ(τ)β(σ)w(τρ)/β(σ)w(ρ).

(6) If a+ ∈ H(D/F )+ then

gηD/E,∗a+,v,ρ
(τ) = (ND/Ega+,v,ρ(τ))

∏
η∈Gal (D/E) β(η)ηu(ρ)/β(η)ηu(τρ)

=
∏

η∈Gal (D/E) ga+,v,ρη−1(τ).

(7) If C ⊃ D ⊃ E ⊃ F are finite Galois extensions of F , if ρ : E ↪→ F v is
F -linear and if a+ ∈ H(D/F )+C, then

gηD/E,∗a+,v,ρ
=

∏
ρ̃:D↪→F v

ga+,v,ρ̃(τ),

where ρ̃ runs over extensions of ρ.

Proof: For the first part choose α ∈ a, then

ga+,v,ρ̃σ(τ)

=

((
localα ˜Γρ̃σ(σ−1τ ρ̃σ)

)−1
elocα (τ ρ̃σ)

)
w(τ ρ̃σ)

=

(
localα

˜(
β(σ−1)w(ρ̃σ)e

glob
α (σ−1)Γρ̃(τ ρ̃)e

glob
α (σ−1)−1β(σ−1)−1w(ρ̃σ)

)−1
elocα (τ ρ̃σ)

)
w(τ ρ̃σ)

=
(
β(σ−1)w(ρ̃σ)β(σ

−1)−1elocα (σ−1)(localαΓ̃ρ̃(τ ρ̃))
−1elocα (σ−1)−1β(σ−1)β(σ−1)−1w(ρ̃σ)e

loc
α (τ ρ̃σ)

)
w(τ ρ̃σ)

=
(
elocα (σ−1)(localαΓ̃ρ̃(τ ρ̃))

−1elocα (τ ρ̃)elocα (σ−1)−1
)
w(τ ρ̃σ)(

β(σ−1)w(ρ̃σ)β(σ
−1)−1elocα (σ−1)elocα (τ ρ̃)−1elocα (σ−1)−1β(σ−1)β(σ−1)−1w(ρ̃σ)e

loc
α (σ−1τ ρ̃σ)

)
w(τ ρ̃σ)

= σ−1
ga+,v,ρ̃(τ)β(σ

−1)w(ρ̃σ)β(σ
−1)−1w(τ ρ̃σ)(

σ−1(τ ρ̃)−1σβ(σ−1))w(τ ρ̃σ)
σ−1(τ ρ̃)−1σ(β(σ−1)w(ρ̃σ))

−1

= σ−1
ga+,v,ρ̃(τ)β(σ

−1)w(ρ̃σ)β(σ
−1)−1w(τ ρ̃σ)

(τ ρ̃σ)−1

(β(σ−1)w(ρ̃σ)/β(σ
−1)w(ρ̃σ))

= σ−1
ga+,v,ρ̃(τ)β(σ

−1)w(ρ̃σ)β(σ
−1)−1w(τ ρ̃σ).
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(The second equality uses the fact that [Γρ̃σ] = [Γρ̃]
σ. The fourth is a simple re-

arrangement of terms - move the first term after the first two β’s of the second. ) If
σ ∈ Gal (Dab/D), then ga+,v,ρ̃σ(τ)/ga+,v,ρ̃(τ) equals

β(1)w(ρ̃)/β(1)w(τ ρ̃) = αloc(1, 1)w(ρ̃)α
glob(1, 1)w(τ ρ̃)/α

glob(1, 1)w(ρ̃)α
loc(1, 1)w(τ ρ̃) ∈ D×D×v .

For the second part, if α ∈ a, we have

gt
a+,v,ρ̃(τ) =

((
localtα

˜tΓρ̃(τ ρ̃)
)−1

eloctα(τ
ρ̃)

)
w(τ ρ̃)

=

((
t−1(localαtw(ρ̃)Γ̃ρ̃(τ ρ̃)t

−1
w(ρ̃))t

)−1
elocα (τ ρ̃)

)
w(τ ρ̃)

= (((τ
ρ̃)−1

(t−1w(ρ̃)t))/(t
−1
w(ρ̃)t))w(τ ρ̃)

((
localαΓ̃ρ̃(τ ρ̃)

)−1
elocα (τ ρ̃)

)
w(τ ρ̃)

= (tw(ρ̃)/tw(τ ρ̃))ga+,v,ρ̃(τ).

(The second equality comes from the definitions of tΓ and zt and from the relation
5.5.)

For the third part, under the identification

E2(E/F )C,infC/D a
∼= (T2,E(AD)⋊ (E2(E/F )D,a ×Gal (D/F ) Gal (C/F )))/T2,E(AD)

elocinfC/D α(τ
ρ̃′) is identified with [(1, (elocα (τ ρ̃

′
), τ ρ̃

′
))]. Moreover, under the identification

WE/F,C,infC/D a
∼= (A×C/C

× ⋊ (WE/F,D,a ×Gal (D/F ) Gal (C/F )))/(A×D/D
×)

(infC/D Γρ̃′|
EabD

)(τ ρ̃
′
) is identified with [(1, (Γρ̃′|

EabD
(τ ρ̃

′
), τ ρ̃

′
))]. Moreover localinfC/D a

˜(infC/D Γρ̃′|
EabD

)(τ ρ′)

can be chosen to be [(1, (locala ˜Γρ̃′|
EabD

(τ ρ̃′), τ ρ̃
′
))]. The third part follows.

For the fourth part choose a+1 ∈ H(E/F )+ and t ∈ T2,E(AD) with a+ = tinfD/Ea
+
1 .

Then, using the second and third parts, we have

ga+,v,ρ̃(τ) = (tw(ρ̃)/tw(τ ρ̃))ga+1 ,v,ρ̃|Eab
(τ),

which by part 1 only depends on ρ̃|E. The fifth part now follows immediately from
the first part.

For the sixth part we will make use of the identifications

WE/F,D,ηD/E,∗a
∼= (A×D/D

× ⋊WD/F,a)/(A×D/D
×)

and

Eglob(E/F )D,ηD/E,∗a
∼= (Eglob(E/F )0D ⋊ Eglob(D/F )a)/Eglob(D/F )0

and

E2(E/F )D,ηD/E,∗a
∼= (T2,E(AD)⋊ E2(D/F )a)/T2,D(AD).
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(See formula 2.1.) Under these identifications, if α ∈ a and ρ̃ : EabD ↪→ F v extends
ρ, then (ηD/E,α,ρ̃,∗Γρ̃)(τ

ρ̃) corresponds to

[(γE,u(ρ̃),α(Γ̃ρ̃(τ ρ̃)), Γ̃ρ̃(τ ρ̃))]

= [(ND/E(Γ̃ρ̃(τ ρ̃)e
glob
α (τ ρ̃)−1)γE,u(ρ̃),α(e

glob
α (τ ρ̃))/(Γ̃ρ̃(τ ρ̃)e

glob
α (τ ρ̃)−1)[D:E],Γρ̃(τ

ρ̃))]

= [(ND/E(Γ̃ρ̃(τ ρ̃)e
glob
α (τ ρ̃)−1)

∏
η∈Gal (D/E)(α

glob(η, τ ρ̃)β(η)ηu(ρ̃)/α
glob(τ ρ̃, η) τ

ρ̃

(β(η)ηu(ρ̃))),

eglobα (τ ρ̃))].

(The first equality uses lemma 7.1, while the second uses the embedding A×D/D× ↪→
A×D/D× ⋊WD/F,a and the definition of γE,u(ρ̃),α.) Applying localηD/E,∗α we get

[(ND/E(Γ̃ρ̃(τ ρ̃)e
glob
α (τ ρ̃)−1)

∏
η∈Gal (D/E)(α

glob(η, τ ρ̃)β(η)ηu(ρ̃)/α
glob(τ ρ̃, η) τ

ρ̃

(β(η)ηu(ρ̃)))

(ηD/Eβ(τ
ρ̃))−1, elocα (τ ρ̃))]

and then taking the inverse gives

[((τ
ρ̃)−1

ND/E(e
glob
α (τ ρ̃)Γ̃ρ̃(τ ρ̃)

−1
) (τ ρ̃)−1

(ηD/Eβ(τ
ρ̃))∏

η∈Gal (D/E) β(η)ηu(ρ̃)
(τ ρ̃)−1

αglob(τ ρ̃, η)/ (τ ρ̃)−1

(β(η)ηu(ρ̃)α
glob(η, τ ρ̃)), elocα (τ ρ̃)−1)]

= [(ND/E(Γ̃ρ̃(τ ρ̃)
−1
eglobα (τ ρ̃)) (τ ρ̃)−1

(ηD/Eβ(τ
ρ̃))∏

η∈Gal (D/E) β(η)ηu(ρ̃)
(τ ρ̃)−1

(αglob(τ ρ̃, η))/ (τ ρ̃)−1

(β(η)ηu(ρ̃)α
glob(η, τ ρ̃)), elocα (τ ρ̃)−1)].

Multiplying on the right by elocηD/E,∗α
(τ ρ̃) = [(1, elocα (τ ρ̃))] and taking the w(τρ)-component

gives

ND/E(Γ̃ρ̃(τ ρ̃)
−1
eglobα (τ ρ̃))∏

η∈Gal (D/E) β(η)ηu(ρ̃)
(τ ρ̃)−1

(β(τ ρ̃)ηu(ρ̃)α
glob(τ ρ̃, η))/ (τ ρ̃)−1

(β(η)ηu(ρ̃)α
glob(η, τ ρ̃)).

However

Γ̃ρ̃(τ ρ̃)
−1
eglobα (τ ρ̃) = (Γ̃ρ̃(τ ρ̃)

−1
β(τ ρ̃)−1elocα (τ ρ̃))u(τ ρ̃) = ((τ

ρ̃)−1

β(τ ρ̃))−1u(τ ρ̃)ga+,v,ρ̃(τ).

Thus gηD/E,∗a+,v,ρ̃
(τ) equals the product of ND/Egα+,v,ρ̃(τ) with

(ND/E
(τ ρ̃)−1

(β(τ ρ̃)−1u(ρ̃))∏
η∈Gal (D/E) β(η)ηu(ρ̃)

(τ ρ̃)−1

(β(τ ρ̃)ηu(ρ̃)α
glob(τ ρ̃, η))/ (τ ρ̃)−1

(β(η)ηu(ρ̃)α
glob(η, τ ρ̃)),



80 JACK SEMPLINER AND RICHARD TAYLOR

which equals (τ ρ̃)−1 applied to∏
η∈Gal (D/E) β(τ

ρ̃)ηu(ρ̃)α
glob(τ ρ̃, η) τ

ρ̃

(β(η)ηu(ρ̃))/(β(η)ηu(ρ̃)α
glob(η, τ ρ̃) η(β(τ ρ̃)u(ρ̃))

=
∏

η∈Gal (D/E) β(τ
ρ̃)τ ρ̃ηu(τ ρ̃)α

glob(τ ρ̃, η)(τ
ρ̃

β(η))τ ρ̃ηu(τ ρ̃)
τ ρ̃(β(η)ηu(ρ̃))/

(β(η)αglob(η, τ ρ̃)(ηβ(τ ρ̃)))ηu(ρ̃)
τ ρ̃(β(η)ηu(τ ρ̃))

=
∏

η∈Gal (D/E)(β(τ
ρ̃η)αloc(τ ρ̃, η))τ ρ̃ηu(τ ρ̃)

τ ρ̃(β(η)ηu(ρ̃))/(β(ητ
ρ̃)αloc(η, τ ρ̃))ηu(ρ̃)

τ ρ̃(β(η)ηu(τ ρ̃))

=
∏

η∈Gal (D/E)(α
loc(τ ρ̃, η)τ ρ̃ηu(τ ρ̃)/α

loc(η, τ ρ̃)ηu(ρ̃))(β(τ
ρ̃η)τ ρ̃ηu(τ ρ̃)/β(ητ

ρ̃)ηu(ρ̃))
τ ρ̃(β(η)ηu(ρ̃))/β(η)ηu(τ ρ̃))

=
∏

η∈Gal (D/E)(α
loc(τ ρ̃, η)τ ρ̃ηu(τ ρ̃)/α

loc(η, τ ρ̃)ηu(ρ̃))(β(ητ
ρ̃)ητ ρ̃u(τ ρ̃)/β(ητ

ρ̃)ηu(ρ̃))
τ ρ̃(β(η)ηu(ρ̃))/β(η)ηu(τ ρ̃))

=
∏

η∈Gal (D/E)(α
loc(τ ρ̃, η)τ ρ̃ηu(τ ρ̃)/α

loc(η, τ ρ̃)ηu(ρ̃))
τ ρ̃∏

η∈Gal (D/E)(β(η)ηu(ρ̃))/β(η)ηu(τ ρ̃))

≡ τ ρ̃∏
η∈Gal (D/E)(β(η)ηu(ρ̃))/β(η)ηu(τ ρ̃)),

and the first assertion of the sixth part of the lemma follows. The second assertion
of this part then follows from the first part of the lemma.

For the seventh part choose a+1 ∈ H(D/F )+ and t ∈ T2,D(AC) such that a+ =
tinfC/Da

+
1 . Then

gηD/E,∗a+,v,ρ
(τ)

= gηD/E(t)
infC/DηD/E,∗a

+
1 ,v,ρ

(τ)

= (ηD/E(t)w(ρ)/ηD/E(t)w(τρ))
∏

ρ̃ ginfC/D a+1 ,v,ρ̃
(τ)

=
∏

ρ̃(tw(ρ̃)/tw(τ ρ̃))
∏

ρ̃(t
−1
w(ρ̃)/t

−1
w(τ ρ̃))ga,v,ρ̃(τ),

and the result follows. □

Lemma 7.9. (1) If τ fixes pointwise the image E in F v and ρ̃ : EabD ↪→ F v,
then ga+,v,ρ̃|E(τ) = Art −1E (τ ρ̃|Eab)−1.

(2) If τ is continuous then ga+,v,ρ(τ) = 1.
(3) ga+,v,ρ(τ1τ2) = ga+,v,τ2ρ(τ1)ga+,v,ρ(τ2).

Proof: By parts 2 and 3 of the previous lemma we reduce the first part to the case
that D = E. In this case, if ρ̃ : Eab → F v and α ∈ a, then we have

ga+,v,ρ̃|E(τ) = ( ˜Art −1E (τ ρ̃)
−1
elocα (τ ρ̃))w(τ ρ̃)

= Art −1E (τ ρ̃)−1αloc(1, 1)w(τ ρ̃)
= Art −1E (τ ρ̃)−1

as desired.
For the second part, by continuity, we may suppose that τ is the image of some

τ̃ ∈ WFV /Fv
. If Γ̃ρ̃ : WEab/F,D

∼→ WE/F,D,a lifts Γρ̃, then we may take Γ̃ρ̃(τ ρ̃) to be a
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lift of Γ̃ρ̃(θρ̃(τ̃)) = ιaw(ρ)(Θ(τ̃)) for some Θ : W(EFv)ab/Fv ,ρ,D
∼→ WEw(ρ)/Fv ,D,a. Thus, if

α ∈ a, we need to prove that if σ ∈ WEw(ρ)/Fv ,D,a, then((
locala ˜ιaw(ρ)(σ)

)−1
elocα (σ)

)
w(ρ)

= 1 ∈ A×D/D
×∆ED

×
v .

If σ ∈ D×w(ρ) then this equals (σ−1αloc
α (1, 1))w(ρ) ∈ D×w(ρ). On the other hand if

σ = elocα (η) with η ∈ Gal (D/F )w(ρ), then this equals

((
β(η)−1 ˜β(η)w(ρ)elocα (η)

)−1
elocα (η)

)
w(ρ)

= η−1

(β(η)−1 ˜β(η)w(ρ))w(ρ) = 1.

The second part follows.
For the third part we will expand ga+,v,τ2ρ(τ1)ga+,v,ρ(τ2). First note that, if α ∈ a

we can rewrite

ga+,v,τ2ρ(τ1)

=

((
localα ˜Γτ2ρ(τ

τ2ρ
1 )
)−1

elocα (τ τ2ρ1 )

)
w(τ1τ2ρ)

=

(
localα

(
conjβ((τρ2 )−1)w(τ2ρ)

eglobα ((τρ2 )
−1)(Γ̃ρ(τ

ρ
1 ))
)−1

elocα (τ τ2ρ1 )

)
w(τ1τ2ρ)

=
((

conjβ((τρ2 )−1)w(τ2ρ)
β((τρ2 )

−1)−1elocα ((τρ2 )
−1)localα(Γ̃ρ(τ

ρ
1 ))
−1
)
elocα (τ τ2ρ1 )

)
w(τ1τ2ρ)

and

ga+,v,ρ(τ2)

=

((
localαΓ̃ρ(τ

ρ
2 )
)−1

elocα (τ ρ2 )

)
w(τ2ρ)

=

((
Γ̃ρ(τ

ρ
2 )
)−1

eglobα (τ ρ2 )

)
((τ

ρ
2 )

−1

β(τ ρ2 ))w(τ2ρ)

=

((
localαΓ̃ρ(τ

ρ
2 )
)−1

elocα (τ ρ2 )

)
w(τ1τ2ρ)

((τ
ρ
2 )

−1

β(τ ρ2 ))w(τ2ρ)/(
(τρ2 )

−1

β(τ ρ2 ))w(τ1τ2ρ).

(Note that

((
Γ̃ρ(τ

ρ
2 )
)−1

eglobα (τ ρ2 )

)
∈ Eglob(E/F )0D and so the image of its w compo-

nent in A×D/D× is independent of w. Thus the third equality follows in the same way
as the second.)
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Thus

ga+,v,τ2ρ(τ1)ga+,v,ρ(τ2)

=

(
β((τ ρ2 )

−1)w(τ2ρ)β((τ
ρ
2 )
−1)−1

(
localαΓ̃ρ(τ

ρ
2 )
)−1

elocα (τ ρ2 )e
loc
α ((τ ρ2 )

−1)localα(Γ̃ρ(τ
ρ
1 ))
−1elocα (τ ρ1 τ

ρ
2 )

elocα (τ ρ1 τ
ρ
2 )
−1elocα ((τ ρ2 )

−1)−1β((τ ρ2 )
−1)β((τ ρ2 )

−1)−1w(τ2ρ)e
loc
α (τ τ2ρ1 )

)
w(τ1τ2ρ)

((τ
ρ
2 )

−1

β(τ ρ2 ))w(τ2ρ)/(
(τρ2 )

−1

β(τ ρ2 ))w(τ1τ2ρ)

= β((τ ρ2 )
−1)w(τ2ρ)β((τ

ρ
2 )
−1)−1w(τ1τ2ρ)(

(τρ2 )
−1

(αloc(τ ρ2 , (τ
ρ
2 )
−1)αloc(1, 1)))w(τ1τ2ρ)ga+,v,ρ(τ1τ2)(

elocα (τ ρ1 τ
ρ
2 )
−1elocα ((τ ρ2 )

−1)−1β((τ ρ2 )
−1)β((τ ρ2 )

−1)−1w(τ2ρ)e
loc
α ((τ ρ2 )

−1τ ρ1 τ
ρ
2 )
)
w(τ1τ2ρ)

((τ
ρ
2 )

−1

β(τ ρ2 ))w(τ2ρ)/(
(τρ2 )

−1

β(τ ρ2 ))w(τ1τ2ρ)

= ga+,v,ρ(τ1τ2)(β((τ
ρ
2 )
−1) (τρ2 )

−1

β(τ ρ2 ))w(τ2ρ)(β((τ
ρ
2 )
−1) (τρ2 )

−1

β(τ ρ2 ))
−1
w(τ1τ2ρ)

((τ
ρ
2 )

−1

(αloc(τ ρ2 , (τ
ρ
2 )
−1)αloc(1, 1)))w(τ1τ2ρ)

(τρ2 )
−1(τρ1 )

−1τρ2 (β((τ ρ2 )
−1)w(τ1τ2ρ(τρ2 )−1(τρ1 )

−1τρ2 )
/β((τ ρ2 )

−1)w(τ2ρ))

(
(τρ2 )

−1(τρ1 )
−1τρ2αloc((τ ρ2 )

−1, τ ρ1 τ
ρ
2 ))
−1
w(τ1τ2ρ)

= ga+,v,ρ(τ1τ2)(πw(τ2ρ)/πw(τ1τ2ρ))(α
loc((τ ρ2 )

−1, τ ρ2 )β(1)/α
glob((τ ρ2 )

−1, τ ρ2 ))

((τ
ρ
2 )

−1

(αloc(τ ρ2 , (τ
ρ
2 )
−1)αloc(1, 1)))w(τ1τ2ρ)(

(τρ2 )
−1(τρ1 )

−1τρ2αloc((τ ρ2 )
−1, τ ρ1 τ

ρ
2 ))
−1
w(τ1τ2ρ)

= ga+,v,ρ(τ1τ2)(πw(τ2ρ)/πw(τ1τ2ρ))(α
loc((τ ρ2 )

−1, τ ρ2 )α
loc(1, 1)/αglob((τ ρ2 )

−1, τ ρ2 )α
glob(1, 1))

((τ
ρ
2 )

−1

(αloc(τ ρ2 , (τ
ρ
2 )
−1)αloc(1, 1)))w(τ1τ2ρ)(

(τρ2 )
−1(τρ1 )

−1τρ2αloc((τ ρ2 )
−1, τ ρ1 τ

ρ
2 ))
−1
w(τ1τ2ρ)

= ga+,v,ρ(τ1τ2)(πw(τ1τ2ρ)/πw(τ2ρ))(α
glob((τ ρ2 )

−1, τ ρ2 )α
glob(1, 1))

αloc((τ ρ2 )
−1, τ ρ2 )w(τ2ρ)α

loc(1, 1)w(τ2ρ)α
loc((τ ρ2 )

−1, τ ρ2 )
−1
w(τ1τ2ρ)

αloc(1, 1)−1w(τ1τ2ρ)

((τ
ρ
2 )

−1

(αloc(τ ρ2 , (τ
ρ
2 )
−1)αloc(1, 1)))w(τ1τ2ρ)(

(τρ2 )
−1(τρ1 )

−1τρ2αloc((τ ρ2 )
−1, τ ρ1 τ

ρ
2 ))
−1
w(τ1τ2ρ)

≡ ga+,v,ρ(τ1τ2).

□

7.4. Comparing corestrictions. Suppose that F is a number field, that v is a place
of F and that D ⊃ E ⊃ F are finite Galois extensions of F . Also let

a+ = (a, {[Γρ]}) ∈ H(E/F )+D;

and suppose τ ∈ Aut (Fv/F ). Now suppose further that T/F is a torus which splits
over E and that µ a cocharacter of T defined over Fv.
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If D = E, if ρ : E ↪→ Fv is F -linear and if α = (αglob, αloc, β) ∈ a, then we saw in
lemma 6.2 how to find an element bρ ∈ T (AE) with

locacorαglob((ρ
−1

µ) ◦ (πw(ρ)/πw(τρ))) = bρcorαloc((ρ
−1

µ) ◦ (πw(ρ)/πw(τρ))).

However, it turns out that the choice of a+ above a allows us to choose bρ more
canonically, so that it is largely independent of the choice of ρ. That is what we will
explain next. In fact for the most part we will not use the assumption D = E.

If τ ∈ Aut (F v/F ) define

ba+,v,µ,τ =
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((β(η̃)w(τρ)/β(η̃)w(ρ))ga+,v,ρ(τ))

∈ T (AD)/T (F )T (F∞)0T (D)T (Dv),

where ρ : E ↪→ Fv is F -linear, α = (αglob, αloc, β) ∈ a and for each η ∈ Gal (E/F ) we
choose a lift η̃ ∈ Gal (D/F ). We see immediately that this does not depend on the
lift of ga+,v,ρ(τ) we choose (because if we alter the lift by xyz with x ∈ D×, y ∈ ∆E

and z ∈ D×v , then ba+,v,µ,τ changes by ∏
η∈Gal (E/F )

η̃−1(ρ
−1

µ)(x)

NE/F ((
ρ−1

µ)(y))

 ∏
η∈Gal (E/F )

η̃−1(ρ
−1

µ)(z)

 ∈ T (D)NE/F (T (E)T (E∞)0)T (Dv) ⊂ T (D)T (F )T (F∞)0T (Dv).)

Nor does it depend on the choice ofα ∈ a (because we are modding out by T (D)T (Dv)).
Neither does it depend on the choices η̃ of lifts of elements η ∈ Gal (E/F ), for if
ση ∈ Gal (D/E) for each η ∈ Gal (E/F ), then∏

η∈Gal (E/F ) η̃
−1σ−1η (ρ

−1
µ)((β(σηη̃)w(τρ)/β(σηη̃)w(ρ))ga+,v,ρ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)(σ

−1
η (πw(τρ)/πw(ρ))(β(ση)

σηβ(η̃)) σ
−1
η ga+,v,ρ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(

σ−1
η β(ση)β(η̃))(πw(τρ)/πw(ρ))(β(σ

−1
η ))ga+,v,ρ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(β(η̃))ga+,v,ρ(τ))∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(β(σ

−1
η ) σ

−1
η β(ση)))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(β(η̃))ga+,v,ρ(τ))∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(β(1)))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((πw(τρ)/πw(ρ))(β(η̃))ga+,v,ρ(τ)).

(The first equality uses lemma 5.9 and the fact that ρ−1
µ is defined over E, because

E splits T . The second equality uses part 5 of lemma 7.8. The fourth and fifth
equalities again uses lemma 5.9.) Finally ba+,v,µ,τ does not depend on the choice of
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F -linear ρ : E ↪→ Fv. Indeed if σ ∈ Gal (D/F ), then∏
η∈Gal (E/F ) η̃

−1((ρσ)
−1
µ)((β(η̃)w(τρσ)/β(η̃)w(ρσ))ga+,v,ρσ(τ))

=
∏

η∈Gal (E/F ) η̃
−1σ((ρσ)

−1
µ)((πw(τρσ)/πw(ρσ))(β(σ

−1η̃))ga+,v,ρσ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)
(σ((πw(τρσ)/πw(ρσ))(β(σ−1η̃))) σga+,v,ρσ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)
(
(πw(τρ)/πw(ρ))(

σβ(σ−1η̃))ga+,v,ρ(τ)
σ((πw(ρσ)/πw(τρσ))(β(σ

−1)))
)

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)
(
(πw(τρ)/πw(ρ))(

σβ(σ−1)β(η̃))ga+,v,ρ(τ)(πw(ρ)/πw(τρ))(
σβ(σ−1))

)
=

∏
η∈Gal (E/F ) η̃

−1(ρ
−1
µ)
(
(πw(τρ)/πw(ρ))(β(η̃))ga+,v,ρ(τ))

)
.

(The third equality uses part 1 of lemma 7.8 and the fourth uses lemma 5.9.)
We claim that we have∏

ρ:E↪→Fv

(ρ
−1

µ)(ga+,v,ρ(τ)) = ba+,v,µ,τ ∈ T (AD)/T (E)T (E∞)0T (D)T (Dv),

where ρ runs over F -linear embeddings E ↪→ F v. Although this new expression for
ba+,v,µ,τ is perhaps simpler than our original definition, it is less precise - it gives the

value only in T (AD)/T (E)T (E∞)0T (D)T (Dv) and not in T (AD)/T (F )T (F∞)0T (D)T (Dv).
To prove the claim note that∏

ρ:E↪→Fv
(ρ

−1
µ)(ga+,v,ρ(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)(η̃ga+,v,ρ0η(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)(ga+,v,ρ0(τ)

η̃((πw(ρ0η)/πw(τρ0η))(β(η̃
−1))))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)(ga+,v,ρ0(τ)(πw(τρ0)/πw(ρ0))(β(η̃)))∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)((πw(ρ0)/πw(τρ0))(β(η̃)

η̃β(η̃−1))))

= ba+,v,µ,τ
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)((πw(ρ0)/πw(τρ0))(β(1)))

= ba+,v,µ,τ ,

where ρ0 : E ↪→ F v is F -linear and η̃ ∈ Gal (D/F ) is a fixed lift of η ∈ Gal (E/F ),
and where we again use lemma 5.9 and part 1 of lemma 7.8.

Lemma 7.10. Suppose that C ⊃ D ⊃ E ⊃ F are finite Galois extensions of a
number field F , that T and T ′/F are tori split by E, that v is a place of F , that
τ ∈ Aut (F v/F ) and that µ ∈ X∗(T )(F v).

(1) If a+ ∈ H(E/F )+D and χ : T → T ′ is a morphism of algebraic groups over F ,
then ba+,v,χ◦µ,τ = χ(ba+,v,µ,τ ).

(2) If a+ ∈ H(E/F )+D, then binfC/D a+,v,µ,τ = ba+,v,µ,τ .

(3) If a+ ∈ H(D/F )+C, then bηD/E,∗a+,v,µ,τ = ba+,v,µ,τ .

(4) If a+ ∈ H(E/F )+D and t ∈ T2,E(AD), then

bta+,v,µ,τ = ba+,v,µ,τ
∏

ρ(
ρ−1
µ) ◦ (πw(ρ)/πw(τρ))(t)

= ba+,v,µ,τ
∏

ρ(
ρ−1

(µ/ τµ))(tw(ρ))
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where ρ runs over F -linear embeddings ρ : E ↪→ Fv.

Proof: The first part is clear from the definition, and the second follows immediately
from part 3 of lemma 7.8. For the third we have

bηD/E,∗a+,v,µ,τ

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)
(
(
∏

ζ∈Gal (D/E) β(η̃)ζu(τρ)/
∏

ζ∈Gal (D/E) β(η̃)ζu(ρ))∏
ζ∈Gal (D/E) ga+,v,ρζ−1(τ)

)
=

∏
η∈Gal (E/F ) η̃

−1(ρ
−1
µ)
(∏

ζ∈Gal (D/E)

(
(πζu(τρ)/πζu(ρ))(β(η̃))

ζga+,v,ρ(τ)β(ζ)ζu(ρ)/β(ζ)ζu(τρ)
))

=
∏

η η̃
−1(ρ

−1
µ)
(∏

ζ

(
(πζu(τρ)/πζu(ρ))(β(η̃)/β(ζ))

ζga+,v,ρ(τ)
))

=
∏

η η̃
−1(ρ

−1
µ)
(∏

ζ

(
(πζu(τρ)/πζu(ρ))(

ζβ(ζ−1η̃)) ζga+,v,ρ(τ)
))

=
∏

η

∏
ζ η̃
−1(ρ

−1
µ)
(
ζ(
(πu(τρ)/πu(ρ))(β(ζ

−1η̃))ga+,v,ρ(τ)
))

=
∏

η

∏
ζ(ζ
−1η̃)−1(ρ

−1
µ)
(
(πu(τρ)/πu(ρ))(β(ζ

−1η̃))ga+,v,ρ(τ)
)

= ba+,v,µ,τ .

(The first equality uses part 6 of lemma 7.8, while the second equality uses part 1 of
lemma 7.8. The fourth equality uses lemma 5.9. The sixth equality uses the fact that
ρ−1
µ is defined over E. The last equality follows because as ζ and η vary, then ζ−1η̃

runs over one lift to Gal (C/F ) of each element of Gal (D/F ).)
For the fourth part we have

bta+,v,µ,τ/ba+,v,µ,τ
=

∏
η∈Gal (E/F ) η̃

−1(ρ
−1
µ)((t/ η̃t)w(τρ)(

η̃t/t)w(ρ)(tw(ρ)/tw(τρ)))

=
∏

η η̃
−1(ρ

−1
µ)((πw(ρ)/πw(τρ))(

η̃t))

=
∏

η(
(ρη)−1

µ)((πw(ρη)/πw(τρη))(t))

=
∏

ρ(
ρ−1
µ)(tw(ρ)/tw(τρ))

=
∏

ρ(
ρ−1
µ)(tw(ρ))/

∏
ρ(
ρ−1
µ)(tw(τρ))

=
∏

ρ(
ρ−1
µ)(tw(ρ))/

∏
ρ(
ρ−1τµ)(tw(ρ))

=
∏

ρ(
ρ−1

(µ/ τµ))(tw(ρ)).

(The first equality uses part 3 of lemma 7.8. The third equality uses the fact that
ρ−1
µ is defined over E.) □

Corollary 7.11. Suppose that D ⊃ E ⊃ F are finite Galois extensions of a number
field F , that T/F is a torus split by E, that v is a place of F , that τ ∈ Aut (F v/F )
and that µ ∈ X∗(T )(F v). Suppose also that a+E ∈ H(E/F )+ and a+D ∈ H(D/F )+.
Then we can find a t ∈ T2,E(AD) such that tinfD/Ea

+
E = ηD/E,∗a

+
D ∈ H(E/F )

+
D, in

which case
ba+E ,v,µ,τ

= ba+D,v,µ,τ
∏

ρ(
ρ−1
µ)(tw(τρ)/tw(ρ)))

= ba+D,v,µ,τ
∏

ρ(
ρ−1

( τµ/µ)(tw(ρ))),
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where ρ runs over F -linear embeddings E ↪→ Fv.

Lemma 7.12. Suppose that D ⊃ E ⊃ F are finite Galois extensions of a number
field F , that a+ ∈ H(E/F )+D, that T/F is a torus split by E, that v is a place of F ,
that τ ∈ Aut (F v/F ) and that µ ∈ X∗(T )(F v).

(1) If D = E and α = (αglob, αloc, β) ∈ a, then there is a lift b ∈ T (AE) of ba+,v,µ,τ
such that

locacorαglob(ρ
−1

µ) ◦ (πw(ρ)/πw(τρ)) = bcorαloc(ρ
−1

µ) ◦ (πw(ρ)/πw(τρ)).

(2) If τ fixes the image of E in Fv, then

ba+,v,µ,τ =
∏

η∈Gal (E/Q)

η(ρ̃
−1

µ)( ˜Art −1E τ ρ̃|Eab)−1,

where ρ̃ : D ↪→ Fv is any F -linear embedding, and where ˜Art −1E τ ρ̃|Eab is any
lift of Art −1E τ ρ̃|Eab to A×E.

(3) If τ is continuous, then ba+,v,µ,τ = 1.

(4) ba+,v,µ,τ1τ2 = ba+,v,τ2µ,τ1ba+,v,µ,τ2.
(5) If σ ∈ Gal (D/F ), then

σba+,v,µ,τ = ba+,v,µ,τ
∏
ρ

(ρ
−1

( τµ/µ))(β(σ)w(ρ))

where ρ runs over F -linear embeddings ρ : E ↪→ Fv.

Proof: The first part follows immediately from lemma 6.2 because ga+,v,ρ(τ) ∈
A×E/E×∆EE

×
v , so that (ρ

−1
µ)(ga+,v,ρ(τ)) ∈ T (AE)/T (E)T (E)T (E∞)0T (Ev) and so∏

η∈Gal (E/F ) η
−1(ρ

−1
µ)(ga+,v,ρ(τ)) ∈ T (AF )/NE/F (T (E)T (E)T (E∞)0T (Ev))

= T (AF )/T (F )T (F∞)0T (Fv).

The second and third parts are immediate from the definition and lemma 7.9.
For the fourth part note that

ba+,v,µ,τ1τ2
=

∏
η∈Gal (E/F ) η̃

−1(ρ
−1
µ)((β(η̃)w(τ1τ2ρ)/β(η̃)w(ρ))ga+,v,ρ(τ1τ2))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
µ)((β(η̃)w(τ1τ2ρ)/β(η̃)w(τ2ρ))ga+,v,τ2ρ(τ1)(β(η̃)w(τ2ρ)/β(η̃)w(ρ))ga+,v,ρ(τ2))

= ba+,v,µ,τ2
∏

η∈Gal (E/F ) η̃
−1((τ2ρ)

−1τ2µ)((β(η̃)w(τ1τ2ρ)/β(η̃)w(τ2ρ))ga+,v,τ2ρ(τ1))

= ba+,v,µ,τ2ba+,v,τ2µ,τ1 .

(The second equality uses lemma 7.9.)
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For the fifth part we have
σ
ba+,v,µ,τ

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)((β(η̃σ)w(τρ0)/β(η̃σ)w(ρ0))ga+,v,ρ0(τ))

=
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)(((β(η̃) η̃β(σ))w(τρ0)/(β(η̃)

η̃β(σ))w(ρ0))ga+,v,ρ0(τ))

= ba+,v,µ,τ
∏

η∈Gal (E/F ) η̃
−1(ρ

−1
0 µ)(η̃(β(σ)w(τρ0η)/β(σ)w(ρ0η)))

= ba+,v,µ,τ
∏

ρ(
ρ−1
µ)(β(σ)w(τρ)/β(σ)w(ρ))

= ba+,v,µ,τ
∏

ρ(
ρ−1τµ)(β(σ)w(ρ))/

∏
ρ(
ρ−1
µ)(β(σ)w(ρ))

= ba+,v,µ,τ
∏

ρ(
ρ−1

( τµ/µ))(β(σ)w(ρ)).

(The first equality comes from a change of dummy variable. The second equality uses
lemma 5.9.) □

7.5. Explicit formulae. Return to the situation discussed at the end of section 5.4
with F = Q and E totally imaginary. We chose an infinite place w(∞) of E and an

isomorphism ρ0 : Ew(∞)
∼→ C and an element α0 ∈ Z(E/Q). Extend ρ0 to a map

ρ0 : E
ab → C. Choose Galois rigidification data Γ0,ρ0 : Gal (Eab/Q)

∼−→ WE/Q,α0/∆E

for [α0] such that

Γ0,ρ0 ◦ θρ0 = ια0

w(∞) ◦ Θ̃0.

Thus in particular Γ0,ρ0 is adapted to ρ0. We may extend [Γ0,ρ0 ] to complete rigidifi-
cation data {[Γ0,ρ]} for [α0]. Then we will set

a+0 = ([α0], {[Γ0,ρ]}) ∈ H(E/Q)+.

We will also choose a lift Γ̃0,ρ0 of Γ0,ρ0 to an isomorphism WEab/Q
∼→ WE/Q,a0 .

If T/Q is a torus split by E, if µ ∈ X∗(T )(C) and if τ ∈ Aut (C), then, keeping the
notation of section 5.4, we have:

ba+0 ,∞,µ,τ
=

∏
η∈Gal (E/Q) η

−1(ρ
−1
0 µ)((β(η)w(τρ0)/β(η)w(ρ0))((localα0Γ0,ρ0(τ

ρ0))−1elocα0
(τ ρ0))w(τρ0))

=
∏

η∈Gal (E/Q) η
−1(ρ

−1
0 µ)((β(η)w(τρ0)/β(η)w(ρ0))(Γ̃0,ρ0(τ

ρ0)−1β(τ ρ0)eglobα0
(τ ρ0))w(τρ0))

=
∏

η∈Gal (E/Q) η
−1(ρ

−1
0 µ)((Γ̃0,ρ0(τ

ρ0)−1eglobα0
(τ ρ0)) τ

ρ0,−1

(β(τ ρ0)w(ρ0))β(η)w(τρ0)/β(η)w(ρ0))

=
∏

η∈Gal (E/Q) η
−1(ρ

−1
0 µ)((Γ̃0,ρ0(τ

ρ0)−1eglobα0
(τ ρ0)) τ

ρ0,−1
α(τ ρ0 , τ ρ0,−1)−1α(η, η−1τ ρ0,−1)−1α(η, η−1))

=
∏

η∈Gal (E/Q) η
−1(ρ

−1
0 µ)(Γ̃0,ρ0(τ

ρ0)−1eglobα0
(τ ρ0)eglobα0

(τ ρ0)−1(eglobα0
(τ ρ0)eglobα0

(τ ρ0,−1))−1eglobα0
(τ ρ0)

(eglobα0
(η)eglobα0

(η−1τ ρ0,−1)eglobα0
(τ ρ0,−1)−1)−1(eglobα0

(η)eglobα0
(η−1)))

=
∏

η∈Gal (E/Q) η(
ρ−1
0 µ)(Γ̃0,ρ0(τ

ρ0)−1eglobα0
(η(τ ρ0)−1)−1eglobα0

(η)).
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8. Taniyama groups

In a special case the elements ba+,v,µ,τ are related to Langlands’ Taniyama group.
We will explain this in this section. Note however that the results of this section are
not required for the statements of the main theorems in [ST]. They are only required
to compare the results of that paper with the work of Langlands and Milne.

8.1. The Serre torus. Suppose that E is a finite Galois extension of Q. We will
write RE,C for the restriction of scalars of Gm from E ∩ C (which we recall means
ρ(E) for any ρ : E ↪→ C) to Q. Thus X∗(RE,C) = Map (Gal ((E ∩ C)/Q),Z) with
Gal (Calg/Q) action given by (σφ)(τ) = φ(σ−1τ).

If τ ∈ Gal (E∩C/Q) we define an automorphism [τ ] of RE,C/Q by X∗([τ ])(φ)(τ ′) =
φ(τ ′τ−1). We have [τ1τ2] = [τ1][τ2], i.e. this gives a left action of Gal (Calg/Q) on
RE,C/Q.

There is also a cocharacter µcan = µcan
E : Gm → RE,C over C characterized by

X∗(µcan)(φ) = φ(1). We have σµcan = [σ−1] ◦ µcan.
If T/Q is a torus split by E and if µ ∈ X∗(T )(C) then there is a unique map of tori

µ̃ : RE,C → T over Q such that µ = µ̃ ◦ µcan. (X∗(µ̃)(χ)(τ) = χ ◦ τµ.) If σ ∈ Aut (C)
then σ̃µ = µ̃ ◦ [σ−1].
If D is a finite Galois extension of Q containing E then ND/E = µ̃can

E : RD,C → RE,C
is a homomorphism also characterized byX∗(ND/E)(φ)(τ) = φ(τ |E). If T/Q is a torus
split by E and if µ ∈ X∗(T )(C), then we get µ̃E : RE,C → T and µ̃D : RD,C → T .
They satisfy:

µ̃E ◦ND/E = µ̃D.

We will also write SE,C for the torus over Q characterized by

X∗(SE) = {(φ,w) ∈ Map (Gal ((E∩C)/Q),Z)×Z : φ(σcτ)+φ(στ) = w ∀σ, τ ∈ Gal ((E∩C)/Q)}
(where c ∈ Gal (C/R) is complex conjugation), with a left action of Gal (Calg/Q)
given by

σ(φ,w) = (τ 7→ φ(σ−1τ), w).

It is called the Serre torus. There is an obvious injection X∗(SE,C) ↪→ X∗(RE,C)
(sending (φ,w) to φ) with torsion free cokernel; and hence an epimorphism RE,C ↠
SE,C with connected kernel R1

E,C. The exact sequence

(0) −→ R1
E,C −→ RE,C −→ SE,C −→ (0)

splits over E. The action of Gal (E ∩C/Q) on RE,C (via τ 7→ [τ ]) over Q descends to
an action on SE,C, which we will denote in the same way. It is also characterized by

X∗([τ ])(φ,w) = (τ ′ 7→ φ(τ ′τ−1), w).

We will again denote the composite of µcan with the map RE,C ↠ SE,C by µcan ∈
X∗(SE,C)(C). It is also characterized by

X∗(µcan)(φ,w) = φ(1) ∈ Z ∼= X∗(Gm).
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Again we have σµcan = [σ−1] ◦ µcan. Also note that the {[τ ] ◦ µcan}τ∈Gal (Calg/Q) spans
X∗(SE,C). There is a second cocharacter wt : Gm → SE,C over Q characterized by

X∗(wt)(φ,w) = w ∈ Z ∼= X∗(Gm).

Note that wt = (c+1)τµcan = ([cτ ]µcan)([τ ]µcan) for any τ ∈ Gal (Calg/Q). If D ⊃ E
is another finite Galois extension of Q then ND/E : RD,C → RE,C descends to a map
ND/E : SD,C → SE,C, also characterized by

X∗(ND/E)(φ,w) = (τ 7→ φ(τ |E), w).

If E0 denotes the maximal CM subfield of E then

NE/E0 : SE,C
∼−→ SE0,C.

We recall (for instance from [MS]) that SE,C(Q) is a discrete subgroup of SE,C(A∞)
and that ker1(Q, SE,C) = (0).
If T/Q is any torus split by E and if µ ∈ X∗(T )(C) satisfies
• σcσ−1

µ is independent of σ ∈ Gal (Calg/Q),
• and (c+1)µ ∈ X∗(T )(Q);

then there is a unique morphism µ̃ : SE,C → T over Q such that µ = µ̃ ◦ µcan. We
have

X∗(µ̃)(χ) = (τ 7→ χ ◦ τµ, χ ◦ (cµµ)).
Note that

σ̃µ = µ̃ ◦ [σ−1].

Lemma 8.1. (1) Suppose that χ ∈ Z[VE,∞]0⊗X∗(SE,C)(E) ⊂ X∗(T3,E)⊗X∗(SE,C)(E).
Then ∏

η∈Gal (E/Q)

ηχ = 1.

(2)
∏

ρ:E↪→C
ρ−1

( τµcan/µcan) ◦ πw(ρ) : T2,E −→ SE,C is trivial.

Proof: To prove the first part of the lemma we may replace E with E ∩ C. By
linearity we only need to consider the case χ = [τ ] ◦ µcan ◦ (πv1/πv2). As [τ ] is
rationally defined we are further reduced to the case χ = µcan ◦ (πv1/πv2). Thought
of as an element of Hom (T2,E∩C, SE,C)(E ∩ C) we have∏

η∈Gal (E∩C/Q)
η(µcan ◦ πv) =

∏
η∈Gal (E∩C/Q)(

ηµcan) ◦ πηv
=

∏
η∈Gal (E∩C/Q)/Gal ((E∩C)v/R)(

ηµcanηcvµcan) ◦ πηv
=

∏
η∈Gal (E∩C/Q)/Gal ((E∩C)v/R)(

ηwt) ◦ πηv
= wt ◦

∏
w|∞ πw.

As this does not depend on v, the first part of the lemma follows.
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For the second part, pick a particular ρ1 : E ↪→ C, and note that this character
can be rewritten∏

ρ:E↪→C
ρ−1

( τµcan/µcan) ◦ πw(ρ)
=

∏
η∈Gal (E/Q)

ηρ−1
1 ( τµcan/µcan) ◦ πw(ρ1η−1)

=
∏

η∈Gal (E/Q)
ηρ−1

1 ( τµcan/µcan) ◦ πηw(ρ1)
=

∏
η∈Gal (E/Q)

η( ρ
−1
1 ( τµcan/µcan) ◦ πw(ρ1))

=
∏

η∈Gal (E/Q)
η( ρ

−1
1 τµcan ◦ πw(ρ1))/

∏
η:E↪→C

η( ρ
−1
1 µcan ◦ πw(ρ1))

=
∏

η∈Gal (E/Q)
η( τ

ρ1ρ−1
1 µcan ◦ πτρ1w(τρ1))/

∏
η:E↪→C

η( ρ
−1
1 µcan ◦ πw(ρ1))

=
∏

η∈Gal (E/Q)
ητρ1 ( ρ

−1
1 µcan ◦ πw(τρ1))/

∏
η:E↪→C

η( ρ
−1
1 µcan ◦ πw(ρ1))

=
∏

η∈Gal (E/Q)
η( ρ

−1
1 µcan ◦ (πw(τρ1)/πw(ρ1)))

= 1,

by the first part. □

8.2. The Taniyama group. Langlands considers extensions

1 −→ SE,C −→ S̃ −→ Gal (Eab ∩ C/Q) −→ 1

(as a pro-algebraic group over Q) such that the induced action of Gal (Eab ∩ C/Q)
on SE,C is given by [ ], together with a continuous group theoretic section

sp : Gal (Eab ∩ C/Q) −→ S̃(A∞).

(We will follow [MS], which in turn followed [L]. However the two articles use different
conventions so it is hard to directly compare the details in the two sources.) Note that

such a pair (S̃, sp) has no automorphisms (where we consider S̃ with its structure of

an extension of Gal (Eab ∩C/Q) by SE,C). Also note that S̃(E) ↠ Gal (Eab ∩C/Q).

(See [MS] p235.) Finally note that S̃|Gal (Eab∩C/E∩C) is abelian.
Langlands showed that giving such a pair is equivalent to giving an element

b ∈ Z1(Gal (Eab ∩ C/Q), (SE,C(A∞E∩C)/SE,C(E ∩ C))Gal (E∩C/Q)),

where Gal (Eab ∩ C/Q) acts via [ ] and Gal (E ∩ C/Q) acts by its Galois action on
A∞E∩C, such that b lifts to a continuous map

b : Gal (Eab ∩ C/Q) −→ SE,C(A∞E∩C)

such that
Gal (Eab ∩ C/Q)2 −→ SE,C(E ∩ C)

(τ1, τ2) 7−→ b(τ1)[τ1](b(τ2))b(τ1τ2)
−1

is locally constant. (See proposition 2.7 of [MS].) We will write

Z1
cts(Gal (Eab ∩ C/Q), (SE(A∞E∩C)/SE,C(E ∩ C))Gal (E∩C/Q))
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for the set of elements b ∈ Z1(Gal (Eab∩C/Q), (SE,C(A∞E∩C)/SE,C(E ∩C))Gal (E∩C/Q))

with such a lift. If α ∈ S̃(E ∩ C) has image α ∈ Gal (Eab ∩ C/Q), then

b(α) = α sp(α−1).

Langlands defines a particular element

b
Tan

E ∈ Z1
cts(Gal (Eab ∩ C/Q), (SE,C(A∞E∩C)/SE,C(E ∩ C))Gal (E∩C/Q))

as follows. There is an exact sequence

1 −→ A×E∩C/(E ∩ C)× −→ WEab∩C/Q −→ Gal (E ∩ C/Q) −→ 1.

Choose preimages wη ∈ WEab∩C/Q of each η ∈ Gal (E ∩C/Q) such that the following
conditions hold:

• w1 = 1
• and there is a set of representatives 1 ∈ H ⊂ Gal (E ∩ C/Q) for Gal (E ∩
C/Q)/Gal (C/R) such that wηc = wηθρ0(j) for all η ∈ H. (Here ρ0 denotes
the identity embedding Eab∩C ↪→ C and j is the element of WC/R introduced
in section 2.3.)

If w ∈ WEab∩C/Q then
wηw = uη,wwηw

where uη,w ∈ A×E∩C/(E ∩C)× and where w denotes the image of w in Gal (E ∩C/Q).
Then Langlands takes

b
Tan

E (w) =
∏

η∈Gal (E∩C/Q)

(ηµcan)(uη,w) ∈ SE,C(A∞E∩C)/SE,C(E ∩ C).

He verifies that it lies in (SE,C(A∞E∩C)/SE,C(E ∩C))Gal (E∩C/Q); that it doesn’t depend
on the choices of preimages wη (as long as they satisfy the above conditions); that it

only depends on the image τ of w in Gal (Eab∩C/Q) (so we will often write b
Tan

E (τ));

and that b
Tan

E ∈ Z1
cts(Gal (Eab ∩ C/Q), (SE,C(A∞E∩C)/SE,C(E ∩ C))Gal (E∩C/Q)). It also

doesn’t depend on the choice of θρ0 associated to ρ0. (If θρ0 is replaced by aθρ0a
−1

with a ∈ (E ∩ C)×((E ∩ C)×∞)0, then wη gets replaced by wη
ca/a if η ̸∈ H and is

unchanged if η ∈ H. Thus uη,w gets multiplied by{
ηca/ ηa if η ̸∈ H
1 if η ∈ H

}{
ηwa/ ηwca if ηw ̸∈ H
1 if ηw ∈ H

}
.

Thus b
Tan

E (w) changes by∏
η ̸∈H η

(
µcan(ca/a)(w

−1
µcan)(a/ ca)

)
=

(∏
η′∈H η

′wt(a)/
∏

η∈Gal (E∩C/Q) ηµ
can(a)

)(∏
η∈Gal (E∩C/Q) η

w−1
µcan(a)/

∏
η′∈H η

′wt(a)
)

=
∏

η∈Gal (E∩C/Q) η(
w−1

µ/µ)(a)

∈ SE,C(Q)SE,C(R) = SE,C(Q)SE,C(R) ⊂ SE,C(E ∩ C)SE,C((E ∩ C)∞),
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i.e. it is unchanged.)

We will write (S̃E,C, spE,C) for the corresponding extension with a finite adelic

section. It is usually referred to as the ‘Taniyama group’. We also write S̃E,C,τ for

the pre-image in S̃E,C of τ ∈ Gal (Eab ∩ C/Q), a right SE,C-torsor.
If D ⊃ E is another finite Galois extension there is a unique commutative diagram:

(0) −→ SD,C −→ S̃D,C −→ Gal (Dab ∩ C/Q) −→ (0)

ND/E ↓ ÑD/E ↓ ↓
(0) −→ SE,C −→ S̃E,C −→ Gal (Eab ∩ C/Q) −→ (0)

with
ÑD/E ◦ spD,C = spE,C.

We remark that spE,C(c) ∈ S̃E,C(Q). Indeed, we have

uη,wc =

{
1 if η ∈ H
−1ηvcan if η ̸∈ H,

where vcan is the canonical place of E ∩ C induced by E ∩ C ⊂ C. Thus b
Tan

E (c) = 1

and spE,C(c) ∈ S̃E,C(E) ∩ S̃E,C(A∞) = S̃E,C(Q).

If α ∈ S̃E,C(E) has image α ∈ Gal (Eab ∩ C/Q) we will write

bE,Tan,α = α−1sp(α) ∈ SE,C(E)SE,C(A∞) ⊂ SE,C(A∞E ).

If ρ : E ↪→ C then

bE,Tan,α ≡ ρ−1b
Tan

E (α−1) mod SE,C(E).

We have the following properties:

(1) If γ ∈ SE,C(E), then bE,Tan,αγ = γ−1bE,Tan,α.
(2) If ρ : Eab ↪→ C then

bE,Tan,α ≡
∏

η∈Gal (E/Q)

η(ρ
−1

µcan)(τ̃−1wρ,−1
(ρη)α−1w

ρ
ρη) mod SE,C(E),

where τ̃ ∈WEab/Q lifts αρ ∈ Gal (Eab/Q) and where wρ ∈ WEab/Q denotes the
pull back of w ∈ WEab∩C/Q along ρ.

(3)

bE,Tan,α1α2 = [α−12 ](bE,Tan,α1)bE,Tan,α2 .

(Indeed (α1α2)
−1sp(α1α2) = α−12 (α−11 sp(α1))α2(α

−1
2 sp(α2)).)

(4) If α ∈ S̃E,C(E) and σ ∈ Gal (E/Q), then

bE,Tan,α
σ(bE,Tan,α)

−1 ∈ SE,C(E).
(Indeed σ(α−1sp(α)) = ((σα)−1α)(α−1sp(α)).)

(5) If D ⊃ E is another finite Galois extension of Q, then ND/EbD,Tan,α =
bE,Tan,ÑD/Eα

.
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(We remind the reader again that if τ ∈ Gal (Eab ∩ C/Q) then [τ ] denotes an auto-
morphism of the torus SE,C/Q; while if σ ∈ Gal (E/Q) and b ∈ SE,C(AE) then σb
denotes the image of b under the usual Galois action of σ on the AE points of a torus
defined over Q.)

Lemma 8.2. Any element of Gal (Eab∩C/E∩C) has a lift to S̃E,C(Q). If a ∈ A×E∩C,
then there is a unique element α(a) ∈ S̃E,C(Q) such that α(a) maps to Art E∩C(a) and

α(a)−1sp(Art E∩C(a)) =
∏

η∈Gal (E/Q)

η(µcan)(a)−1.

Thus if a ∈ A×E and ρ : E ↪→ C then α(ρ(a)) is the unique element of S̃E,C(Q)
which lies above Art E∩Cρ(a) and satisfies

bE,Tan,α(a) =
∏

η∈Gal (E∩C/Q)

ηµcan(ρ(a))−1 =
∏

η∈Gal (E/Q)

η(ρ
−1

µcan)(a)−1.

Proof: We consider the first part, from which the second part follows immediately.
Uniqueness is clear from the displayed formula. We only need to check that the

element α(a) lies in S̃E,C(Q).

Suppose that a ∈ A×E∩C and that α ∈ S̃E,C(E ∩C) lifts Art E∩C(a). Then, by point
(2) above,

αsp(Art E∩C(a))
−1 = b

Tan

E (Art E∩C(a)) ∈ SE,C(A∞E∩C)/SE,C(E ∩ C)

equals the image of ∏
η∈Gal (E∩C/Q)

ηµcan(a) ∈ SE,C(A∞).

Thus ∏
η∈Gal (E∩C/Q)

ηµcan(a) = γαsp(Art E∩C(a))
−1 ∈ SE,C(A∞E∩C)

for some γ ∈ SE,C(E ∩ C). If η ∈ Gal (E ∩ C/Q) we see that

η(γα) = γα,

so that γα ∈ S̃E,C(Q) lifts Art E∩C(a). We set α(a) = γα. Then

α(a)−1sp(Art E∩C(a)) = sp(Art E∩C(a))α(a)
−1

= (γαsp(Art E∩C(a))
−1)−1

=
∏

η∈Gal (E∩C/Q) ηµ
can(a)−1.

□

We will call α(a) well placed with respect to a.
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8.3. Relationship between Taniyama groups and the elements ba+,∞,µcan,τ .

Lemma 8.3. If α ∈ S̃E,C(E) and τ ∈ Aut (C) have the same image in Gal (Eab ∩
C/Q), then

ba+,∞,µcan,τ ∈ SE,C(A∞E )/SE,C(E) = RE,C(A∞E )/RE,C(E)R
1
E,C(A∞E )

equals the image of bE,Tan,α.

Proof: Replacing a+ by
t
a+ leaves ba+,∞,µcan,τ unchanged. (Use lemma 8.1, lemma

7.10 and note that SE,C(Q)SE,C(R) = SE,C(Q)SE,C(R).) Thus it suffices to prove the
assertion with a+ = a+0 , the class defined in section 7.5. In this case we may take
Γ0,ρ0(w

ρ0
η ) = eglobα0

(ηρ0), and the result then follows from comparing the formula at the
end of section 7.5 with the formula in item (2) of section 8.2. □

Lemma 8.4. Suppose that D ⊃ E are finite Galois extensions of Q.

(1) RE,C(Q)RE,C(D) = R1
E,C(Q)RE,C(D).

(2) (RE,C(Q)RE,C(D)) ∩R1
E,C(A∞D ) = R1

E,C(Q)R1
E,C(D).

(Here the closures are taken in RE,C(A∞D ).)

Proof: For the first part suppose that γi ∈ RE,C(Q) tend to h ∈ RE,C(Q). As
SE,C(Q) ⊂ SE,C(A∞) is discrete, we may suppose that all the γi have the same image

δ ∈ SE,C(Q). Then h = (lim→i γ
−1
1 γi)γ1 ∈ R1

E,C(Q)RE,C(Q).
For the second part

(RE,C(Q)RE,C(D))∩R1
E,C(A∞D ) = (R1

E,C(Q)RE,C(D))∩R1
E,C(A∞D ) = R1

E,C(Q)R1
E,C(D).

□

Corollary 8.5. . If α ∈ S̃E,C(E) and τ ∈ Aut (C) have the same image in Gal (Eab∩
C/Q), then

ba+,∞,µcan,τ ∈ RE,C(A∞E )/R1
E,C(Q)RE,C(E)

and

bE,Tan,α ∈ RE,C(A∞E )/R1
E,C(A∞E )

have a unique common lift

ba+,∞,µcan,α ∈ RE,C(A∞E )/R1
E,C(Q)R1

E,C(E).

(It is independent of the lift τ of the image of α in Gal (Eab ∩ C/Q).)

Corollary 8.6. (1) If γ ∈ RE,C(E) then ba+,∞,µcan,αγ = γ−1ba+,∞,µcan,α.
(2) ba+,∞,µcan,α1α2

= [α−12 ](ba+,∞,µcan,α1
)ba+,∞,µcan,α2

.
(3) ba+,∞,µcan,α

σ(ba+,∞,µcan,α)
−1 ∈ R1

E,C(A∞E )RE,C(E).
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(4) Suppose that D ⊃ E are finite Galois extensions of Q, that a+E ∈ H(E/Q)+,
that a+D ∈ H(D/Q)+ and that t ∈ T2,E(AD) with ηD/E,∗a

+
D = tinfD/Ea

+
E. Sup-

pose also that αD ∈ S̃D,C(D) and αE ∈ S̃E,C(E) have the same image in

Gal (Eab ∩ C/Q), so that α−1E ÑD/E(αD) ∈ SE,C(D). Then

ba+E ,∞,µcanE ,αE
= (α−1E ÑD/E(αD))ND/E(ba+D,∞,µcanD ,αD

)
∏

ρ:E↪→C
ρ−1

( αEµcan
E /µcan

E )(tw(ρ))

∈ RE,C(A∞D )/R1
E,C(Q)RE,C(D),

where αE denotes the image of αE in Gal (Eab ∩ C/Q).
(5) If a+0 is as in section 7.5 and if τ ∈ Aut (C), then there is an element α0(τ) ∈

S̃E,C(E) such that τ and α0(τ) have the same image in Gal (Eab ∩ C/Q) and

ba+0 ,∞,µcan,α0(τ)
=

∏
η∈Gal (E/Q)

η(ρ
−1

µcan)(
˜

Γ̃0,ρ0(τ
ρ)
−1

eglobα0
(η(τ ρ)−1)−1eglobα0

(η)),

where
˜

Γ̃0,ρ0(τ
ρ) is any lift of Γ̃0,ρ0(τ

ρ) to WE/Q,a.

(6) If a ∈ A×E and ρ : E ↪→ C, then α(ρ(a)) ∈ S̃E,C(Q) lies above Art E∩C(ρ(a))
and we have

ba+,∞,µcan,α(ρ(a)) =
∏

η∈Gal (E/Q)

η(ρ
−1

µcan)(a)−1.

Proof: The first part follows from the corresponding property listed at the end
of section 8.2. The second part follows from the corresponding property listed at
the end of section 8.2 and properties (4) and (1) of lemma 7.12 and the equality
α2µcan = [α−12 ] ◦ µcan. The third part follows from part (5) of lemma 7.12 and lemma
8.1. The fourth part follows from comment 5 before lemma 8.2, lemma 8.1, corollary

7.11 and part 1 of lemma 7.10. For the fifth part note that if α ∈ S̃E,C(E) has the
same image as τ in Gal (Eab ∩ C/Q), then∏

η∈Gal (E/Q)

η(ρ
−1

µcan)(
˜

Γ̃0,ρ0(τ
ρ)
−1

eglobα0
(η(τ ρ)−1)−1eglobα0

(η)) = γba+0 ,∞,µcan,α

with γ ∈ RE,C(E). (See the formula at the very end of section 7.5.) Thus α0(τ) =
αγ−1 will do. The sixth part follows from part (2) of lemma 7.12 and lemma 8.2. □

Note the following simple remark:

Lemma 8.7. Suppose ϕ1, ϕ2 ∈ Z1
alg(E3(E/Q)a, T (E)) for some torus T/Q, and that

[ϕ1] = [ϕ2] ∈ H1
alg(E3(E/Q)a, T (E)). Suppose also that loc∞(ϕi) = bi1 and that

b−11 b2 ∈ T (A∞). Then ϕ1 = ϕ2.

(The point being that ϕ2 = γϕ1 with γ ∈ T (E), so that b−12 γb1 ∈ T (A∞). Thus
γ ∈ T (A∞) ∩ T (E) = T (Q).)
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Lemma 8.8. If b̃a+,∞,µcan,α is a lift of ba+,∞,µcan,α to RE,C(A∞E ), then there is a unique

element ϕ̃a+,∞,µcan,α ∈ Z1
alg(E3(E/Q)a, RE,C(E)) such that:

(1) res∞locaϕ̃a+,∞,µcan,α = b̃a+,∞,µcan,α1.
(2) If ρ : E ↪→ C and w(ρ) is the corresponding place of E, then

κ(ϕ̃a+,∞,µcan,α) = [ρ
−1
µcan ⊗ (w(ρ)− w(τρ))]

= [ρ
−1

(µcan/ τµcan)⊗ w(ρ)].

This is independent of the choice of ρ.

Moreover

(3) resC/Rloc[ϕ̃a+,∞,µcan,α] = [(µcan([c]◦µcan)/([τ−1]◦µcan)([τ−1c]◦µcan), (µcan/[τ ]−1◦
µcan)(−1))].

(4) If we replace b̃a+,∞,µcan,α by hγb̃a+,∞,µcan,α with h ∈ R1
E,C(Q) and γ ∈ R1

E,C(E),

then ϕ̃a+,∞,µcan,α changes to
γ
ϕ̃a+,∞,µcan,α.

Proof: Choose α ∈ a and ρ : E ↪→ C. By part (1) of lemma 7.12, there is a lift

b ∈ RE,C(A∞E ) of ba+,∞,µcan,τ such that res∞locacorαglob(ρ
−1
µ) ◦ (πw(ρ)/πw(τρ)) = b1.

Then b̃a+,∞,µcan,α = hγb for some h ∈ RE,C(Q) and γ ∈ RE,C(E). Set

ϕ̃a+,∞,µcan,α = γcorαglob(ρ
−1

µ) ◦ (πw(ρ)/πw(τρ)).

Then ϕ̃a+,∞,µcan,α has the first property by construction and the second by definition
of κ. Moreover

ρ−1
µcan ⊗ (w(ρ)− w(τρ)) = ρ−1

µcan ⊗ w(ρ)− ρ−1
µcan ⊗ τ ρ,−1w(ρ))

= (ρ
−1
µcan/ τ

ρρ−1
µcan)⊗ w(ρ)

= ρ−1

(µcan/ τµcan)⊗ w(ρ)
∈ (Z[VE]0 ⊗X∗(RE,C))Gal (E/Q).

Because RE,C is a torus, the second property determines [ϕ̃a+,∞,µcan,α] uniquely. Thus

the first property implies the uniqueness of ϕ̃a+,∞,µcan,α by lemma 8.7.

To prove the third property note that κ(resC/Rloc[ϕ̃a+,∞,µcan,α]) = [µcan/ τµcan], and
so

resC/Rloc[ϕ̃a+,∞,µcan,α] = [(µcan([c]◦µcan)/([τ−1]◦µcan)([τ−1c]◦µcan), (µcan/[τ ]−1◦µcan)(−1))].

(We are using that κ is the inverse of corestriction, which is an isomorphism. See the
start of section 4.2.) The final assertion is clear. □

Lemma 8.9. (1) If α ∈ S̃E,C(E) and γ ∈ SE,C(E) then we can find γ̃ ∈ RE,C(E)

lifting γ and h ∈ R1
E,C(Q) such that ϕ̃a+,∞,µcan,αγ =

γ̃−1

ϕ̃a+,∞,µcan,α and b̃a+,∞,µcan,γα =

hγ̃−1b̃a+,∞,µcan,α.
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(2) ν ϕ̃a+,∞,µcan,α
=
∏

ρ:E↪→C
ρ−1
µcan ◦ (πw(ρ)/πw(τρ)) =

∏
ρ:E↪→C

ρ−1

(µcan/ τµcan) ◦
πw(ρ), where τ ∈ Aut (C) has the same image in Gal (Calg/Q) as α.

(3) Given αi ∈ S̃E,C(E) for i = 1, 2, there exists β ∈ R1
E,C(E) such that

hβb̃a+,∞,µcan,α1α2
≡ [α−12 ](̃ba+,∞,µcan,α1

)̃ba+,∞,µcan,α2
mod R1

E,C(Q)

and
β
ϕ̃a+,∞,µcan,α1α2

= [α−12 ](ϕ̃a+,∞,µcan,α1
)ϕ̃a+,∞,µcan,α2

,

where α2 ∈ Gal (Eab ∩ C/Q) denotes the image of α2.

(4) If α ∈ S̃E,C(E) and σ ∈ Gal (E/Q), then

b̃a+,∞,µcan,α
σ (̃ba+,∞,µcan,α)

−1 ∈ R1
E,C(A∞E )RE,C(E) ⊂ RE,C(A∞E ).

(5) Suppose that D ⊃ E are finite Galois extensions of Q, that a+E ∈ H(E/Q)+,
that a+D ∈ H(D/Q)+ and that t ∈ T2,E(AD) with ηD/E,∗a

+
D = tinfD/Ea

+
E.

Suppose also that αD ∈ S̃D,C(D) and αE ∈ S̃E,C(E) have the same image

in Gal (Eab ∩ C/Q), so that α−1E ÑD/E(αD) ∈ SE,C(D). Choose b̃a+E ,∞,µcanE ,αE

lifting ba+E ,∞,µcanE ,αE
and b̃a+D,∞,µcanD ,αD

lifting ba+D,∞,µcanD ,αD
. Then there exists

β ∈ R1
E,C(D) with

b̃a+E ,∞,µcanE ,αE
≡ β(α−1E ÑD/E(αD))ND/E (̃ba+D,∞,µcanD ,αD

)
∏

ρ:E↪→C

ρ−1

( αEµcan
E /µcan

E )(tw(ρ)) mod R1
E,C(Q)

and

inf
D/E,t

ϕ̃a+E ,∞,µ
can
E ,αE

= β(α−1
E ÑD/E(αD))ND/E ◦ ϕ̃a+D,∞,µ

can
D ,αD

∈ Z1
alg(E3(D/Q)a+D

, RE,C(D)).

(Again αE denotes the image of αE in Gal (Eab ∩ C/Q).)
(6) If a ∈ A×E and ρ : E ↪→ C, then we may take

b̃a+,∞,µcan,α(ρ(a)) =
∏

η∈Gal (E/Q)

η(ρ
−1

µcan)(a)−1 ∈ RE,C(A∞)

and ϕ̃a+,∞,µcan,α(ρ(a)) = 1.
(7) If a+0 is as in section 7.5 and τ ∈ Aut (C), then there is an element α0(τ) ∈

S̃E,C(E) above τ |Eab∩C such that we may take

b̃a+0 ,∞,µcan,α0(τ)
=

∏
η∈Gal (E/Q)

η(ρ
−1

µcan)(˜̃Γ0,ρ0(τ
ρ)−1eglobα0

(η(τ ρ)−1)−1eglobα0
(η))w(ρ0),

where
˜

Γ̃0,ρ0(τ
ρ) is a lift of Γ̃0,ρ0(τ

ρ) to Eglob(E/F )0.
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Proof: The first part follows from the first part of corollary 8.6. The second part

follows from the construction of [ϕ̃a+,∞,µcan,α] as a corestriction. The third part follows
from the second part of corollary 8.6 and lemma 8.7. The fourth part follows from
the third part of corollary 8.6.

The first half of the fifth part follows from the fourth part of corollary 8.6. For the

second half of the fifth part note that [infD/E,t ϕ̃a+E ,∞,µ
can
E ,αE

] and [ND/E ◦ ϕ̃a+D,∞,µ
can
D ,αD

]

in H1
alg(E3(D/Q), RE,C(D)) have the same image under κ in

(Z[VD]0 ⊗X∗(RE,C))Gal (D/Q)
∼−→ (Z[VE]0 ⊗X∗(RE,C))Gal (E/Q),

and so are equal. Thus it suffices to check that

res∞locaD inf
D/E,t

ϕ̃a+E ,∞,µ
can
E ,αE

= res∞locaD
β(α−1

E ÑD/E(αD))ND/E ◦ ϕ̃a+D,∞,µ
can
D ,αD

,

or equivalently (using formula 6.3) that
ν
ϕ̃
a+
E

,∞,µcan
E

,αE

(t)

inf
D/E,t

res∞locaE ϕ̃a+E ,∞,µ
can
E ,αE

= β(α−1
E ÑD/E(αD))ND/E◦(res∞locaD ϕ̃a+D,∞,µ

can
D ,αD

),

or equivalently again that

ν
ϕ̃
a+
E

,∞,µcan
E

,αE

(t)̃b
a+
E

,∞,µcan
E

,αE
1 =

β(α−1
E ÑD/E(αD))ND/E (̃b

a+
D

,∞,µcan
D

,αD
)
1.

This follows from the second part and the first half of this part.
The first half of the sixth part follows from the sixth part of corollary 8.6. The

second half then follows because b̃a+,∞,µcan,α ∈ RE,C(A∞) and [ϕ̃a+,∞,µcan,α] is trivial
(because in turn its image under κ is).

The seventh part follows from the fifth part of corollary 8.6. □
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