COCYCLES FOR KOTTWITZ COHOMOLOGY

JACK SEMPLINER AND RICHARD TAYLOR

With great fondness and gratitude, we dedicate this paper to the memory of John Coates.

1. INTRODUCTION

Kottwitz [K] introduced certain extensions of local and global Galois groups and
considered their ‘algebraic’ cohomology with coefficients in an algebraic group. How-
ever, his extensions are only canonical up to conjugation. This is enough to make
their cohomology canonical, but their spaces of cocyles are not canonical. The pur-
pose of this paper is to explain how one can work with such cocyles: what choices
one has to make to make them well defined, how one can compare cocycles when one
changes these choices and how this relates to the choices Langlands made in formu-
lating his conjugation conjectures for Shimura varieties. This will play a crucial role
in our work on the formalism of Shimura varieties [ST].

If F/F is a finite Galois extension of local or global fields, Kottwitz considers
certain extensions £(E/F) of Gal (E/F) by certain abelian groups £(E/F)°. The
most familiar examples are the local and global Weil groups Wg/p: extensions of
Gal (E/F) by E* in the local case and by Ay /E* in the global case. These extensions
are defined in terms of a canonical class [ap/r] € H*(Gal (E/F),E(E/F)°), but not
by a canonical cocycle. It turns out (because H'(Gal (E/F),E(E/F)%) = (0)) that
E(F/F) is unique up to an isomorphism, which is itself unique up to composition
with conjugation by an element of £(E/F)°.

Having defined these extensions E(E/F') we will, following Kottwitz, consider what
we call the algebraic (non-abelian) cohomology Hj,(E(E/F),G), where G is a group
(often the E or Ag points of an algebraic group) with an action of Gal (E/F). To
define this cohomology we consider only the set Z),(£(E/F),G) C Z'(E(E/F),G)
of cocycles whose restriction to £(E/F)? lie in some chosen class of homomorphisms,
usually a class of homomorphisms coming from certain morphisms of algebraic groups.
These ‘algebraic’ cocycles will be preserved by the usual equivalence relation and
hence give rise to a cohomology group Hallg(é' (E/F),G). It is easy to verify that,
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despite the ambiguity in the definition of £(E/F), the pointed set Hy,(E(E/F),G)
is well defined up to unique isomorphism. However Z,, (€(E/F),G) is not.

If I is a local field there will be only one such extension of interest to us: E(E/F) =
Wi/ r - the Weil group defined by the usual canonical class (g p] € H*(Gal (E/F), EX).
In this case, if G/F is an algebraic group with centre Z(G), then Z,, (Wg/r, G(E))
(resp. Za,(Wi/r, G(E))basic) will denote those cocycles which are given on E* by
an algebraic character v : G,,, — G (resp. v : G,, — Z(G)) defined over E. (In the
second case it will follow it is actually defined over F.) These are sometimes called
‘algebraic cocycles’ (resp. ‘basic algebraic cocycles’).

However, when F'is a global field, will need to consider several examples of these

groups E(E/F'), which we will now describe.

(1) We define £°(E/F)° = [1,ev,, Ea, where Vi denotes the set of all places of
E. There is a unique class [alE‘);F] € H*(Gal (E/F),[1,ev, Eux) whose image
in H*(Gal(E,/Fy,), EY) equals [ap,/r,] for all w € Vi, We let E°°(E/F)
denote the corresponding extension of Gal (E/F) by [[ ey, Eu-

For an algebraic group G/F', basic algebraic cohomology of G(Ag) will be
defined in terms of those cocycles whose restriction to £°°(E/F)° are of the
form [[,, v, where v, : G, = Z(G)/p, is an algebraic character, non-trivial
for only finitely many w.

(2) We define T g/F to be the protorus with character group Z[Vg], the free
abelian group with basis the set Vg of places of EF with the natural action
of Gal (E/F). Then we set &(E/F)? = Ty p(Ag) and define &(E/F) as the
pushout of £°°(E/F) along the embedding [[, EX — [[,Axr = Tor(AR),
where we identify £ inside the copy of A% indexed by w.

In this case, for an algebraic group G/F, basic algebraic cohomology of
G(Ag) will be defined in terms of those cocycles whose restriction to E(E/F)°
come from an algebraic character v : Th g — Z(G),p. Thus there are natural
restriction maps Z3,(E2(E/F), G(Ap))vasic = Zag(E°(E/F), G(AE))pasic-

(3) Wg/r will denote the global Weil group, i.e. the extension of Gal (E/F) by
A} /E* coming from the usual canonical class [ag/p| € H*(Gal (E/F), A} /E).

(4) We will write £81°P(E/F)° for the subgroup of elements of Ty (A g) whose im-
age in A% /E* under any of the characters 7, corresponding to w € Vg is inde-
pendent of w. It turns out (as observed by Nakayama and Tate), that there is
a unique class [a%‘;];,] € H*(Gal (E/F), &8 (E/F)®) which pushes forward to
lag/p] € H*(Gal (E/F),A}/E*) and to [alonF] € H*(Gal(E/F), Ty p(Ag)).
We write £8°P(E /F) for the corresponding extension of Gal (E/F) by £81°°(E /F')°.

In this case, for an algebraic group G/F, basic algebraic cohomology of
G(Ag) will be defined in terms of those cocycles whose restriction to £8°°(E/F')°
come from an algebraic character v : Ty 5 — Z(G)/p.
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There are embeddings of extensions local : E8°P(E/F) — &(E/F) giving
rise to isomorphisms

loc = (local*)~* : Z;Ig(é’gl"b(E/F), G(AE))basic — Z;lg(SQ(E/F), G(AE))basic-

The map of extensions is only defined up to composition with conjugation by
an element of 7o p(Ag); and the map of cocycles is canonically defined only
up to composition with the map from Z, (E2(E/F), G(AEg))basic to itself given
by ¢ — *@ ¢ for some t € Ty p(AR).

(5) Finally we will write T3 g for the protorus over F' with character group Z[Vg]o,
the subabelian group of Z[Vg] consisting of elements » _ m,,w for which > m,, =
0. We will write £3(E/F) for the pushout of £8°°(E/F) along £8P (E/F)? —
T3 p(E).

In this case, for an algebraic group G/F, basic algebraic cohomology of
G(FE) will be defined in terms of those cocycles whose restriction to 13 g(E)
come from an algebraic character v : T g — Z(G)/p. Thus there is a natural
morphism Z3y, (E3(E/F), G(E))vasic = Zay(E8P(E/F), G(AR))basic-

alg
We have a diagram of morphisms of extensions:
E(E/F) « EEPE/F) —» Wgp
local |
El(E/F) —  &(E/F)

U
Wk, « E°(E/F)|ga(z/F).,

for any places w|v of E and F. A key observation is that, although individually the
extensions £(F/F) we consider here have automorphisms, the diagram as a whole
does not. Thus if we fix such a diagram it makes sense to consider algebraic cocycles
and not just algebraic cohomology classes.

However we have not specified such a diagram uniquely. To the best of our knowl-
edge there is no preferred choice. The various choices form a set which we will denote
H(E/F), which comes with a transitive action of 75 g(Ag). It seems to us that choos-
ing one element of H(E/F) is a bit like choosing one place of E above a given place
of E: there are many choices, but for most purposes the choice is irrelevant. We will
decorate the various extensions £7(E/F) and the maps local and loc with a subscript
a to indicate it is the one uniquely determined up to unique isomorphism by a. If
a,0/ € H(E/F) and o' = "a for some t € Ty p(Ag), then we get isomorphisms

2 Zh(ENE)F)., G(AR)) — Z!

alg alg

(&' (B/F)w,G(Ap)),

where Ag denotes E or Ag. There may not be a unique choice of ¢t and the isomor-
phism may depend on the ¢ chosen. However, after one passes to cohomology groups,
it will no longer depend on the choice of ¢.
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Given a choice a € H(E/F) we have maps
loc, : alg(gS(E/F)aa G(E))basic — Zaldg(gloc(E/F)mG<AE)>basic
and
res: Zilg(gloc(E/F)m G<AE))basic — H Zilg(WEw(v)/Fw,aa G(Ew))basim

veEVER
where for each v € Vp we choose a place w(v) of E above it. These induce maps in
cohomology

loc : H:

alg

(83(E/F)> G(E))basm — H;Ig(510C<E/F>> G<AE>>basic

and
res : H;lg(gloc(E/F), G(AE))basic — H ais Wi, /5 G(Buw) Jbasics
weVEg
which are canonically independent of a. Moreover if E'/F’ is an extension of local
fields isomorphic (but not canonically so) to E,,/F,, then there is a well defined map

I‘eSE'/F' alg(510C<E/F> (AE‘>>ba51c — Hilg(WE’/F’ G<El))basic-

If Fislocal and ¢ € Z,,(Wg/pa, G(E))basic or if F'is global and ¢ € Z,,,(E3(E/F)a, G(E) )basic,
then ad ¢ € Z'(Gal (E/F),(G/Z(G))(F)) and we get an inner form, referred to as an
‘extended pure inner form’, G of G over F. If Z(G) is a torus then Kottwitz showed
that
Ho,(Weyp, G(E))vasic = H'(Gal (E/F), (G/Z(G))(E))
and
H,,(E(E/F), G(E))basic — H'(Gal(E/F), (G/Z(G))(E))
are surjective.
We recall that when G is connected reductive, Kottwitz defined important maps

k- Hilg(‘c:loc(E/F)a G(AE))basic — (Z[VE] ® Ag)cal (8/F)

and

K H;1g<g3(E/F)7G(E))basic — (Z[VE]o ® Ag)cal (B/F),
where Ag denotes the algebraic fundamental group of G. They are compatible in that
r o loc equals x composed with the obvious map (Z[Vg]o ® Ag)cai(e/r) — (Z]VE] ®
A¢)cai (g/r)- We will also write

Rt Hyy(E°(E/F), G(Ag)) — Ag,Gal(5/F)
for the composition of k with the map
Z[VE] & AG — AG
Yo Tl > Y T
It turns out it is useful to fix slightly more than a € H(E/F). It D D E D F
there is a surjection Wp,p — Wg/p and it is possible to take an inverse limit W4 /P =
lim. Wg/p over all finite Galois extensions £//F. Although the Weil group Wg,p is
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only determined up to inner automorphism by an element of Ay /E*, the absolute
Weil group W turns out to be much more rigid. It is determined up to conjugation

by an element of ker(Wg,p — Gal (F/F)). The extra data we will add is roughly
speaking a collection of isomorphisms between W,z /[Wg, g, W/ 5] and Wi r. One
might wonder why one works with Wg/p at all, and not W, r/[Wx,5, Wr p] di-
rectly. The answer seems to be that, when D D E D F, the way we compare
Zh(EN(E/F),G(AE))basic and Z,1,(E"(D/F), G(Ap))pasic is not compatible with the
natural map
WF/F/ [WF/Da WF/D] - WF/F/ [Wf/Ev WF/E]-
More precisely, by complete rigidification data for a € H(E/F) we ~will mean the

choice for each place v of F' and each F-linear embedding p : E*> — F, (giving rise
to a place w(p) of E) a Eg(p)—conjugacy class [I'y, ;| of isomorphisms of extensions

(0) — Gal(E**/E) —  Gal(E*®/F) — Gal(E/F) — (0)
AI‘tETZ Pv,p\LZ ||
(0) — AR/(EX)ExX — Wgpa/(EX)EX — Gal(E/F) — (0)
such that
(1) I, , lifts to an isomorphism of extensions

Loy s Wi e/ IWe/ W5l — Wey/pa
whose composition with the natural map

0, WE/FU/[WE/p(E)F,,a Wﬁ/p(E)Fv] — WF/F/[WF/Ea WF/E]
is equal to the composition of a map, which arises from the data a,

a .
L) * WE(y/Foe — WE/Fa

with some isomorphism of extensions

O Wr, 15,/ WE oy r, W oy p,) — Wy /o

(2) and if o € Gal (E*"/F) then [, ,,] is determined in an explicit way by [T, ]
and o.

We will denote by H(E/F)* the set pairs (a, {[I'y,]}), where {[I', ]} is complete
rigidification data for a. The action of T5 g(Ag) on H(E/F) lifts to a transitive action
on H(E/F)". One consequence of the choice of a™ € H(E/F)T is that if T/F is a
torus split by E, if u € X,(T)(F,) and if 7 € Aut (F,/F), then we can associate an
important element

betwpur € T(AR)/T(F)T(Fy)'T(E)T(E,),

which inter alia allow one to compare the local and global Kottwitz maps on the level
of cocycles for tori. In the case of the Serre torus, these elements are closely related to
the structure of the Taniyama group. They are also crucial to the explicit description
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of the action of Galois on canonical models the Shimura varieties associated to tori.
Hence in [ST] they play a key role in fixing the action of Aut (C) on Shimura varieties.

More specifically in [ST] we propose a notion of a ‘rational Shimura datum’ (G, ¢, C, U)
over any field L of characteristic 0. To such a datum we associate a ‘rational Shimura
variety’ Sh(G, v, C,U)/L with many good functorial properties. In particular if
7 : L — L' is a map of fields then 7Sh(G,,C,U) is canonically identified with
Sh(G,4,7C,U) - no extra choices are required to describe the action of Galois on ra-
tional Shimura varieties. There is also a theory of complex uniformization in the case
L = C. Finally in the case G = T is a torus everything can be made explicit, and the
description of the action of 7 € Aut (C) in terms of complex uniformization is in terms
of the elements Bﬂ+7U7M7T' Thus this theory depends on the choice of a* € H(E/Q)*,
but different choices lead to equivalent theories. (Just as Langlands’ conjecture on
the conjugation of Shimura varieties depends on certain arbitrary choices made in
[L] in the case of a group whose cocentre along with its Hodge cocharacter is not a
quotient of the Serre protorus with its canonical cocharacter.)

Finally when D D E D F and a), € H(E/F)" and a}, € H(D/F)" we need to com-
pare the sets Z (E'(E/F)ay, G(AE))basic with the sets Z) (E"(D/F)ay,, G(Ap))basic;
and the elements BGEU%T and l_)a;; wpur 1t turns out that a; and a; can be related by
certain elements t € Ty g(Ap) and the choice of such an element both gives rise to
maps

6}y, © Zg (€7 (B Faps G(Ag)) — Z4,(E"(D/F)ay, G(Ap))
and to equalities
— — —1
bag,v,u,’r = bag,v,uﬂ' H(p ,u) (tw(p)/tw(’rp));
P
where again p runs over F-linear embeddings E < F,.

This paper contains no major theorem, but we hope that the formalism we develop,
which we found rather difficult to uncover, may prove useful in other settings besides
[STY.

In section 2 we will recall algebraic facts, particularly concerning extensions and
concerning Weil groups. In section 3 we discuss ‘algebraic cohomology’, axiomatically
in a general setting. In section 4 we discuss local Weil groups and local algebraic
cohomology. In section 5 we discuss the various extensions of global Galois groups
which we will need to consider, before discussing global algebraic cohomology in
section 6. In section 7 we discuss how these extensions of section 5 compare to
WEeil groups, and how this leads to the construction of the important special elements
Z_)a+,U7M77" Finally in section 8 we recall Langlands’ construction of the Taniyama group
and discuss its relationship to our special elements T)atv%T. We will also prove some
additional results which we will need in [ST].

We are extremely grateful to the referee for both their careful reading of the man-
uscript and their helpful comments.
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2. ALGEBRAIC BACKGROUND

2.1. Notations. For simplicity all fields we consider in this paper will be assumed to
be perfect unless we specifically say otherwise.

If Fis a field we will write F for an algebraic closure of F' and F?" for the maximal
abelian Galois extension of F in F. If E/F is a Galois extension and L/F any field
extension, then we will write £ N L (resp. EL) for p(E) N L (resp. p(E)L) for any
F-linear embedding p : E < L. The field E N L (resp. EL) is a subfield of L (resp.
L) independent of the choice of p, but the identification of £ N L with a subfield
of E depends on p. If L is any field of characteristic 0, we will write L# for the
subfield consisting of elements algebraic over Q. If L/K is any extension of fields we
will write Aut (L/K) for the group of field theoretic automorphisms of L which fix
K pointwise. If L has characteristic 0 (resp. p > 0) will write Aut (L) for Aut (L/Q)
(resp. Aut (L/F,)). If L/K is Galois we will write Gal (L/K) for Aut (L/K). If E is
a subfield of C*# then

CAUt (C/E) _ E.

If F is a local field of characteristic 0 we will write Art p : F'* — Gal (F#"/F) for
the Artin map. (Normalized to take uniformizers to geometric Frobenius elements.)

If F' is an algebraic extension of Q we will write Vx for the set of places of F' and
Ap for the ring of adeles of F'. (In the case that F' is an infinite extension of Q then
Ap =lim_,p Ap, where E runs over subfields of F' finite over Q.) If v is a place of F’
then by F, we will mean lim_, g F, as E runs over subextensions of F//Q which are
finite over Q. (So F, may not be complete, but it is algebraic over Q,.) If E D F are
finite extensions of QQ and if v is a place of ' we will write F, for the completion of
E at v so that E, = Hwh] E,.

If ' is a number field will write (F%)° for the identity component of the group of
units of the completion of F' at infinity, and Art p : AX/F*(FX) = Gal (F?*/F) for
the Artin map.

If E/F is an algebraic extension of fields with F' a number field and if S C Vg we
will write Vi s for the set of places of ' above a place in S, and Ag g for the ring of
adeles of E supported at the primes in S. (If E is also a number field then Ag g is
the restricted product T, wipes Eu-) Moreover A% =Apy,_s.

We will write Z[Vg g| for the free abelian group on Vg ¢ and Z[Vg g]o for the sub-
abelian group consisting of elements ) m,w with >° m, = 0. If E/F is Galois,
both groups have a natural action of Gal (E/F) via o)., m,w = Y my(ow) =
Zw Mag—1,W.

If F is an algebraic extension of Q and K is a local field and p : F — K, then we
will write v(p) or w(p) or u(p) for the place of F' induced by p. (We will tend to use
v(p) when the field is denoted F', w(p) when it is denoted E and u(p) otherwise.) If
moreover F'/Q is Galois and 7 € Aut (K), then we will write 77 for the element of
Gal (F/Q) satisfying p o 77 = 7p.
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If E/F is a Galois extension with I’ a number field, and if v is a real place of F' we
will write [¢,] for the conjugacy class in Gal (E/F') consisting of complex conjugations
at places above v. If F' = Q and v = oo we will simply write [c|.

If G is an (algebraic) group then Z(G) will denote its centre and G* will denote
G/Z(G). Moreover G will denote its commutator subgroup and C(G) = G will
denote it co-center/abelianization G/G4. If H C G is a subgroup we will write
Ng(H) for its normalizer and Zg(H) its centralizer. If H has finite index, we will
also write trg g : G* — H? for the transfer map. If H is normal in G, then the
image of tr g/ is contained in (H ab)G/H — A]] actions of groups will be left actions
unless we specify otherwise. If G acts on X we will write [z]¢ for the G orbit of z € X
and Zg(z) or G, for the stabilizer of x in G. If G is an algebraic group acting on a
variety X over a field F' and € X (F), then [z]¢ is a variety, and [z]¢(F) D [z]am),
but these two sets may not be equal.

If G is an affine algebraic group over F' then there a scheme X,(G), smooth and
separated over F', and a homomorphism g™V : G,, X X,(G) = G x X,(G), such that
it S'is any F-scheme and p : G,,, ¢ — G is a homomorphism, then there is a unique
morphism S — X, (G) under which g™ pulls back to p. Moreover

G x X.(G) — X.(G) x X.(G)
(g;) = (conj,opu,p)

is smooth; and

X(@r= I 6z,
(M E€G(F\X.(G)(F)
(See sections 4 and 5 of exposé XI in [SGA3].)

If T/F is a torus we will write X*(7") for its character lattice, a finitely generated
abelian group with an action of Gal (F/F). If f : T} — Ty is a map of tori we get a
Galois equivariant map X*(f) : X*(Ty) — X*(7T1) which sends x to x o f. .

We will require all our reductive groups to be geometrically connected, i.e. by the
term ‘reductive group’ we will mean what is often referred to as ‘connected reductive
group’. We will write GSC for the simply connected semi-simple cover of G, If T is
a maximal torus of G' we will write 724 for the image of T'in G*! (a maximal torus
in G*) and T4 = (G4 NT) (which is a maximal torus in G4, see remark 3.5 of
[Ca]) and T5€ for the preimage of T'in G5© (which is a maximal torus in G5¢, see for
instance proposition 4.1 of [Caol). We have T'= Zg(T'). We will also write W7 for the
Weyl group Ng(T')/T, which we think of a finite algebraic group. It acts faithfully
on T'. We will also write Wy g for Ng(T)(F)/T(F) C Wr(F).

We remark that if 7 C G is a maximal torus and py, pus € X, (T') are conjugate
under G(F) then they are conjugate under Wy (F).

We will let Ag denote the algebraic fundamental group of G, i.e. X,(T)/X.(T5°)
for any maximal torus 7' of G. Note that the Weyl group Wr acts trivially on
X.(T)/X.(T%¢). Any two maximal tori T and T" defined over F are conjugate over
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the separable closure F' of F by g € G(F) with gNg(T) uniquely defined. Then
conj, induces an isomorphism X, (T)/X,(T5°) = X, (T")/X.(T75€). If we alter g by
an element h € Ng(T)(F) then this isomorphism changes by an element of Wy (F),
i.e. is in fact unchanged. Thus Ag is canonically defined independent of the choice
of T. In particular it has a canonical action of Gal (F/F). (If T = conj,T and
o € Gal (F//F), then ¢ o conj, = conj, o o o conj,, on X,(T) for some w, € Wr(F),
and so ¢ o conj, = conj, oo on Ar.) If [u] is a conjugacy class of cocharacters
t: G, — G (defined over F), then [] gives rise to well defined element Ag([¢]) € Ag.
If o € Gal (F/F) then \a(°[1]) = "Aa([1]).

If G/F is an algebraic group and E/F is a Galois extension then we will write
ZY(Gal (E/F),G(E)) for the pointed set of maps ¢ : Gal (F/F) — G(E) satisfying
d(0109) = ¢(01) L ¢(03); and H (Gal (E/F), G(FE)) for the quotient of Z'(Gal (E/F), G(E))
by the action of G(E) given by (Y¢)(c) = go(o) “g~ L.

If p € Z(Gal (E/F),G*(E)) then there is a canonically defined algebraic group
°G/F together with an isomorphism 145 : G x E = G x E such that ou4(g) =
ts((ad @(0))(cg)) for all o € Gal(E/F) and g € G(E). If h € G*(E) then there

is a unique isomorphism ¢, : G 5 "0G over F such that t, o g = tnyoad(h). If
W € ZY(Gal (E/F),°G* (E)), then ¢¢ € Z'(Gal(E/F),G* (E)) and this gives a
bijection of sets
ZYGal (E/F),"G* (E)) = Z(Gal (E/F),G*(E)),
but this map does not preserve neutral elements. The composite
Lipgp © Ld_)l o Llll : ¢(¢G) v

is defined over F.
If F is a number field and E/F is Galois we will write ker'(Gal (E/F), G(E)) for
the kernel

ker(H'(Gal (E/F),G(E)) = [] H'(Gal(Buw/Fo). G(Buw))),

veEVR

where for v € Ve we use w(v) to denote a choice of place of E above v. If G is
reductive then ker'(Gal (E/F), G(E)) is finite. It vanishes if G' is semi-simple and
either adjoint or simply connected. (See for instance theorems 6.6, 6.15 and 6.22 of

[PR].) We will sometimes write ker!(F, Q) for ker' (Gal (F/F),G(F)).

2.2. Group extensions. We recall some of the general theory of group extensions.
Suppose that A is an abelian group and G is a finite group that acts on A. A 2-cocyle
a € Z*(G, A) is a function G x G — A satisfying the relation

gla(92;93)04(91,9293) = 04(9192,93)a(91792)-
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(We record that this implies that a(1,g9) = «(1,1) and a(g,1) = 9a(1,1).) If ais a
2-cocycle and 3 : G — A is any function then

Palgr, g2) = (g1, 92)B(g192)B(g1) " 7 Blga) "

is another 2-cocycle. If « is a 2-cocycle we obtain an extension

0 — A — &, — G — 0
a — aa(l,1) e, (1)
aeq(9) — g,

where &, is the group with elements ae,(g) with a € A and g € G with the multipli-
cation rule
a1€q(91)a2eq(g2) = a1 axa(gi, g2)ea(9192)-
There is an isomorphism of extensions
ig: € — Esg
aea(g) +—— aB(g)esa(g)
for any map 8 : G — A. Thus the isomorphism class of the extension &, only depends

on [a] € H*(G, A), but not canonically. If a € A we set (“8)(g) = 8(g9)a/%a, and we
have
ialg = COIlja @) 7:5.

Any element 3 € Z'(G, A) gives rise to an automorphism of extensions ig : £, —
&, and in fact this establishes an isomorphism between Z!(G, A) and the group of
automorphisms of the extension &,. The automorphism arises as conjugation by an
element of A if and only if 8 is a coboundary. Thus, if H'(G, A) = (0), then every
automorphism of the extension &, arises by conjugation by an element of A. Every

extension of G by A arises from some a € Z%(G, A).
Ifh:G— G and f: A— A’ are morphisms such that

fta) =9 fia)
and if o € Z?(G, A) and o/ € Z?(G', A') satisty

flalg1, 92)) = ' (h(g1), h(g2))

then there is a morphism
(f,h): & — Eu
aeq(g) — fla)ea(h(g))

such that
0 — A — E, — G — 0

i (f;h) 4 hl

0o — A — Ev — G — 0

commutes.
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If h: G — G and & is an extension of G by A, then we can form a pull-back
extension
Ela =Elgn=E xan G ={(e,¢') : e and ¢ have the same image in G} C £ x G
of G' by A. If £ arises from o € Z*(G, A) then &|q ), arises from h*a = a o h.
Similarly if f: A — A’ is a map of G-modules we can form a pushout extension
(2.1) HLE=(AxE)/A

of A’ by G. Here £ acts on A’ via its projection to G and we embed A as a normal
subgroup of A’ x & via a +— (f(a)™', a). If £ arises from o € Z*(G, A) then f.€ arises
from f.a= foa.

If

oo a
and

ALy LA
then

(A7 50 (A % Ela)/ANlan) AT > (A" E|n) /A
[(a”, ([(a", (e, g"))), g"))] — [(a"f'(d), (e, 9"))].
If H<G are finite groups, if s : G/H — G is a set theoretic section to the projection
map, and if A is a G-module, then there is a homomorphism

nak, : Z*(G,A) — Z*(G/H, A™)
defined by
(naks)(g1, )
= lhen alh, 5(91)5(92)5(7192) ") "als(G1), 5(72)) / "u(5(91)5(92)5(9192) " 5(6172))-
It induces a homomorphism
nakg/H : H*(G, A) — H*(G/H, A™)
which is independent of the choice of s. If
0)—A—E—G—(0)
is an extension with class [a] € H*(G, A), then the extension
(0) — A" — tre) a(E/1E|u, Elu]) — G/H — (0)
has class nak(; ;o] € H*(G/H, A"). Here
trep, ac Eln/lElm, Eln) — AY
is the transfer map. We have
infg, ; o nakgl y = Ny, : H*(G, A) — H*(G, AY)
(the Akizuki-Witt theorem), and so
infg ; o nakg; ;= #H : H (G, A) — H*(G, A).
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Here
NHIA — AH

a +— [lhena
(See for instance section XIII.3 of [AT] for these facts.)

Lemma 2.1. Suppose that 7 : G — H s a surjective group homomorphism, and that
A< G and B<1H are normal subgroups with mA C B. Then there is an isomorphism
of groups
(BxG)JA — H x5 (G/A)
[(b,9)] — (bm(g), gA).

A — Bxd
a — (m(a)™a).

Here

Proof: The map
¢SB><IG ;> HXH/B<G/A>
(b;g) = (bm(9), 9A)
is easily checked to be a group homomorphism. We have (b, g) € ker ¢ if and only
if g e Aand b = 7w(g9)”", ie. (b,g) is in the image of A. It remains to check
that ¢ is surjective. Suppose (h,gA) € H Xpg/p (G/A). Then hr(g)™' € B and
o(hm(g)~t, g9) = (h,g), as desired.(]

2.3. Local Weil Groups. We recall the theory of Weil groups for p-adic fields. See
[T1].

First suppose that F is a p-adic field and that F is an algebraic closure. If k denotes
the residue field of F', there is an exact sequence

(0) — I — Gal (F/F) — Gal (k/k) — (0).
We denote by Wz - the preimage of Frob? C Gal (k/k) and endow it with a topology

decreeing that I should be an open subgroup with its usual topology. If o : FF = F
is a continuous automorphism with ¢/ = F’, then there is a canonical isomorphism

conj, : Wg/p — Wyt)p

T —> oTo L.

Note that there is a canonical map ¢z, : W, — Gal (F/F) with dense image.
@%}FGal (F/E).
For E/F finite, we will write £2 for the (unique) maximal Galois extension of E in
F with Gal (E*?/E) abelian. Then

WEab/F = WF/F/[WF/D WF/E]‘
There are canonical isomorphisms

rg: BX = W%];E

If £ is an intermediate field between F and F' we will write W4 /B =
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with the following properties:
[ ] QOF/F OTrg = Art E-
o If 0 € Gal (F'/F), then conj, org =regoo.
o If £/ C FE then tr W)/ o rg equals rg composed with the inclusion
(E")* — E*.
o Wi p = lime g Wga /p as topological groups.

WF/E

These properties imply that
o If £/ C E then rp o Ng/p equals rg followed by the map W%?E — W%';E,
induced by the inclusion Wg, 5 C W/
There are no non-identity automorphisms of W, compatible with ¢z 5.
It "= C as topological fields we set Wg = F*. If FF = R as topological fields
and F is an algebraic closure we set Wg)p = (F*.j: j2=—1, jzj ' =c2). If
F =R or C there is a natural map

PF/F - WF/F — Gal (F/F)

with kernel F . If F is an intermediate field between F and F we will write W/ g =
80%} ~Gal (F/E). For E/F finite, there are canonical isomorphisms

rg: B — W%};E

which are the identity if £ = C and, if F = R, are induced by —1 + j and x — /z for
x > 0. These structures share the properties itemized above for p-adic fields. Again
these constructions are functorial in the pair F//F. In the case F = C the group Wx I
has no nontrivial automorphisms compatible with rr. On the other hand, if FF = R
then W5, does have automorphisms compatible with ¢z and rp and rg, namely

the inner automorphisms conj, for z € F”. However the only ones compatible with
the functoriality W, — W5, p induced by ¢: F' — F are the identity and conj, —.

If F' is either a p-adic field or isomorphic to R or C, and if F is an algebraic closure
of I and if F is an intermediate field finite and Galois over F', then there is a short
exact sequence

(0) — EX =5 Wgayp — Gal (E/F) — (0)
which determines a class
lag/r] € H*(Gal (E/F), E™),
called the canonical class. It depends only on E /F,ie. noton F. If D> E D F are
finite extensions (inside F') with D/F Galois then
o resco (p)m [0/ r] = ap/p] € H¥(Gal (D/E), D¥),
e and corgy (/) lap/s] = [E : Fllap,r] € HX(Gal (D/F), D¥).
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If in addition E/F is Galois then

o infey () lagp] = [D : Ellap,r] € H*(Gal (D/F), D¥),
e and nakgiggﬁ))[O‘D/F] = |ag/r] € H*(Gal(E/F), EX).

(For the first three see for instance section XI.3 of [Se]. For the final assertion use

the injectivity of the map

infgo (p) )« H*(Gal (E/F), E*) — H*(Gal (D/F), D*)

and the Akizuki-Witt theorem.) Hence

o infGoy ()l r) = Npyp.lapr] € HX(Gal (D/F), EX).
We will write

lagyrp) = infan (g lagr] = [D : Ellap,r] € H*(Gal (D/F), D).

If C DD > FE D F are finite Galois extensions of F' then

. rGal(C/F
g pe] = infey ED//F)) [g)F.p]

and
[D : E] [OéD/F,C] = [OéE/F,C].
If DD E D F are finite Galois extensions of F in F then there is an obvious map
Wpav/p = Wgab )

which fits into a commutative diagram

0) —  D* — Wpwyp — Gal(D/F) — (0)

Np/g 4 { \:
0) — £ — Wgayp — Gal(E/F) — (0).

We will denote this map o — o|gab.
If we map

D* — E* X Wpap
a — (Npsg(a)™',rp(a)),
then we see that there is an isomorphism of extensions
(EX X WDab/F)/DX SR WEab/F|Ga1(D/F) = WEab/F X Gal (E/F) Gal (D/F)
[(a,7)] — (re(a)7|p, o5/p(T)|D).
(Note that 7p(b)|ga» = 75(Np/e(b)) and recall lemma ) We see that we have

maps of extensions

(0) — D~ — Wpab g — Gal(D/F) — (0)
Np/g 4 ¢ |

(O) — .EHX — WEab/F|Gal(D/F) — Gal(D/F) — (0)
! \

0) — FE* — Wgab ) p — Gal(E/F) — (0),
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whose composite is the natural surjection Wpav,p — Wgan/p, and where the middle
row can either be obtained as a pushout from the top row or a pullback from the
bottom row. Moreover the maps

Gal(D/E) — Wagab/plcal(/F)
o — (1,0)

and
Gal(D/E) — (EXNWDab/F>/DX
o +— [(rg'(@]gs)"1,0)],

where & € Wpan 5 is any lift of o, are identified. (The latter map is easily checked to
be well defined, i.e. independent of the choice of lift 7.)

Continue to suppose that D D E D F are finite Galois extensions of F'. We define
a pushout

WEab/FyD = (D>< X WEab/F|Ga1(D/F))/EX,

where

EX —s DX WEab/F|Gal(D/F)
a — (a7' (rp(a),1)).

It comes with a natural section

From the above discussion we see that this has a second description as

Gal(D/E) = (DX x Wpap)/D*
o > [(r5' (@lgs) )],

where 0 € Wpas g is any lift of o and

D* — D> % WDab/F
a +—— (Npsg(a)~' rp(a)).

The map is

(D* % Wpayp)/D* == (D* x Wga p|cai(n/r))/ E
[(a,0)] +— [(a,(o|ga», 0]D))]-

The extension corresponds to the class

info o) [ r) = Npjpalopr] € H*(Gal (D/F), D¥).
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We have a commutative diagram of extensions

0) — E* — Wigab — Gal(E/F) — (0)
| 1 T

(0) — E(; — WEab/F|Ga](D/F) — QGal (HD/F) — (0)

0) — D* — Wb /5 p — Gal(D/F) — (0)
Np/e 1 T |

0 — D — Wpab — Gal(D/F) — (0).

2.4. Global Weil groups. We now recall the theory of Weil groups for number fields
fields. See [T1]. B
Now suppose that F'is a number field and that F' is an algebraic closure of F'. One
can associate to F'/F a topological group Wg,p together with:
e A map o : Wgp - Gal (F/F). If E is an intermediate field we set
Wg/p = @%}FGal (F/E).
e For each intermediate field F finite over F' a map

rg: AYS/EX W%I;E
such that ¢z porp = Art g.
These maps also satisfy:
e If 0 € Wgp, then conj, org = 7oy o) © 7 p(0).
e If £/ C FE then tr W s
AL J(B) < AL/E”.
o Wg/p =lime g Wf/F/m as topological groups.

\/Wg,p © TE/ equals rg composed with the inclusion

These properties imply that
o If £/ C F then rg o Ng g equals rg followed by the map W%?E — W%';E,
induced by the inclusion Wg,p C Wg /g
We set
WEab/F = WF/F/[WF/E WF/E]-

The only automorphisms of W/ compatible with ¢z, and the rp are the inner
automorphisms conj, for o € W 5. The structure (Wg, g, 97,5, {r£}) is unique up
to isomorphism. However we do not know how to make the isomorphism canonical.
(If it can be made canonical.)

The image of Wz /7 in Wy is EX(EX)?/E* = ker Art p. We will denote it Ap.

~

Lemma 2.2. (1) Fori > 0 there is an isomorphism H'(Gal (E/F), [T E) —
H'(Gal (E/F),Ag). Moreover

H'(Gal (E/F),Ag) = H'(Gal (E/F), [ EX) = [ H(Gal (E/F)uw), ),

w(v
v|oo v
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where v runs over real places of F' which do not split completely in E, and
w(v) is a choice of place of E above v.

(3) HY(Gal (E/F),Ag) = (0).

(4) If E is totally imaginary, then Agal (B/F) FXEX/F*. In particular if F is
totally imaginary then Agal (EF) = Ap.

(5) Art g : AX/F* — Gal (E*P/E)Gal(B/F),

(6) If S is a finite set of finite places of F, then Ap N [],cq F.N = {1} C AL/F*.

veS T v

Proof: The first four parts are proved in section III of [W]. The fifth part follows
from the third. The sixth part follows from the congruence subgroup property for the
group of S-units Op[1/S]* of F. (See [Ch].)

More precisely if a € [[,.q £, maps to the identity in Aj/F*Ap then we can
find a; € F* with a; - a € (A¥)*. Then for i sufficiently large we have a; €

Op[1/S]*. For any m € Z~, we can find an open subgroup U,, C (A}S;U{Uloo})x such

that U,,NOFr[1/S]* C (Op[1/S]*)™. (Combine Dirichlet’s and Chevalley’s theorems.)
Then for i sufficiently large a; € U,,NOp[1/S]* so that a; is an m' power in Op[1/S5]*
and hence a; 5 is an m™ power in [, ¢ F¥. Thus a € (,,20(I,cs F)™ = {1}, and
the sixth part follows. [J

If u is a place of F then there is a continuous homomorphism
Qu . qu/Fu — WF/F
such that
® o700, equals the composite of ¢, with the inverse of the canonical map
Gal (F/F), = Gal(F,/F,);

e and, for F a finite intermediate field, 6, o rg, equals the composite of rg with
the canonical map E — A% /E*.

The map 0, is determined up to conjugation by an element of Wy . The images
of conj, o 0,, for any a € Wg 5, are referred to as decomposition groups for u. The
closure of the image under ¢, of any decomposition group for u is Gal (F/F),. If
oeWs /P then

ewf/p(d)u © Conj@f/p(ﬂ) = conj, o by,
up to conjugation by an element of Wg p. If E /F'is a finite Galois intermediate field

then 0, induces a map Wgp, )b/, — Wgan/p which only depends on u|ga» and which
we will denote 9u|Eab.

If v is a place of F' and if p : F — F, is F-linear, then we define
0p =0y, © P W p, — Wep

(where p* : Wi /pp — qu(f’p) /r,)- Up to conjugation by an element of Wz z:
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(1) If o € W i, then 0, = conj,-1 06, up to conjugation by an element of W 7.
(2) If 7 € Gal(F,/F,), then 6,, =0, 0 conj,_:.
(3) If E is an intermediate field finite over F', then we get an induced map

0 W(P E)F,)2>/F, — WEab/F7

defined up to conjugation by an element of Ag. Up to this ambiguity, it
only depends p|ga». Moreover 6, o r g, equals the composition of 75 with
(p(E)E,)* = Ej, — Ap/E*, where the first map is the inverse of the
continuous extension of p.

If F/ is an intermediate field, finite and Galois over F', the short exact sequence
(0) — AZ/E™ 25 Wgap — Gal (E/F) — (0)
determines a class
ok p] € H(Gal (E/F),A}/EX)
called the canonical class. This class depends only on E/F. If v, : E — AL/E*,
then we have

Gal(E/F
resGalgEng ol 7] = twslap, k) € H(Gal (E/F),, A%/EX).

(See formula (12) in [T2].)

These classes enjoy completely analogous properties under change of field as the
local classes discussed in the previous section did.

If DD E D F are finite extensions (inside F') with D/F Galois then we will write

. ¢Ga
(o)) = iG] o)) = (D - B[] € H*(Gal (D/F), A}/D*).
Note that if u|w|v are places of D D E D F, then
res|agpp| = (D E)/[Du: Eu])lag,r,p.] € H*(Gal(D/F)y, Ap/D%).

If C DD >F DF are finite Galois extensions of F' then

Gal (C/F
[aE/FC] = infg, D//F)) [a}g//F,D]

and
[D: E] [aD/FC] [aE/FC]
Continue to suppose that D D E D F are finite Galois extensions of F in F. We
have a natural map
Wpab/p = Wgab
which we will denote o — o|gan. Lemma tells us there is an isomorphism
(AE/EX X WDab/F)/(AlX)/DX) ;> WEab/FlGal(D/F) = WEab/F X Gal (E/F) Gal (D/F)
[(a,7)] +— (re(a)7|p, 7|D),

where
AB/DX e AE/EX X WDab/F

a — (Npsp(a)™,rp(a)).
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There is a commutative triangle
Gal(D/E)
v N (o= (10))

~

(AL/E* x Wpaw,p) /(A5 /D) — Wigab /|cal (D) F)
where the left hand map is given by
Gal(D/E) — (AR/E* x Wpw,p)/(AL/D>)
o+ [(rg' (@lg)", 7))
for any lift ¢ € Wpasp of 0. This latter map is well defined, i.e. independent of the
choice of lift . We see that we have maps of extensions

0) — Ap/D* — Wpan — Gal(D/F) — (0)
Np/e d 1 I

0) — AE(‘EX — Wgaplaapy — Gal(D/F) — (0)
\J \

0) — AR/E*X — Wb p — Gal(E/F) — (0),

whose composite is the natural surjection Wpas/p — Wgas /g, and where the middle
row can either be obtained as a pushout from the top row or a pullback from the
bottom row.

We define a pushout

(22) WEab/F,D — (AE/DX X WEab/F|Gal(D/F))/(AE‘/EX)7
where
AE/EX — AB/DX X WEab/F|Gal(D/F)
a +— (a7 (re(a), 1)),
together with a splitting
Gal (D/E) — WEab/F,D
o — [(1,(1,0))]

The extension Wigan/pp corresponds to the class
.. rGal(D/F
(a5 ] = infee (g [0 ] € HA(Gal (D/F), A, /D).
Note that it C' D D D E D F are finite Galois extensions of F', then

(2'3) (Aé’/cx X WE/FﬁDlGal(C/F))/<A1X)/DX) — WE/EC
[, ([(a, (o, 7)), m)] — [(ba, (o,n))].
Also note that there is a natural embedding
Gal (EabD/F) — WE“b/F,D/AE
o — (L, (olwe,olp)),

—_~—

where o|gan is any lift of o|gas to Wigan /.
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From the above discussion we see that Wigas/pp has a second description (corre-
sponding to [aYEV/F’D] =[D: F] [aIVDV/F]) as
(Ap/D* X Wpas )/ (AS/D*)
where y y
AL /D* = AS/D* x Wpap
a — ((Npypa)~',rp(a)).
The map is given by
(AD/D* ) Wpan ) [(AS/D*) = (Ap/E* x Wgaplcaio/r)) [ (Ag/EX)
[(a,7)] — [(a, (7|g=, 7|D))].
In the reverse direction
Weabplaa(p/py — (Ap/D* x Wpasp)/(AL/D>)
(0,7) — (g (0T gm), D],
where 7 € Wb is any lift of 7.
We have a commutative diagram of extensions

(0) — AL/EX — Wgab ) p — Gal(E/F) — (0)
| 1 0

(O) — AE(/]EX — WEab/F‘Gal(D/F) — Gal(llﬁ/p) — (O)

(0) — A5/D* — Wgab kD — Gal(D/F) — (0)
Npg 1 1 |

(0) — A5/D* — Wpab /e — Gal(D/F) — (0).
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3. GENERALITIES ON ALGEBRAIC COHOMOLOGY

We will need a modification of the Galois cohomology of reductive group, which is
described in section 12 of [K]. Suppose that we are given the following data:

(1) An extension
0) — & — & —T — (0)
where £° is an abelian group and I is a group. Note that £° has a I'-action
by conjugation.
(2) A group G with an action of I". Note that the conjugation action of G and
the I'-action on G, piece together to give a G x I' action on GG. This, together
with the I' action on £°, gives a G x I'-action on Hom (€Y, G).
(3) A pointed set N with an action of G x T
(4) A G x I'-equivariant map
N — Hom (£° Q)
v —— U,
such that if e € £° and v € N, then
ey =y,
We will refer to N as a pre-algebraicity condition. In most cases we will have N C
Hom (€Y, G).
We define pointed sets
ZAE,G)={(v,0) e N x ZYE,G) : dleo =T and ¢© v =y Ve € £}
We refer to elements of this pointed set as algebraic cocycles. We write
v:Zy(€,G) — N

for the map (v, ¢) — v. In cases where A is contained Hom (€%, G) we will often use
¢ to denote a cocycle (v, @) (as v = P|go). The group G acts on Z)\(€,G) by

(v, 0) = (v, %9).
We define Hj (€, G) to be the quotient of Z3(£,G) by G. We refer to this as the
algebraic cohomology.
There is a left exact sequence (of pointed sets)

(0) — HYI,G) — HYE,G) 5 (G\N)F
w0) —
If I' = {1}, then
Zv(E,G) = N
and
H\(E,G) — G\N.
These sets of cocycles and cohomology sets satisfy various natural functorialities,

which are a bit tedious to spell out:
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Suppose first that we have a I'-equivariant map h : G; — G,, pre-algebraicity
conditions N; for (£, G;) and a I'-equivariant map n : N — N3 such that

n(‘v) = h(g)n(y)
and
n(v) =hov
for all v € N and g € G;. Then we obtain a natural map
he = (h,n), : Zx (E,G1) — Z),(E,G)
(v, ) — (n(v),hoo),

which induces a map
he = (h,n), : Hy (E,G1) — Hy, (€, Go).
Second suppose that we have maps of extensions

0) — & — & — It — (0

{ fi i

0) — & — & — Ty — (0),

a group homomorphism h : Gy — G, pre-algebraicity conditions N; for (&;, G;)
and a map n : N — Nj such that

o h(!Wa) ="h(a),

o n(9v) = "M9n(v),

o n(f@y) = on(v)

e and n(v) =hovwof.
Then we obtain a natural map

f* = (f, h,n)* : Zj1\[2(52, Gg) —
(v,¢) — (n(v),hogof),
which induces a map
f* = (f, h, n)* : H}\[Q (82, GQ) — H./l\/-l (51, Gl)

(This is a minor generalization of Kottwitz’s map W(n, f), which he defines in
the special case G; = G5 and h = Idg. In the special case f = Id we recover the
map in part [A])

(If we take & = & and G; = Go and N7 = N, and also take f = conj, and
h=e'and n=e! with e € £; then

conjt(v,8) = (v, ).

In particular conj; is the identity on Hy (&1, G1).)
We have (f1, h1,11)" 0 (fa, ha,n2)* = (f2 0 f1,h1 0 ha,ny 0ng)*.
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(C) Thirdly suppose that we have maps of extensions

0) — & — & — ' — (0)
\J i |
0) — & — & — T — (0),
and a I'-equivariant group homomorphism A : G; — G5 and pre-algebraicity
conditions N; for (&;, G;) and a map n : Nj — N3 such that
o n(%v) = "9n(v),
o n(v) =n(v),
e and hov =n(v)o f.
Then we obtain a natural map
f* = (f? h?”)* : Z/{ﬁ (517 Gl) Z/{fQ(SZLG2)
(v, 0) (n(v), ),

n(w)(t)(h o ¢(e)) for any t € £) and e € &.

-
—
where ¢ is defined by ¢(tf(e)) =
This induces

fo=(f h,n).: Hy, (&, G) — Hy, (E,G).

(Kottwitz denotes this map ®(h,n, f). The map in part [A] is a special case of
this map in which f is the identity.)

We see that (f1,h1,n1)s © (f2, ho;n2)s = (fi 0 f2, h1 0 hy,ny 0 ng),.

Suppose that we are given commutative diagrams

& <&

fal L

g L g
and

G, 5 G

hy | 1

G, oo
and

No = N

ng 4 4+

Ny 5 M

such that (f, h,n) and (f’, h’,n’) are as in part , while (f1, h1,n1) and (fa, he, n2)

are as in this part. Then

,hon)*
74 (£,Gy) YT Z1 (&, Gy)
(f27h27n2)*\l/ \l/ (f17h17n1>*
(f';h'n')*

21, (3,Ch)

23 (E],C)
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commutes.
Suppose that A C I' is a subgroup. If X is a set with an action of A we will
write Ind \ X for the set of functions ¢ : I' — X satisfying

o(ro) = Tp(0)
for all 7 € A and o € I'. It has an action of I via

(09)(0") = p(o’0).

If X is a group and A acts via group automorphisms, then Ind } X is a group via

(pe')(0) = p(0)¢'(0),
and its [' action is via group automorphisms. The map
e:Ind\X —» X
P — (1)
is A-equivariant.
Take the same situation described before but with I' replaced by A. Suppose
moreover that we are given a second extension

0) — mdRe&® — & —T — (0
A
(where the action of T' on Ind L\ &° is the one described above) and a map of
extensions
(0) — IndL&® — Ela — A — (0)

el el [

0) —  &° — & — A — (0).

We will write 7 for the natural inclusion & Ao = £. Note that if we think of A as
a pre-algebraicity condition for (g |, G) with the new 7 equal to voe for v € N,
then B
€& In(Ela, G) = Zy(E,G)
and B
& Hy(Ela, G) = Hy(E,G),
with inverse €*.
Note that Ind \ A/ has an action of (Ind\G) x T', where

(*v)(0) = 77 (v(0))
for o € Ind G and v € Ind\N. If v € Ind \ N we define 7 € Hom (Ind 1 €%, Ind 1 G)
by
v(p)(0) = v(o)(p(0)).
It is easy to check that this makes Ind\ N a pre-algebraicity condition for
(£,Ind\G). Combining lemma 12.10 of [K] with the observation of the last
paragraph we get the following result.
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Lemma 3.1. In the above situation the composite
Hygi (€ nd 56) S HY(Ela, G) = HY(E,G)
18 an isomorphism.

It will be convenient for us to work with pre-algebraicity conditions N with slightly
more structure. Namely we will assume that N is endowed with a pointed subset
Mpasic € NC, an abelian group structure on Mpase and a right action of Mpasie on the
set (not pointed set) N extending the action of M. on itself by translation such
that the following properties hold:

e I" preserves My and acts on it via group automorphisms.

e The action of G x " on N' commutes with the action of Mg, i.e. ?(uv) =

(9u)v and “(uv) =7p v for all v € Mysic, # €N, g € G and o € T

o If v € Myasic, then 7 factors through Z(G).

o U =[UD.
We will refer to this additional data as an algebraicity condition. Note that in this case
both N and Mg are pre-algebraicity conditions. We will often write Z3(€, G)pasic
and Hj (€, G)basic, instead of Zy. (€,G) and Hy,  (£,G). We refer to these as the
set of basic algebraic cocycles and the basic algebraic cohomology.

If G is abelian then Z3 (€, G)pasic and Hi(E, G)pasic are naturally abelian groups.

There is a natural map

ad : Z)(&, Qpasic —>  ZYT,G*)
(v, Q) — ¢ mod Z(G)

which induces a map in cohomology. If (v, () € Z\, (£, Z(G)) and (u, ¢) € Zj(€,G)
then (vu,(¢) € Zx (€, G). This induces maps

(V7 C) : Zjl\/(ga G)baSiC — Zjl\/(g7 G)basic
and

(Va C) : H./l\/(57 G) — HJ{/'(Sa G)

and

(V, C) : H,/l\f(ga G)basic — H_/l\f(ga G)basic'
This gives actions of Zx, (€, Z(G)) on Z\(€, G) and Zj (€, G )vasic and of Hy, (£, Z(Q))
on H\(E,G) and Hi (€, Q)pasic. The map Hiy(E,G) — Hi(E,G*) is constant on
H}\/basic (&€, Z(@))-orbits.

We have the following additions to our various functorialities:

(A) In the situation of [A|if n(MN pasic) C Napasic then (h,n). takes basic cocycles or
cohomology classes to basic ones.

(B) In the situation of if n(N2pasic) € Nipasic then (f, h,n)* takes basic cocycles
or cohomology classes to basic ones.

(C) In the situation of if 7(Mipasic) C Napasic then (f, h,n), takes basic cocycles

or cohomology classes to basic ones.
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In the situation of @ if (N, NbaSIC) is an algebraicity condition for (£, G), then
(Ind A\, Ind \ Myasic) is one for (5 Ind @), and lemma is also true for the
basic algebraic cohomology.
Suppose that G is abelian and that A C T' is a subgroup of finite index. Let
R C & be a set of representatives for £[o\E. Then we obtain a natural map
COIR : Z'/{/-((€|A, )basw — ZN(S G)basw
(1,6) — [Ler” ¥ 9),

where

ole) =" (sres™))

reR

with each s € R chosen such that res™! € £|o. (The usual formula for corestric-
tion in group cohomology.) It induces a map

cor : Hy(Ela, Qpasic — Har (€, G)pasic

which is independent of the choice of R.
If &€ =&, with a € Z*T,&%) and A = {1}, then we may take R = R, =
{ea(0) : 0 €'} and we will write

1
COry = COI'R, Nbasic — Zj\/’(gaa G)basic'

(corar)(ea(0)) = [ [ 17! @(aln, 0))).

nel’

Note that

If3:T — &% and ifig : &, — Es, is the canonical isomorphism sending e, (o) to
B(o)es,(0) then it is easily verified that

ZE (COI‘ﬂal/) — Hner‘ T]il(p(ﬁ(n))il)coralj‘

(Indeed, both sides are of the form ([], . "v, ¢) for some ¢. Moreover

(icorsa(v))(ea(0))
= corse(v)(B(0)esqa(0))
= 1L (")(6(0 ))Hnepn‘l(ﬁ( a(n, o))
= L (") (B(0) [T er n~* (w(e(n, @) B(no) B(n) =" "B(e) 1))
7)(B(o))cora(v)(ea(o)) Hnepn (?( (no)))
("

neF( v

[yer 7 7(B0) ) I (" 7)(8(0))
= cora(¥)(€a(@) ([T FBM))) / Ter n ™ @(B(M))).)

Now consider the case that I' = Gal (E/F) and G = H(Ag), where

e F/F is a finite Galois extension of fields;
e H/F is an algebraic group;
e and Ar = A ®p E for some F-algebra A.
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If (v, ¢) € Z}(E, H(AE))basic then we define H/A to be the etale descent of H x Ag
to A via the action
0 > CONjy() O 0,

where e € £ is any lift of 0. Thus *H x4, Ap = H xp Ag. If g € H(Ag) then
conj, : °H —"°H

over Ap. Thus ®H depends only on [(v, )] up to an isomorphism that is unique up to

composition with conjugation by an element of (*H)(A). (Note that we have *H(A)

here and not ¢ H* (A). This is an important point.) When we are only concerned

with properties of ®H for which this ambiguity does not matter, we may write (1.
There is a bijection

Z\(E,°H(AE)) — Zx(E, H(AR))
(1, 0) > (uv, o)

which takes basic subset to basic subset, and induces isomorphisms in cohomology.
Note that

(1) (v, 9)) = conjy (" (1, 9)) (v, ).
If Q’) € H/l\/(87 H<AE))basic then
{CeHy,, (£, Z(H)(AR) : (b=} =ker(Hy, (€, Z(H)(Ap)) = Hy (€, *H(Ap)))
is a subgroup of Hy. (€, Z(H)(Ag)).
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4. KOTTWITZ COHOMOLOGY: THE LOCAL CASE

4.1. Kottwitz cohomology for local Weil groups. Suppose that F'is a local field
of characteristic 0 and D D E D F are finite Galois extensions. If o € [aE/F,D] C
Z%*(Gal (D/F), D*), then we get a well defined extension

0 — D* — Wg/ppo — Gal(D/F) — 0.

In the case D = E we will write simply Wg/po. As H(Gal(D/F),D*) = (0) the
only automorphisms of this extension are conjugation by an element of D*. If o is
a second element of [ag /F, pl, then there is an isomorphism of extensions

0 — D* — Wgppa — Gal(D/F) — 0

| 3 |
0 — D* — WE/F,D,a’ — G&l(D/F) — 0.

However it is only unique up to composition with conjugation by an element of D*. In
particular, if F is an algebraic closure of F' containing D, then the extension W /F.D,a
is isomorphic to Wgan /p p, but this isomorphism is only unique up to composition with
conjugation by an element of D*.

Let G/F denote an algebraic group. We will consider the algebraicity conditions
N = X, (G)(D) and Mysic = X.(Z(G))(D). We will denote the corresponding alge-
braic cocycles, basic cocycles, cohomology and basic cohomology as Z;lg(WE /E.D.as G(D)),
Zilg(WE/F,D,onG(D))basim H;1g<WE/F,D7G(D)>7 and Hilg(WE/F,mG(D))basic respec-
tively. As the notation suggest the two cohomology groups are canonically inde-
pendent of the choice of a € [OéE/F,D]- In the case D = E we will use the same
conventions and algebraicity conditions except we will write Wg/pq (resp. Wg/p) in
place of WE/F,E,@ (resp. WE/F,E)

We will call ¢ € Haldg(WE/F,Da G(D))pasic compact if ?Gad (F) is compact, and we
will write HY, (Wg/p,p, G (D))iomPa for the set of compact elements in H, e We/p.D, G(D))basic-

Choose representatives ap/p € [ag/p] and ap/p € [ap/p] and yp/g : Gal (D/F) —

D* such that WD/E@[DD/:? = infp/papp € Z*(Gal (D/F), D*). Then there is a com-
mutative diagram

0) — D* — Woyrap, s — Gal(D/F) — (0)
[D:E] | ND/Eps + |

(0) — D> — WE/F»DvinfD/EOCE/F — Gal (D/F) — (0)
1 T |

0) —  EX — Werapelcamy — Gal(D/F) — (0)
| ! L

0) — E* — WE/Fag,» — Gal(E/F) — (0),

where 1p/g.,,,,, is the map obtained by first pushing out along the [D : E]-power
map and then applying i, . (as in section to change from one choice of 2-cocyle
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to the other. Using successively functorialities (B) then (C) then (B) again from the
end of section [3, we obtain a map

infD/E"YD/E : Zallg<WE/F’aE/F’ G(E)> — Z;1g<WE/F,aE/F‘Gal (D/F)> G(D))
ZaeWE/EDint 5 g pr G(D))
— ZagWn/rap,r, G(D)).

(Where we use the algebraicity conditions N’ = X, (G)(D) and Mysic = X« (Z(G))(D)
for the second set of cocycles.) All these maps are functorial in G, take basic ele-
ments to basic elements and commute with products, in the sense that if (v,¢) €

ZheWe/pag, i G(E))basic and (1,9) € Z3,(Wg/pay, ., “G(E)) then

inf v, = inf , inf (v, ).
D/EWE(M Vo) D/E,WD/E(“ w>D/Em/E< ¢)

The composite sends (v, ¢) to (vIP*Fl, @), where, if np/p,,,,(e) = de’ with d € D*
and € € WE/F,QE/F\Gal(D/F) then

o(e) = v(d)$(@)

where € denotes the image of ¢’ in Wg/pq,, /- This composite is injective. The map
ve/p can only be replaced by

“YpE 0 ypse(o)d/ d,
for some d € D*. (As H'(Gal (D/F),D*) = (0).) We have
"D/Edyp s = conjg-1 0 "ID/E~p)ps
and so the induced map

infD/E”YD/E . Hilg(WE/FvG(E)) — ]{1

alg

(Wpyr,G(D))

is independent of the choice of vp,r and so we will denote it simply infp,z. The maps

iIlfD/E . Ha11g<WE/FaG<E)) — Hallg(WE/F|Gal(D/F)v G(D))
— H;lg(WE/F,DaG(D))
— H,(Wp/r,G(D))

are all injective. (The first because the usual inflation map is injective on H', and
the second and third immediately from the definitions.)

Kottwitz defines
(We/p, G(E))

alg

B(F,G) = lim H}
—F

and
B(F7 G)basic = 1_132 Hllg(WE/F> G(E))basic-

a

If ¢y, ¢y € Hyp(Weyp, G(E)) have the same image in H'(Wg/p, G* (E)), then we
can find a finite extension D/E Galois over F' such that inf ¢; € H, (Wp,r,G(D))
can be represented by cocycles ¢; with ad¢; = ad¢s. (If ¢ is a representative
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of ¢; and if ¢ € G*(E) with Yad ¢ = ad ¢y, then we may choose such a field
D and a g € G(D) lifting g. Then Yinf¢] and inf ¢}, will do.) Thus inf ¢, inf ¢, €
HY,(Wpr,G(D)) differ by an element of Hy,(Wp/r, Z(G)(D))pasic = H,(Wp/r, Z(G)(D)).

alg alg alg

4.2. Reductive groups. If T//F is a torus split by a finite Galois extension F/F,
then Kottwitz (see formula (9.1) of [K]) shows that

COor : X*(T>Gal(E/F) = H| (WE/Ea T(E))basic — Halng(WE/FaT(E»basic = H,

alg alg(WE/F?T(E))'
(We continue to use the notation surrounding algebraic cohomology established in the
last section, as we will throughout the rest of this paper, and cor is the map discussed
in paragraph |E| in section ) Moreover if GG is any reductive group which splits over

E then Kottwitz constructs a map

K Hllg(WE/F, G(E)) — Ac,cai(g/r)

with the following properties

e it is functorial in G;
e if G = T is a torus, then k = cor™;
e if D/FE is a finite extension Galois over F', then

H;lg(WE/F’G(E)) — AG,Gal (F/F)
infp/p | K/
Hy,(Wp,r, G(D))

alg
commutes.

(See sections 9 and 11 of [K].) In the limit Kottwitz obtains a map
k2 B(F,G) — Mg g (7/r):

Lemma 4.1. Ifd) € H;lg(WE/F, G)basic and 'tb S H;lg(WE/F, (’bG) then
K(YP) = k()r(P).

Proof: This follows easily from the construction of  in section 9.3 of [K[]: If G is a
torus it simply expresses the fact that cor is an abelian group homomorphism in this
case. If G is simply connected it follows for the corresponding fact for C(G). In
the general case it follows from the corresponding fact for a suitable z-extension of
G. O

If T C G is a maximal torus then we define H;lg(WE/F,T(E))G,baSiC to be those
elements [(v, ¢)] where v factors through Z(G). If F = R suppose that 7" is funda-
mental, while if F' is p-adic assume that T is elliptic. (Recall that in the case F' =R
‘fundamental” means that its split rank is minimal among those of all maximal tori

defined over R. All fundamental maximal tori are G(R)-conjugate - see [BW] section
1.7.1.) If E splits T then

Hilg(WE/Fa T(E))G—basic - Hilg(WE/Fa G(E)>basic'
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(See proposition 13.1 and lemma 13.2 of [K].) We deduce that if E splits an elliptic
(in the p-adic case) or fundamental (in the real case) torus, then

Hl (WE/Fa G(E))basic :> B<F> G)basic-

alg
We further deduce that for E sufficiently large the quotient of H;lg(WE /7, G(E))basic

by its action of Hyy,(Wg/r, Z(G)(E)) embeds into Hyy,(Wg/r, G* (E))pasic = H' (Gal (E/F), G* (E)).
(First choose Ey such that Hy, (Wg/r, G(E))vasic — B(F, G)pasic for any E D Ejy, and

then £ D Fj such that every element of G® (Ejp) has a lift in G(E).)
If F is a p-adic field then x is in fact a bijection

K B(F’ G)basic % AG,Gal (F/F)
and so B(F, G)pasic becomes an abelian group. (See proposition 13.1 of [K].) We
deduce that if E splits some elliptic maximal torus of G' defined over F', then
K- Hal,lg(WE/F’ G(E))vasic — AG,Gal (F/F)

In particular if G is semi-simple, simply connected, then H, ;lg(WE /7, G(E) )basic = {1}
If G is semisimple then

K Hl(F, G) - B(F, G)basic — AG7Ga1(F/F)‘

If F = C then Wgyc = C*, H'(C,G) = (0) and B(C, G)pasic = X«(Z(G)) and
K B(C,G)pasic = X« (Z(G)) — Ag.

4.3. The real case. Now suppose that F' = R. Choose a representative oz%/R for
[oie/r] defined by
-1 ifoy=09s=c
0 _ 1 2
og/r(01,02) = { 1  otherwise.
Then

W(C/]R,Oé(%/R =(C*j: j2 = —1and jzj_l = 2},

with e(1) = 1 and e(¢) = j. Thus an element of Z;lg(W@/Rva(%/R, G(QC)) is a pair (v, J)
where v € X,(G) and J € G(C) satisfy
v=JvJ!
and
J¢J =v(-1).
Moreover [(v,J)] = [(/, J')] € H},(We/r, G(C)) if there exists g € G(C) such that

V= gl/g_1

and
J =qgJ g .
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If p € X.(G) and the image of p commutes with that of “u, then we obtain an
element A\g(p) € Zallg(W@/Rag/R, G(C)) defined by

Aa(p) = (p°p, p(—1)).
Note that H(Xg(,u)) equals the image of p in Ag cai(c/r)- (To see this note that it
o)
If 1 ¢p factors through Z(G), then A\g(u) € Z;lg(WC/R,ag/R,G(C))basic. This induces
maps
¢ : GR)\{n € X.(G) : the images of y and “u commute} — H;lg(W@/R, G(C))

and

suffices to treat the case that G = T is a torus, in which case Ag(u) = COT a0

Ao GR\{p € Xu(G): ‘p=p"eX. (G} - Hy,(Wer, G(C))basic-

(To see the latter map is surjective choose a fundamental torus 7' C G. Given a class
in Hp, (Weyr, G(C))pasic it will be the image of a class in Huy, (We/r, T(C))6—basic;

alg
which in turn is of the form Corgy f for p € X,(T). Then the class is represented

by (pu¢u, u(—1)) and pu is valued in Z(G).) The image Ag(p) depends only on the
G(R)-conjugacy class of ;1, so we will sometimes write Aq([1]c(r))-
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5. SOME EXTENSIONS OF GLOBAL (GALOIS GROUPS

In the case of global Kottwitz cohomology we will need to consider various different
extensions of a global Galois group Gal (E/F') and the relationships between them.
For now consider D D E D F with D and F finite Galois over F. We will be
primarily interested in the case D = E, but we will need the more general case to
allow comparisons as the extension E varies. When we drop D from the notation we
imply that we are in the case D = F.

5.1. Some pro-tori and related groups. If F/F is a finite Galois extension of
number fields we will write 75 g (resp. T3 g) for the protorus over F' with cocharacter
group Z[Vg]| (resp. Z[Vg)o) with its natural action of Gal (E/F). Here Z[Vg] denotes
the free abelian group with basis the set, Vg, of places of E, and Z[Vg]y denotes the
subgroup of elements »_ i, m,w where > m, = 0. Thus there is a natural short
exact sequence

(0) — Gy — Top —> T35 — (0).

We will denote by m, : To g — G, the character corresponding to w € Vg. Now
suppose that D D F D F are number fields Galois over F'. Then we have

I 7o Tee(an) = ] A%
weVg weVE

but with Galois action given by

O'((.Q?w)w) = (Oxa—lw)w-
The map

gives rise to a commutative diagram

(0) — Gm — T27E — T37E — (0)

I LOD/E \ + LOD/E

(0) — Gm — T27D — T37D — (0)7

and the map
Zw myw  —— Zu[DU : EU\E]mMEu
gives rise to a commutative diagram
0) — Gm — Thp — Tz3p — (0)

[D: E] 770D/E \: 4 U%/E
(0) — Gm — T27E — T37E — (0),

and
U%/E © LOD/E =[D: EJ.
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Note that
LOD?E Z[VD]Gal(D/E) ;> Z[VE].
In fact we also have
L%jE : Z[Vplo,al (D/E) — Z[VE]o-
Suppose that D D E D F are number fields with D and E Galois over F. If
t € Ty p(Ar) then for each place u of D we have t, € (A})SP/Fu and t,, = ot,,.
Moreover if w is the place of E below u then

nD/E(t>’LU = Hu’|w HUGGal (D/E) Tt
= HTEGal (D/E)/Gal (D/E)y HUEGal (D/E)y
= 7€Gal (D/E)/Gal (D/E), 1loeGal (D/E),

= Np/pty.

-1
TOT
tTu

TO't
u

Lemma 5.1. Suppose that D D E D F are number fields with D and E Galois over
F. For each place v of F' choose places u(v)|w(v)|v of D and E respectively.

(1) Hi(Gal(D/F),TQE(D))NH H(Gal (D/F)u(w, D*) and

HY(Gal(D/F), Ty,g(D)) = (0).

(2) H’(Gal (D/F),To,p(Ap)) = ey, H(Gal (D/F)u(w), Ap) and
HY(Gal(D/F), Ty z(Ap)) = (0). ,

(3) Z(Gal(D/F),TzE(AD)/T 5(D)) = [lev, H(Gal(D/F)uww), Ap/D*) and
H'Y(Gal(D/F), Ty, p(Ap)/To,p(D)) = (0).

(4) H{(Gal(D/F), T3 5(D)) = (0).

Proof: The proof of the first three parts is standard, for instance it follows the same
lines as the proof of the lemma on page 714 of [T2].
Consider the fourth part. As D splits 75 g there is an exact sequence
(0) — D* — Ty g(D) — T3 g(D) — (0),
and so it suffices to show that
H*(Gal(D/F),D*) — H*(Gal (D/F), To.z(D)) = [ H*(Gal(D/F)u(), D)
veEVR
is injective. In fact it suffices to show that the composite with the map
[1 #2(Gal(D/F)uw), D*) — [] H*(Gal(D/F)uw), D))
veEVER vEVR

is injective. However this injectivity follows from the fact that the Brauer group of F’
(of which H*(Gal (D/F), D*) is a subgroup) injects into the product of the Brauer
groups of all completions of F. [

Lemma 5.2. If D D E D F are finite Galois extensions of F' and if A is any finitely
generated ablelian group (with a trivial action of Gal (D/E)), then

L%jE : (Z[VD] (24 A)Gal(D/E) = Z[VE] QA
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and
L(l))’jE : (Z[VD]O X A)Gal (D/E) SN Z[VE]O ® A.

Proof: The first assertion is clear. For the second use the long exact sequence
associated to

(0) = Z[Vplo® A = Z[Vp] ® A - A — (0)

and the surjectivity of @,y Gal (Dyw)/Ew)® © A — Gal (D/E)* @ A, where for
each w € Vg we choose a place u(w) of D above it.

If D D FE D F are finite Galois extensions of F' and if S is a set of places of F,
then we will write

gloc(E/F)OD’S — H D,z C TQ,E(AD)’

weVE, s

where we consider DX C A} inside the w'-factor. If C' D D is also finite Galois over

F then E°°(E/F)cs is preserved by Gal (C/F) and
(E(/ ) ) O/ = £95( /) .
The map 77%/13 : Ty p — T g sends
770D/E : 510C(D/F>OC,S — 5IOC(E/F)OC,S
Dy :Ey
(x’U«)UGVD,S — (Hu|w l’L ])WGVE,S'
We also define

Sglob(E/F)(l)) = T2,E<AD) X Ty 5(Ap)/T2, (D) ALX)/DX
= {ae€Tyg(Ap): my(a) mod D* is independent of w}
C Top(Ap).

It is preserved by Gal (D/F') and
(£90(1/ F))0 /) = 9B/ )},
which we are denoting simply £81°°(E/F)°. Moreover we have short exact sequences
(5.1) (0) — AY — E8°°(E/F)), — T3 p(D) — (0),
and
(5.2) (0) — E¥(E/F)}), — Thp(Ap) x A} /D* — Ty p(Ap)/To,s(D) — (0)
and
(5.3) (0) — Ty g(D) — EFP(E/F)}), — A}/D* — (0).
Moreover, if C' D D in another finite Galois extension of F', then
Npyp : EXP(D/F)g — E¥P(E/F)e.
This is compatible with the [D : E]-power map Aj/C* to itself.
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Lemma 5.3. Suppose that D D E D F' are finite Galois extensions of F' and that S
is a set of places of F'. For each place v of F' choose places u(v)|w(v)|v of D and E
respectively.

(1) H'(Gal(D/F),E°(E/F)p 5) = [lyes H'(Gal (D/F)uq), Dyy))-

(2) H(Gal(D/F),&°(E/F)p s) = (0).

(3) There is a unique class [a%’?FDS] € H*(Gal(D/F),EY(E/F)}, 5) which re-
stricts to [ag, , /7,D,,) € H*(Gal (D/F)yw), Dyy) for allv € S. This class
does not depend on the chozces of the w(v) and u( ) If S" C S then the image
of [O‘IEO?FD s in H*(Gal (D/F)7510C<E/F)OD,S/) equals [Q1E07FD sl

(4) H'(Gal(D/F), &8 (E/F)p) = (0) and H'(Gal (D/E), £8°*(E/F),) = (0).

(5) There is a left exact sequence

(0) — H?*(Gal(D/F),E8°°(E/F)Y,) — H*(Gal (D/F), Ty x(Ap)) ® H*(Gal (D/F),A},/ D)
— [Lyev, H(Gal (D/F)w), Ap/D*);

and a unique class [Ongh/)?,D] € H%*(Gal (D/F),E8°P(E/F)Y)) which maps to

Gal (D/F)uy (v

€ ([Lev, H*(Gal (D/F)uw), Ap)) & H*(Gal (D/F), A,/ D).

This class does not depend on the choices of the w(v) and u(v).
Moreover [ozlonF pl and [ongk/ﬂ;_,D] have the same image in H*(Gal (D/F), To.z(Ap)),
which we will denote (a9 g/pp).
(6) If C D D D> E D F are finite Galois extensions of F, then

"ID/E [aD/F c, sl = [O‘lEO?F c,s)

and

[ glob ]

"D/ E [aD/F ol = Yg/rcl

(7) If C D D D E D F are finite Galois extensions of F, then

Cl,I/llf)[aE/FD sl = [OélE/ch]
and
. b lob
g/lg [agE(/)F pl = [agE(/)F o)

Proof: The first part is an application of Shapiro’s lemma. The second and third
parts follow easily. The fourth part follows from part [ of lemma [5.1] and the long
exact sequence associated to (5.1]).
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The left exact sequence in t five comes from the long exact sequence associated
5.1

to and part 3| of lemma glob

- The existence of [a%;. ] follows because
Gal D/F w(v)

(D/F)
CorGal (D/F)u('u) /LU(U),* I:OéEw('u)/Fvau('u)]
Gal (D/F )y ()

= COTGal(D/F)y) [Duo) : Ew(v)][ag//D

— [DG&I (D/F)u(v) : DGal (D/F)w(v)] [D

= [D : E] [Oég//DGal(D/F)w(v)]

B ) Gal (D/F)

= [D: E]resGa1 (DJF) () [a?)//F]
Gal (D/F)

LeSGal (D) F)w) [Q%F’D].

Gal(D/F)u<v)]

(@) * Bu)]|

w
(6%
D/DGal(D/F)w(v)]

The images of [algj #.pl and [Oéic/)% plin

H?(Gal (D/F), To,p(Ap)) = [ H*(Gal (D/F)un), AT)

Gal (D/F)'w('u) o Gal (D/F)w(v)
(Zw(v)v*corGal (D/F)u('u) [aEw(v)/F’U?Du(v)])v - (CorGal (D/F)u('u) Zu(v)v* [aEw(v)/F’UvDu(v)])v'

For the sixth part note that, if ¢(v) is a place of C' above u(v), then
(OB, /FoCriy] = [Crw) * By, /r,] = [Duw) @ Buw][aD, /.00 )

and
[O‘g//F,C] =[D: E] [O‘%//F,C]‘

For the seventh part note that

Gl (€Y G /Pt Gal (C/F)y)
u(v . .
res inf Qg JF,.D = inf QF . /F,.D = g, \/F.C
Gal (C/F) () Gal(D/F)u(U)[ w(v)/ Fos u(v)] Gal(D/F)u(U)[ w(v)/ Fos u(v)] [ w(v)/Fo, t('u)]
and
. w w
inf [« = |a )
C/D[ E/F,D] [ E/F,C]
O

We will write a3 g/p,p for the image of agEl’j%,D in H*(Gal (D/F), T3 g(D)).
5.2. Some extensions. We will write Z(E/F)p for the group of 3-tuples
a = (a8, o, B) € [a57h o] X [ p] x C(Gal (D/F), Ty p(Ap))
such that (after taking images in Z?(Gal (D/F), To,z(Ap)))
Poloc = of ¢ 72(Gal (D/F), To.p(Ap)).
(See lemma |5.3| for the definition of [aﬂg‘; r.p) and [agEl‘/);’ o)
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We will also write B(E/F)p for the abelian group consisting of pairs v = (y8°P, y°¢)

where 18°" : Gal (D/F) — E8°P(E/F)Y, and 4'°¢ : Gal (D/F) — E°¢(E/F)%; with
pointwise multiplication. Then B(E/F)p acts on Z(E/F)p via

glob - loc lob 1 ABoPob 7O lob locy—1
() (gsob gloe, ) — (" o 2 goc, g loc) 1)

We write H(E/F)p for the set of orbits of B(E/F)p on Z(E/F)p. We will call two
elements of Z(E/F)p in the same orbit equivalent.
Moreover Ts g(Ap) acts on Z(E/F)p via

t(aglob7 aloc7 5) — (aglob’ aloc’ tﬁ)
This action commutes with the action of B(E/F)p, and the induced action of B(E/F) p

Ty p(Ap) is transitive (because H'(Gal (D/F), Ty z(Ap)) = (0)). The stabilizer in
B(E/F)p x Ty g(Ap) of any e is the group of

((“1,"1), be/a)
with a € E8P(E/F)Y and b € E°(E/F)% and ¢ € Ty p(Ar). (This is because
H'(Gal (D/F), €% (E/F)) = (0) and H'(Gal (D/F), €5 (E/F)) = (0).
Lemma 5.4. (1) If wy # wy are places of E, then the intersection of the images
of DY, and Dy, in A}/ D* is trivial. Thus E8°°(E/F)},NEY(E/F)}, = {1}.
(2) If t € EFP(E/F)Y, and s € E°(E/F)Y), and st € Typ(Ar), then s and
t e TQ’E(AF).

Proof: For the first part, if ¢; € D have the same image in A}, /D> fori = 1,2, then
ti/t, € D* N DX DX, = {1} and s0 t; = t, = 1. Then E9P(E/F)%, N £°°(E/F)Y, =
Typ(D)NEC(E/F)Y, = {1}.

For the second part, write t = (¢,,) and s = (s,,) as w runs over places of E. Also
write ¢ for the common image of the ¢,, in A /D*. We see that for all o € Gal (D/F)
we have

Oty-14 = t, mod D).
From the first part of the lemma we see that °#/f = 1, and so
t € (Ay/D*)C DI — pX/F>

Thus we may write ¢, = tot,, with ¢, € A} independent of w and ¢/, € D*. If
o € Gal (D/F), then

"(t,)/(t) = (su)/ “(su) € [T D* n ] D < [T A

from which we can conclude that 7 (¢!)) = (¢,) and ?(s,) = (Sw). The lemma follows.
U

Corollary 5.5. If a and oy € Z(E/F)p are equivalent, then there is a unique
~ = (78, A1o¢) € B(E/F)p with
o = "o
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Proof: Any other such pair must be of the form (“~2°P, b,yloc) with a € £8°°(E/F)Y,
and b € E°(E/F)Y and a/b € Ty g(Ar). Thus, by the lemma (5.4)), a,b € Ty 5(AF)
so that a,yglob = rygIOb and b,leC — ,Yloc‘ 0

Corollary 5.6. The stabilizer in To g(Ap) of a class a € H(E/F)p is
E°(B/F) S (E/F)pTap(Ar).
Proof: Suppose o = (a#°?, ¢!°¢| B) € a. If ‘a = a, then

(CY Oéglob’ o aloc’ ,yglobﬁ(,yloc)—l)
for some v = (78°" ¢} € B(E/F)p. Then 48°® = 1 for some a € E¥°P(E/F)
(because H'(Gal (D/F),E8°P(E/F)Y%) = (0)) and ¢ = °1 for some b € E°(E/F)
(because H'(Gal (D/F),£°(E/F)%) = (0)) and '8 = “/*8, so that tb/a € Ty p(Ar)
and t € E°(E/F)%LE8P(E/F)L Ty p(Ar). The converse is easier. [J
If C 2D D FE D F are finite Galois extensions of F', then there are maps
infc/D : B(E/F)D — B(E/F)c
(780, 21¢) = (infoyp v#°, infoyp y

glob7 aloc’t ) _ (ngb

0
D
0
D

loc)

and
infe,)p: Z(E/F)p — Z(E/F)c

(a8loP aloc B) — (infe)p aslob, infe)p al°c, infe,p B),

which induce a map
iIlfC/D : H(E/F)D — H(E/F)C

These maps are compatible with the map 75 g(Ap) < To g(A¢) and the actions of
these groups. There are also maps

ND/Ex B(D/F)C — B(E/F)C

(Y8, 7€)+ (pym 0 7", np/E © ')

and
mp/ex: Z2(D/F)e — Z(E/F)c
(aglob’ Ozloc, B) — (77D/E o aglob’ Np/E © Ozloc, Np/E © 5)7
which induce a map
ND/Ex - H(D/F)C — H(E/F)C
These maps are compatible with the map np,g : 15 p(Ac) — 15 g(A¢) and the actions

of these groups.
If BODC D> DD E D F are finite Galois extensions of F', then

infB/C ©) iIlfC/D = infB/D
and
ND/Ex ©NC/D,x = NC/E,«
and
infg/c 0 Np/Ex = NMp/Es 0 infp/c H(D/F)c — H(E/F)p.
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The following lemma is immediate:

Lemma 5.7. Suppose that C' D D D E D F are finite Galois extensions of F.
Suppose also that ac € Z(C/F) and ap € Z(D/F) and ap € Z(E/F) satisfy
Nc/DxOc = 1nfo/DaD and ND/E+OD = 1nfD/EaE with t' € TQD(AC) and t €
TQ’E(AD). Then

— tnp/e(t) ;
Ne/ex0c ="/ (le/lgaE-
To an element a = (a8, a!°¢, B) we can associate extensions, and maps between
them as follows:

o EENE/F)p o =EP(E/F)p auov the extension of Gal (D/F) by £8°*(E/F)Y,
arising from a®'°b.

o Wg/rp,« an extension of Gal (D/F) by Aj;/D* obtained as the pushout of
EEP(E/F)p o along ES°P(E/F)Y — AY/D*.

o &(FE/F)p.«o an extension of Gal (D/F') by T3 g(D) obtained as the pushout
of E8°P(E/F)p o along E8°P(E/F)%, — T3 g(D).

o E°YE/F)pa = EY(E/F)p q0c the extension of Gal (D/F) by E°°(E/F)Y,
arising from o/!°°

o £°°(E/F)psa, for any set S of places of F, an extension of Gal (D/F) by
E°(E/F)}, 5 obtained as the pushout of SIOC(E/F) — EY(E/F)} . (Note
that SIOC(E/F)D’Q = SIOC(E/F)vaF’a )

o &(E/F)p .o an extension of Gal (D/F') by Ts g(Ap) obtained as the pushout
of gIOC(E/F) — 15 E(AD)

o If ujw|v are places of D, E and F respectively, then we obtain an extension
Wg./Fy,D,a Of Gal(D/F) by Dy as the pushout of E°(E/F)p.alcal(p/F).
along £'°°(E/F)}, — DJ; and an extension W, /r, p,.a of Gal (D/F), by Dy
as the pushout of Eloc(E/F)D,a|Ga1 (p/F), along E(E/F)}, — DJ.

e A map of extensions

lOC&l localg—zg 1 EgIOb(E/F)Da — gQ(E/F)Da
aglob ag — /8( ) e loc( )

extending E8°P(E/F)Y — Ty p(Ap).
e A map of extensions

vy Wey/FyDa — WE/F,D,a|Gal (D/F)a
Caloc(0) = (T 0 B)(0)eqmon(T)
extending D) — AY/D*.
We will write £'(E/F)p for any of the above extensions and £ (E/F)Y, for the kernel
of &(E/F)p — Gal (D/F).
If [a1] = [@] € H(E/F)p then by corollary [5.5 we get a unique v = (v8°P,41°¢) €
B(E/F)p with a; = Y. In this case 4. z100, which from now on we will often denote
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i~, gives canonical isomorphisms of extensions from E8°P(E/F)p o to E8°°(E/F)p.a;;
from Wg/ppa t0 We/rp,a.; and from E(E/F)p o to E(E/F)p a,. Moreover i,
which from now on we will also often denote i, gives canonical isomorphisms of exten-
sions from E°(E/F)p o to EY(E/F)p.a,; from E°Y(E/F)psa to E°(E/F)p.sai;
from WEw/FU,D,a to WEw/FU,D,al; from WEw/FvyD'zua to WEw/FU,Du,a1 3 and from SQ(E/F)D’Q
to E(E/F)p,a,- We have i, olocal, = localy, 0 iy and i o1& = 12 0i,. Thus to

a € H(E/F)p we can canonically associate a well defined diagram of extensions:

(5.4)

E(E/F)pa « E¥YE/F)pe — We/rpa
local, |
EY(E/F)psa « EY(E/F)pa —  &(E/F)pa

U
We,/popa  « E°(E/F)plcan/r).
U

WEw/Fopua <« E°(E/F)palca(n/r).;
together with maps
L’?U : WEw/Fv:Dva — WE/F,D,C['
If a = (a®P al°° B) € a € H(E/F)p, we will sometimes write
B () = equon (0) € E3(E/F)pa
and
() = equoc(0) € EY(E/F)pa.

Note that there is an isomorphism of extensions Wg/rpa & Wgas/pp which is
unique up to composition with conjugation by an element of A% /D*. Moreover there
is an isomorphism of extensions Wg,/r, p,a = Wgav/p, p, Which is unique up to
composition with conjugation by an element of D, .

Any map of extensions

0) — E o Wgy /Py — Gal(E,/F,) — (0)
i il I

(O) — AE/EX — WE/F,a‘Gal(E/F)w — QGal (E/F)w — (0)
must be of the form conj, 0.2 for some a € A5/E*. (As H(Gal (E,/F,),A}/E*) =
(0).) If ¢ : Wgpa — Wganyp and ¢y : Wg, /5,0 — Wgas/p, are isomorphisms of
extensions, and if u is a place of E*® above w, then we conclude that ¢ o (% =
conj, o 0, o ¢, for some a € A}/E*. Thus conj,' o ¢ o2 and 6, have the same
image. In particular the image of ¢ o.f is the decomposition group for some place of
E* above w. This suggests that the choice of a is not dissimilar from the choice of

a place of E®P above each place of E.
Ift e TQ,E(AD> then

ESNE/F)pa = EFP(E/F)p g = EEP(E/F)pia
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and
EYY(E/F)po =E(E/F)pgoc = E(E/F)pa.
Thus we get identifications (indeed just equality)
3 EE/F)pa — E(E/F)pia

for all the extensions considered above. They commute with all the unlabelled maps

in diagram [5.4] but satisfy

(5.5) 3¢ o local, = conj, o localty o 3;
and
(5.6) conj, 03¢0ty = L% 03

Moreover 3 o i, = i 0 3;, and so the maps 3, descend to well-defined maps
(5.7) 3 E(E/F)pe — E(E/F)pita

for all the extensions considered above, which satisfy the same compatibilities. (To
be clear, this just means we have maps for any @ € a and these maps commute with
the canonical identifications between the extensions for different o in a.) We have
tita = 3t1 © Jto-

! If a Zje SlgC(E/F)OD and b € E8°P(E/F)% and ¢ € Ty g(Ar) then ®a = a. More-
over 3ape : EN(E/F)pa — E'(E/F)p.q equals conj, ! for E'(E/F)p. = EEP(E/F)p,
or &(E/F)pa or Wg/ppa; and jee = conj, for EY(E/F)p, = E°(E/F)psa or
E(E/F)p,q or We,/F,Da O WE,/F, D, 0

Lemma 5.8. If 7 € Gal(D/F) and a = (a8, !¢, 8) € a , then the automor-
phism conjec ;) of EV(E/F)p induces an isomorphism of its quotients Wg, /r, p.a
and Wg,.,/r, D, Which we will again denote conjgoc(,y. Moreover

a : . : .
Lrop © CONjeloe(7) = CONJg(r) , O CONjglob ) O Ly, - Wey,/Fy,Da — WE/FD.a-

TWw

Proof: The first assertion is clear. We check the equality. Both maps send x € D}
to "x € DX,.
If 0 € Gal (D/F)u, then conj, | () (eqeoc(0)) € W, /F,,p.a i the image of
ealoc (T)ealoc <0>6aloc (T) -1
6aloc (T)ealoc (U)ealoc (Tﬁl)(ealoc (T)ealoc (7—71))71
= a°(1,0)a° (10, 77 Vegoc (TaT 1) (ol (1, 771)alo¢(1,1)) L € EX(E/F)p

and so

conj, . )(€qee(0)) = Trw((7, 0) (70, 7'_1)/T0771(041°C(7', 771)al*¢(1,1)))eqoc (To771)

G WETw/FU7D7a.
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Thus
(17 0 conje .. () (€atoe ()
= Tr0(a(7,0)a (70, 7'71)6(7'(77'71)/TUT_I(OleC(T, 771ak¢(1,1)))eqeon (ToT 1)
€ Wg/FDya-
On the other hand
(con. sy © o, 0 15)(e0(0)
= mr(B(7 ))T(Ww( B(o)))e Cton (T) Canton () qston (T) ™10 (B(7)) ™
= mr(B(r)T(B(0)/ T ( (7)) €asion ()€ qeton () €eion (7)1
= T(B(T)T(B0))/ 77T (B(T))€ason(T)eqnan (0 geaglob(T’ ) (€asion (T) €qson (771)) !
Trw(B(T) "(B(0)) o (7, 0)a (1o, 771) /77T (B(7)))eqsion (ToT )T (a8 (7, 77 aB (1, 1))
Thus to prove the lemma it suffices to check that
oo, o)k (ro, 7 Y B(ror 1Y)/ ror! (ozl‘icl(T, 7 1)a¢(1,1))
= B(1)7(B(0))as (7, 0)as (7o, 771) /77T (B(T)a(r, 7 )aB (1, 1)),
or equivalently that

B(ror™h)
= A1) (Bo)Bra)Brar™) 7 (B(r)T(B(r=)BL)2)/B(r) " (B(0)B(ra) ™ (B(r~1)) T (B(r)B(
which is clear. O

We have an identification of " (E/F) ¢yt , « With the pushout of E°(E/F)p a|cai /)
along

T

B
plo
plo

EB/F)p — E(E/F)

for each of the extensions considered above. (In the case W, JF,,DaWeuse Wg_/p, D.alGal (C/F)ws
and in the case Wg, /r, p,« We use Wg, /r,, DualGal c/r),-) These identifications com-
mute with the maps locala, t5, and 3.

We also have an identification of £’ (E/F)cnp, 5.0 With the pushout of E'(D/F)ca
along

/e € (D/F)g — E(E/F)¢

for each of the extensions considered above, except for the case Wp, r, c.. These
identifications commute with the maps local, and ;.

The case of Wp, /p, .« is much more complicated, and will be discussed in the next
section.

Lemma 5.9. Suppose (8P, ol°c, 8) € Z(E/F)p. If wy,wy are places of E above a
place v of F, then

(T /72) (B(0102)) = (T /) (B(01)) ™ (%1, /1) (B(02))) mod D* D

Moreover

(T, /Ty ) (B(1)) = 1 mod D* D
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Proof: For the first part we have

(T /Tu) (B(01) 7 (B(02))/ B(0102)) = (T, /T, ) (@°(01, 02) [0 (01, 02)) € DX Dy
The second part follows from the first and 12 = 1. [

5.3. The extension Wg, r, pq. Our first aim is to find a more canonical version of
this group which does not depend on the choice of a in the same way that Wga/r, p,
is a more canonical group isomorphic to Wg, /r, D, a-
Fix an F-linear embedding p : £ < F,. We define
W(EFu)ab/Fv,p,D = (D;;(p) A (W(EFv)ab/Fv X Gal (E/F) Gal (D/F)))/Eg(p)
= (D X WisE)e/r, Xcal(B/F)., Gal(D/F)u))/Ey

where:
o Wigp,)m/r, — Gal (E/F)y() is the composition of VIA/:(EFU)ab/FU — Gal (E'F,/F,)
with the inverse of the isomorphism Gal (E/F )., — Gal ((E'F,)/F,) induced

by p.
® Wigr,yw/p, XGal(E/F),,, Gal(D/F)u(,) acts on DX( ) Via its projection to

Gal (D/F)w) C Gal(D/F).
e The map E , — D7} (Wigr,)e/k, XGal (B/F),(,, Gal (D/F)uw(y)) sends a to
(@™, (rer, (P(a))a 1)).
It fits into an exact sequence
(O) — Dg(p) — W(E'Fv)ab/Fv,p,D — Gal (D/F)w(p) — (0),
which has class
for any place u of D above w(p). If 0 € Gal (D / F') then we get an 1somorphism

O-*:W(EFU)ab/Fv,p,D ;> W(EFv)ab/Fv,pcrfl,D
[(a, (r1,72))] +— [(o(a), (11,0707 1))].

Now suppose that p: D < F, is F-linear. Then we define
(58) W(EFU)ab/FU,D,ﬁ = (D:)(ﬁ) X (W(DFv)ab/Fv X @Gal (E/F) Gal (D/F)))/W(DFv)ab/(EFv)

where:
e w(p) is the place of E induced by p|g.
® Wipp,y/k, X cal (g/F)Gal (D/F) acts on D 5 via projection to Gal (D/F)uw () C
Gal(D/F).
e The map W(DFU)ab/(EFU) — D;(m X (W(DFv)ab/Fv X Gal (E/F) Gal (D/F)) is given
by
7 — (5 1k (0l ). (1),



COCYCLES FOR KOTTWITZ COHOMOLOGY 45

We leave it to the reader to check that the image of this map is a normal
subgroup.
Again it fits into an exact sequence
(O) — Di(m — W(E'Fv)ab/Fy,D,ﬁ — Gal (D/F)w(ﬁ) — (0),
which has class
[Du) : Ew(ﬁ)][aDu@/Fv] = HQ(Gal(D/F)u(m, Df(;,)) = [*(Gal (D/F)uw (), D:}(ﬁ))'
If o € Gal(D/F) then we get an isomorphism
Oy . W(EFU)ab/FU,D,ﬁ ; W(EFv)ab/Fv,D,ﬁU_l
[(a, (11, 72))] — [(o(a), (11,0m07H))].
Moreover there are natural isomorphisms of extensions
Wigrys pp5 — WER)™/F 56D
[(a,(m1,72))] +— [(a, (Til(zr,), 72))]

compatible with the actions of Gal (D/F). (We leave the verification of this to the
reader.)
If p: E*> < F, is F-linear, then there is a natural map

9’0 . W(EFu)ab/Fv,p|E,D — WEab/F,D = (AB/DX X WEab/F|Gal(D/F))/(A2‘/EX)
[(a, (11, 72))] — [(a, (6,(11),72))],

which is canonical up to composition with conjugation with an element of Ag. If
o c WEab/F‘Gal(D/F)a then

0,51 00|p«=conj,0b,

up to composition with conjugation by an element of Ag.

If C DD > FE DF are finite Galois extensions of F' then
(5.9) Wier,)m Fulec = (Cogpy X WER ) /F,ple,0lCal (C/F) i ) De)-
Moreover

(9p . W(EFv)ab/Fv,p\E,C — WEab/F,C
is identified with
(Coip) X WiEE)Eypl5,D1Gal €/ F i) Py — (AE/C* X Wran g plaaic/r)) /(A /D)

[(a, (0, 7))] +— (@, (6,(0),7))].
If p: D® < F, is F-linear, then there is a natural map

05 Wierywop0p, — Weepp = (Ap/D* X Wpwp)/(AL/ D)

(5.10) (a, (r 2] — [(arp (0a(r)F ), 7).
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where 7, € Wpab /g is any lift of 7. This map in fact only depends on p|gasp, so we
will sometimes write 05 for p : E* D < F,. This map is canonical up to composition
with conjugation with an element of Ap = Np,gAp. If 0 € Wpav ), then

Ol 1, © OlDs = conjy 0 0

up to composition with conjugation by an element of Ag. Moreover

Werywr. oo —  WiER)/FeD
ﬁ \( / eﬁlEab
WEab/F,D
commutes. We also leave these verifications to the reader.
We see that there is an isomorphism of extensions

~
WEw(p)/F’UvD:u - WEw(p)/F’vavD’

which is unique up to composition with conjugation by an element of D;(p). If
0 Wg/pDa = Wgav/pp and @y - WEw<p)/Fv,D,a = WEw<p)/Fu,p,D are isomorphisms
of extensions then ¢ o L?U(p) and 0, o ,,) differ by composition with conjugation by
an element of AX/D*.

We now want to look at the analogues for Wg, /r, p.o of some of the results dis-

cussed above for W(gp,jev/p, ,,p- This discussion turn out to be significantly more
complicated.

Lemma 5.10. Suppose that D D E D F are finite Galois extensions of a number
field F' and that u|w|v are places of these fields. Suppose also that oo € Z(D/F).
Then there is an isomorphism

Jp/Ba (DX (W, /F, e X cal (5/7)Gal (D/F))) /W, /F, alcal (D/E). — WEw/FoDip,s..00

where

Dy x (Wp,/r,a Xca(g/r) Gal (D/F))

Wp,/F,alca(n/E), — X
— (e(0)7', (0,1)),

and

€ =€p/E : WDu/Fv,a|Gal(D/E)u — ES,

X
w?’

which we embed diagonally in D), is the homomorphism sending

o+ H snas;gl
neGal (Dy/Ew)
for any section s : Gal (D, /Ey) — Wb, /F,.alcal (D/E),- The isomorphism is given by

ip/pal(a, (beg(0), 7)) =a [[ (@), 0)/a(r,7700)) luers . ol7),
neGal (D/E)
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where if ¢ € [, D) we write c|, € [[, D) for the element that is c, at v and 1
elsewhere. We also have
(O-L1) inpyp .y © /B = CONIL iy 1y 1ol © TP/ Einpy e © (1 Xy X 1),
Moreover the map
v 0jpiE.act (DX (Wp,/pyaXcal (g/mGal (D) F))) /W5, alca (o/5). — (A5/D*xWpr)/ (A},
sends
[(a, (1,1))] /> [(a, 1)]

fora e Dy, and
(5.12)

(1 (7)) = conipy i sona (1T €2 (0™ ()& ()T (1) 7 &7 (7).
neGal (D/E)

for (a, T) € WDu/Fv,a X Gal (E/F) Gal (D/F)

Proof: The map ¢ is independent of the choice of section s, it is a Wp,/p, a-
equivariant homomorphism and it is valued in E,; C D,’. The map

Wp./Fyalca(n/e)y, — Doy X (Wp,/py.a Xca(g/r) Gal (D/F))

is therefore a homomorphism with normal image.
There is an exact sequence

(0) — Dy — (DX (Wp, /X cae/r)Gal (D/F))) /Wb, /r,alca (p/5), — Gal(D/F), — (0).

The given map jp/p,« is compatible with the inclusion of D; and the projection to

Gal (D/F),. Thus to prove the first assertion of the lemma it suffices to show that

JD/E,« 15 @ homomorphism that is trivial when restricted to Wp, /5, «|cal(p/E)
Thus to prove the lemma it suffices to check that:

o If (01,m) € Gal(D/F)y XGai(p/r) Gal (D/F) and by, € £°¢(D/F)°, then

IT 70| = T[] 20l

neGal (D/E) neGal (D/E)
o If (01,71) and (02, 72) € Gal (D/F)y Xgai(g/r) Gal (D/F) then

l:[ne(}al (D/E) (aloc(m 01)/04100(7'1771_17701)) |
[T ccar (/i) (@°°(n, 02) /(73,73 ' 1072)) |nu>77D/E,*(C¥1°°)(T1, )
HneGal(D/E) (77(04100(017‘72>)04100(77701‘72)/041%(7172772_17'1_1770102)) |nu
o Ifoc € Gal(D/E), and b € D), then

b)) T (1) (.0)/a (1,70)) e oe(1) =1
neGal (D/E)

w®

11 WEUJ/F’U:D’nD/E,*a'
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o If (0,7) € Gal (D/F)y Xgal(g/r) Gal (D/F) then

loc loc r oc _
[Lcca om0 (o)) " a(n,0) /7 ol (m, 77 00)) g T (¥ (1))
( { ) 1 1
= (mp/e 27N )lw [ eca (o/m) (@ (0, 0) /o (7, 7700)) yu-

o Ifbc D then

(I 2@ 1] = [T e mblucg™ ()™ | ea(1)~PH, (1)
neGal (D/E) neGal (D/E)
in (A5/D* x Wpp)/(AL/D>).
o If (0,7) € Gal (D/F)y Xgal(g/r) Gal (D/F) then

(1-7)
(HneGal (D/E) 3(”)nu> L cca p/m €22 (T 1) B(0) e8P (0)e8" (1) "1 eg° (1)~
HneGal (D/E) (aloc(ﬁa 0)/a(r, 7'71770)) (D EB)(T)|w
in (A%/D* x Woyr)/(A%/D%).

(The first two assertions show that

ipseal[(1, (bieg(o1), 7)1, (baes(02),72))]) = jp/eall(1, (bren (o), 7)))ip/Ea((1, (b2eg(02), 72))

The third assertion shows that jp,p o vanishes on Wp, /Fv,a\gal (p/E),- The fourth
assertion proves equation [5.11] The fifth and sixth assertions prove equation for
the element [(1, (belo¢(a),T))].)

The first assertion is equivalent to

H (7’1770'1_1)(0—1()2”7_17]0_;1” = 7,/(Ull)2)|77u7
neGal (D/E) neGal (D/E)

which is clear on changing variables in the product.
The second assertion is equivalent to

[Lcca o)z (@, 00)a (11, 75) /@ (11, 7' 101) ) [u
1 loc 1 loc —
HneGal(D/E) ( "alC(n, 03)/ " alo¢(1y, 7y 177‘72>) |7’17]U_1u
1

= Ilccam/m ("alo¢(ay, 02) ¢ (0, 0102) /& (1172, 73 171 ' 10102)) |u

or

loc( 71 aloc

T1,T2) (17 oy, 09) /o (11, 7 o) T1a100<7'277'2_17'1_1770102)) |u
o¢(n, 0102) /0 (1172, 75 ' 71 '00102)) u

HneGal (D/E) (7?‘101%7]7 01)04
necal (/) (%01, 02)a
or

HneGal(D/E) (Tl@loc(ﬂ_lﬁal, 02)/0410C(71a71_17701)) |nu

HneGal (D/E) (7704106(0'1, Uz)abC(Th 0102)/0410C(77> 01)) |nu

ILccan/m) ("o (a, 75 M1yt mo102) [Ty, Ty b o)

71, TQ)) |17u-
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Apply the cocycle relation twice the right hand side is just

[T (&Mo1,02)/a(r, 77 '00102)) [
neGal (D/E)

Applying the cocycle relation once this also equals the left hand side.
For the third assertion note that for b € D) and o € Gal (D, /E,,) we have

= 11 20w

n€Gal (D/E)
and
cea‘@)= [ o*Wo)l.eE;cD;.
neGal (D/E).
Ifa e E C D) andif R C Gal (D/FE) is a set of representatives for Gal (D/E)/Gal (D/E),,
then we can write a = [ ‘@', where @’ is a thought of as an element of D). Thus

If R C Gal(D/E) is a set of representatives for Gal (D/E)/Gal (D/E),, the latter is
equivalent to

(2(0) = Tier (Tyecu s, @*0.0)L.)
)

= H(ER HneGal (D/E)u(caloc(n7g) |cu
- HCER HneGal (D/E), (a°°(¢n, 0)ale(¢,m) /(. m0))|cu
CER HneGal (D/E), a**(Cn, )| cnu
CER HneGal (D/E), a*°(¢,m) lcu/
CER HneGal (D/E), a**(¢,n0)|cu
- neGal (D/E) ¢ (1, 0)|nu
e DX

w*

Thus the third assertion is equivalent to

e(beg’(0)) = I  @®am.0)/a1,n00)) | (p/p.a) (L 1Dl,
neGal (D/E)
ie. to
Oéloc(ﬁ, 0)‘77U — H (04100(77, U)aloc(l, 1)/Oéloc<1’ 770)) ’Tiuv
neGal (D/E) neGal (D/E)

which is true.
The fourth assertion is equivalent to

1. loc

ITecat (/) (7 (1) ™y 1(0)71“(770)7
ILccan/m) I“Y100<77))|;7071u
= HneGal (D/E) 7T (7)) s

loc( 100(,0)—1 n’}/loc(0')_1/’}/10C(770')’}/10C(T>_1 T,)/loc(,r—lno.)—l)‘nu
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ie. to
H ( VIOC(T_IUU)_IHW = H ( 710C(77))|Tn0*1u7
neGal (D/E) neGal (D/E)
which follows immediately on changing variables.
The fifth assertion is immediate because

IT =TI & mblea®m,

neGal (D/E) neGal (D/E)

and we can move e8°P(1) across the comma at the expense of replacing it by its
[D : E]-power.
The sixth assertion is equivalent to

o (HnEGal (D/E) 5(”)%)

o1 o — o o — o —
L ccanm(™ BO) o108 (Tno~" 0)eg (Tn)eg (1)~ g (1)~

= Lycca e (@ 0,0)8m) "B(0)B(1)B(ne)/B(na)ad (.77 na)B(1) " B(1~'na)) Ly,
i.e. to

[ecar (/e (B "B lyu/ B0 mu) Hyeca (p/m) (@2 (Tne ™", o) fa(7,1))
neGal (p/) (@3 (1, 0) [#P (7, 77 1))

HneGal (D/E) (B(n)"B(0)) lnu/ HneGal (D/E)(Tﬁ(n)ﬂmm

which is seen to be true, by change of variable. []

5.4. Explicit cocycles. For comparison with some constructions of Langlands in
[L], it will be useful to us to have a more explicit form for some elements of Z(FE/F).

Fix the following data

. glob
o representing [a) ],

a place w = w(v) above each place v of F,
,, representing [, /p,] for each such w,
a section s, : Gal (E/F)/Gal (E,/F,) — Gal (E/F) with image H,, for each
such w,
and, for each such w, a function v, : Gal (E,/F,) — A} such that " (m, o
@) |Gal (B /F)) = tww € Z*(Gal (Ey/F,), Af). (This is possible as « is equiva-
lent to some '°° in Z%(Gal (E/F), Ty g(Ag)).)
Also set 6,(0) = 07 1s,(0).

Then

a(o1,00) = [ 11 Suw (1) (5w(1) " o150(070), 50(07 1) " 05005 o7 )
vEVE neGal (E/F)/Gal (Eyw/Fy)

is a representative of [alE"j p). (If one restricts the class to Gal (E,,/F,) and projects
to EY one certainly recovers «,,, so the only thing to check is that a(oy,09) is a
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2-cocycle. Writing out the cocycle relation and changing the variable from n to o1
in one of the terms, what we need to check is that

(sw ()" o15w(07 ') (sw (07 '0) 02w (05 oy '), swloy toy ') " ossw(oy oy tor )
aw(sw (n>_1015w(0;17]>7 Sw(0;177)_102035w(U??laglafln))

= w(sw(n) 010280 (05 107 '), sw(oy tay 'n) ossw(oy oy tar ')
w(50(n) Lo1su(07 '), swlor'n) Loasw(oy o n),

which is just the cocycle relation for «,.)
Define

ﬁ : Gal (E/F) — TQJ;(AE)
by

TowB(0) = Touw(@(50(1), () " T50(0 ) /0, 50(0711))) ™ (u(s0(0) o5 (0 ) 7"
We claim that (a, !, 8) € Z(E/F), i.e. that

B
¢ = a.

Our verification is a rather ugly cocyle computation. We need to check that

Blo102)B(01) 7 7 (B(02)) " (01, 02) = (o1, 02)

or, after projecting under m,,,, that

T (01, 02)
an(ﬁ(glo-Q)ﬁ(o-l)il) ot (Tra;lnw(ﬁ(oé)))il

Sw(n)(O‘w(sw(n)_lalsw(afln>7 Sw(Jfln)_1025w(0510fln))>-

Substituting for g using the definition, the right hand side equals

T (S0 En) su(n) 10103500 01 1)) (Uusw(fffln)))f1

an( ( ), sw(n)” Ulsw(01 n))a (01027%(05101_ 7))
Tyt (@02, 50(05 o7 n)) Ja(sw (07 '), sw(0r 'n) oasw(os o7 )]

[8”(")(%(%(77) Lo150(07 '), 5007 ') oasw(0y oy ')

0 (3, (50(n) T 180 (07 0)) ) (Y (50 (1) 1010280 (05 o7 ')

018w o7t — — -1 _—
=) (o (s (07 ) M oasu(og o )]

or, using o; o7 = Ty © 01 and 7 (7, © @)|Gal (B, /F,) = O, this becomes

“lo1ogsu(ay 0y "m)alon, su(or 1))

Suw (1), 8w(1)” 1U1Sw(01 n)e (0102, 50(05 01 '17))) ™

(a 02, 50(05 oy )))/ Ha(sw(oy '), sw(oy 'n) " oasw(oy oy ')
)™

1018w(01 n), sw(oy 'n) " oasu(oy oy ),
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which in turn, after using s,,(7) o 7, = Ty © S,(7), equals the image under m,,, of

a5 (), sw(n) ' o10250 (05 07 ")) a0, 50 (07 1))

(a(sw(n), sw(n) " torsw(or'n)) (o109, sw(oy o1 ') "
1{a(az, sw(0y o7 ')} “Ha(swlor '), swloy 'n) " oesw(oy 'oy 'n))}
" a(30(10) 7 015007 n), S0 (07 ') 0280 (05 o7 ') )

Using the cocycle relation for a three times, we can rewrite this

a(50(n), 50(n) Lo10280(05 o7 n))alor, sw(o7 M)

(a(sw(n), sw(n) " orsu(or 'n)) (o102, su(03 o7 ')
{a(o1, 0250(05 o7 'n)) (o102, 50 (05 o1 n))a(or, 02) }

{a(o15w(or '), sw(oy 'n)oasw(og oy 'n)) T alon, swlor 'n)) (o, o2sw(0y Loy ')}
{a(orsw(or'n), swloy 'n)  oasy(oy oy 'n))asw(n), sw(n) orsw(or 'n))

a(sw(n), sw(n) Fo10250(0y oy )71}

-1

-1

in which almost everything cancels leaving just a(oy, 02). The claim follows.
Let us be still more explicit in a special case. Assume that F' = QQ and that E is
totally imaginary. We may and will assume that
e o(1,1) =1,
e «,(1,1) =1 for all w,
e 1€ H, for all w,

( ) = —1 if 01 = 09 = Cy(c0)
Fw(e) 01, 72) = 1 1 otherwise,

Yw(so) 18 identically 1,
and (0, cy()) = 1 if 0 € Hy.

(To achieve the last of these we replace a by Yav where (1) = vy(cw()) = 1 and
V(O Cuw()) = (0, Cuoe)) (o) if 0 € Hy.) Then

L oo ) =allo)
o 0{Cutoe) Cutoe) o) = ~Lu(oo);
b (Ua Cw oo))ow (00) — _1aw(oo) if o gHooa
_10' ogow(oo if 500(02) 7& 500(0-102)
° Oé(Ul;O'QCw (o0) )alo'gw(oo) = 04(0'1;0'2)0'10'211)(00) { 1 1o2w(co) if 5oo<0 _ 5()0(0_102).
(For the penultimate of these note that a0, cy (o)) = 7(Cu(o0)s Cu(oo) ) (T, 1) /(T Cuy(00)s Cus(oo) )

and for the ultimate one use the cocycle relation.) Thus

Tuw(eo)B(0) = Tyu(oo) (a(ndac(n), 0o () (07 1n)) /(o 01_177500(0_177)))
_ 1wt ] w1 dso(07m) #1
= Wﬂw(m)(a(07g 177)) ! 1 (o) if 5@%01773 —1
for all n € Hy, and o € Gal (E//Q). In particular

7Tw(oo)ﬁ(cw(oo)) =1
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Although this doesn’t fix a uniquely, we will use oy to denote the element of
Z(E/Q) arising from such a choice. Also choose py : Eyos) — C. Then we get a
canonical identification _

@0 . W(C/]R ;> WEw(oo)/Q(X‘MQO'
Moreover

ap (6100

Li(co)\Ca (Cw(m))) = eilgb<cw(00))'
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6. KOTTWITZ COHOMOLOGY: THE GLOBAL CASE
We will continue with the notation of the previous section.

6.1. Algebraic cohomology. We will be concerned with the following algebraicity
conditions:

(1) For the algebraic cohomology of E°¢(E/F)p s, we will use the algebraicity
conditions
Ns = {(Vw)wesy : Vw € X«(G)(D,) and v, = 1 for all but finitely many w}
and
Nspasic = {(vw) € N : v, factors through Z(G) Yw € Sg}.

(2) For the algebraic cohomology of &(E/F)p, and E8°°(E/F)p, we will use
the algebraicity conditions

N ={v € Hom (T35, G)(Ap) : v is G(Ap)—conjugate to an element of Hom (75 g, G)(D)}

and
NMoasic = Hom (Ty, g, Z(G))(D).
(3) For the algebraic cohomology of Wg, /r, p,.« we will use the algebraicity con-
ditions
Ns = X.(G)(Du)
and
Nspasic = Xu(Z(G))(Dy).
(4) For the algebraic cohomology of &(E/F)p . we will use the algebraicity con-
ditions
N =Hom (T3 g, G)(D)
and
Noasic = Hom (T3, Z(G))(D).
We will denote the corresponding pointed sets of cycles and cohomology classes
ZL (E(E/F)p+, G(Ap)) and ZL (EY(E/F)p.ay G(AD))basic and HY (E*(E/F)p, G(Ap))

alg alg alg

and HY (E'(E/F)p, G(Ap))pasic, where

alg
(1) For glOC(E/F)D’S,a we will use AD = AD,S'

(2) For &(E/F)pq and E8°P(E/F)p, we will use Ap = Ap.
(3) For Wg, /p, D.,a We will use Ap = D,,.

(4) For E(E/F)p,q we will use Ap = D.

We have a canonical isomorphism
Hallg(WEw/FvyDuya7 G(Du)) = Hallg(WEw/FvyDu7 G(Du))

preserving basic subsets and products.

Lemma 6.1. In each case v is determined by U.
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Proof: In all cases except the case E8°P(E/F)p , this follows because the the rational
points in a split torus are Zariski dense. In the case £8°P(E/F)p, suppose that T
is a split torus over a number field D and that 14,5 : T — G are homomorphisms,
defined over D, to an algebraic group G. Suppose moreover that g1,92 € G(Ap)
with giv1g;! = gavagy ' on T(D). We need to prove that giv1g;" = garngy ' We
immediately reduce to the case T' = (,, in which case it suffices to show that D*
is Zariski dense in Gy,/a,, 1.e. that if f € Ap[X, X '] and f vanishes on D*, then
f =0. As D is infinite, this follows easily by using Vandermonde determinants.(]

The map local, induces an isomorphism

localy : Z3,(E2(E/F)pa, G(Ap)) — Zy,(E¥°°(E/F)p., G(Ap))

alg

which is functorial in G and preserves basic subsets and passes to cohomology. (The
map sending (v, ¢) € Z3,(E¥°°(E/F)p., G(Ap)) to (v,¢'), where

¢'(az) = 7(a)p(z)

for a € Ty g(Ap) and x € E8°P(E/F)p 4, gives a two sided inverse.) We will denote
its inverse simply

loce : Zyyy (€8 (E/F)pa, G(Ap)) = Zyy(E2(E/F)pa, G(Ap)).
We will also denote by loc, the composite map

loca : Z3yy(E3(E/F)pa, G(D)) — Zy,(E8°°(E/F)pa, G(Ap))
— Zpy(E(E/F)pa G(AD)),

which is again functorial in G and preserves basic subsets and passes to cohomology.

We have loc,(¢102) = locg(¢1)loc(h2).
If S O S then there are natural maps

Za(E°(E/F)psa, G(Aps) — Zy(E°(E/F)p.sa G(Aps))
=% Z},(E°(E/F)psa G(Ap,s))

with composite the identity. The first arises from functoriality [B] of section [3and the
natural maps

o E°E/F)psia— E(E/F)psa,

o G(AD,S) — G(Apﬁ/)

e and NS — NS/.
The second arises from functoriality [C] of section [3] and the maps

o £°(E/F)p,sia = E°(E/F)p s,

® G(AD,S/) - G(AD,S)

e and Ny — Ng.
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These maps are functorial in GG, preserve basic subsets, commute with products and
pass to cohomology. They give rise to isomorphisms

Za5(E°°(B/F)p.sa, G(Ap,s)) —>H ag(E°°(E/F)p g}, G(Dy))

vES
and
(6.1) H (E°(E/F)psa G(Aps)) — H g (E°(E/F)p {}.0: G(Dy))
vES

where the product is restricted with respect to the subsets (defined for almost all v -
i.e. for those finite v for which G has an integral model) Z'(Gal (D/F), G(Op,)) and
Im (H'(Gal (D/F),G(Op,)) — HY(Gal(D/F),G(D,))) respectively. (To see this,
note that to give an element (v, ¢) € Z,,(£"°°(E/F)p,sa, G(Ap,s)) it is equivalent to
give a pair (v, ¢,) for all v € S where v, € X.(G)(D,) with v, =1 for all but finitely
many v and
¢y : E(E/F)psa — G(D,)

is a 1-cocycle such that ¢,| Eloc(B/F)Y, equals v, composed with projection to D, such

that for all z € E°(E/F)p 5. we have ¢,(z) € G(Op,) for all but finitely many v.
As ¢, factors through the finite group Gal (D/F') for all but finitely many v, this last
condition is equivalent to ¢, € Z'(Gal (D/F),G(Op,)) for all but finitely many v.
For all v we may think of (v, ¢y) € Zy,(£°(E/F)p fo}.a, G(Dy)), and the assertion
follows.)

These isomorphisms preserve basic subsets. If G is connected the right hand side of
the second of these isomorphisms becomes simply @,esH,,, (€ lOC(E /F)p 01,0, G(Dy)).
(See the corollary to theorem 6.8 of [PRI.)

If u|w|v € S are places of D, E and F respectively, then we get a map

(EY(E/F)psq G(Aps)) —> Z}{*( (51°C(E/F)D5a|c;a1(D/Fu,G(ADS))
— Z;lg<WEw/FvyDu7a7 G(Du>)7

alg

resy : Zog

the first map coming from functoriality [B] and the second functoriality [C| of section
. Here Z}(*(G)(Dw) simply refers to algebraic cocycles with algebraicity condition
X.(G)(Dy).) This map is functorial in G, preserves basic subsets, commutes with
products and passes to cohomology. It follows from lemma that

(6.2) TeSy : (gIOC(E/F>D {v},as G(Dy)) — H;lg(WEw/FwDuya? G (D)),

alg

and similarly for basic subsets.

Note that res,, = 0. o res,. We deduce that if D?/E°/F, are finite extensions
abstractly isomorphic to D, /E,,/F, for any, and hence all, u|w|v € S, then we obtain
a natural map

respor, © Hag(E°°(E/F)p.s,G(Ap,s)) — Ha,(Wgoyr, po, G(DY)),
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defined as 7, ores, for any u|w|v and any 7 : D,, = DY over F,. (The point being that
respo/r, does not depend on the choice of u or 7.) This is functorial in G, preserves
basic subsets, commutes with products and is an isomorphism if S = {v}. If G is
connected, then

Hyy(E°(E/F)p.s,G(Ap.s)) — €D Hay(Wesy,.0, G(DY)).
vES

The composite

respo/p, © locy 1 Hy, (E3(E/F),G(E)) — Hy,(Wgo/p,, G(EY))

alg
coincides with the localization map defined by Kottwitz in [K].
Ifa,0 € H(E/F)p and if t € Ty g(Ag) with @’ = *a, then we get isomorphisms
2= ((30)7")"  Zy(E'(E/F)pa, G(Ap)) = Zyo(E'(E/F)pw, G(Ap))

alg

which preserve basic subsets. (Recall 3; was defined in equation [5.71) These are
functorial in G, commute with taking products and pass to cohomology (as 9z,(¢) =
2(?9)). Moreover z; commutes with the maps resg and res,,, while

locigzy(¢) = ¥* Wz (loce).
If a € Top(Ar) and b € ESP(E/F)Y and ¢ € E°¢(E/F)Y, then

Zabct(¢) = V¢(b)zt(¢)
(E3(E/F)pa, G(D)) or ZL (E9°(E/F)p e, G(Ap)), while

alg

Zabet(0) = "2 ) 24(9)
if ¢ is in any of the other groups of cocycles Z (€' (E/F)p,a, G(Ap)). Thus on the

level of cohomology z; is independent of ¢ and only depends on a and a’. In par-
ticular H;lg(g?(E/F)D,a,G(AD)) and H;lg(g?(E/F)DJ,G(AD))basic are canonically
independent of a, so we will drop the a in the notation and denote them simply

if g€ Z}

lg

H (E(E/F)p,G(Ap)) and Hy,(E'(E/F)p, G(Ap))basic- Moreover the map
loce - HYy (E4(E/ F)p, G(D)) — HA(E(E/F)p, C(Ap))

is independent of a so we will denote it simply loc. The same is true for resg and
res,.

Now suppose that C' O D D E D F' are finite Galois extensions of F. We have
maps

infc/D : Zaldg(g?(E/F)D,a’ G(AD)) — Zallg<g?(E/F)D,a|Gal(C/F)7 G(Ac))
— Zp(EN(E/F)inte,pa G(Ac))

where the first map arises from functoriality [B| (and the map E'(E/F)pq|cai(c/r) —
E'(E/F)p,) and the second from functoriality

of section (and the map E*(E/F)p.alca (C/F) —
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EYE/F )Cjinf P ). These maps are functorial in G, preserve basic subsets, commute
with products, and pass to cohomology. We also have
iIlfC/D o IOCa = lOCinfc/D a© infc/D
and infg/p also commutes with resg, res, and z;. We also have maps
Moy Zag(E B/ F) om0 G(A0)) — Zyg(E'(D/F)cq, G(Ac))

induced by functorialityof section (and the map E°(D/F) ¢, — E?(E/F)CWD/E,*Q).
These maps are functorial in GG, preserve basic subsets, commute with products, and
pass to cohomology. We also have

7773/E o loan/E7*a = loc, © 77*D/E
and
ND/E © Znpys(t) = %t © 1p/&-
Moreover 77, B commutes with resg and res,,.
If ap € H(D/F) and ap € H(E/F) then, by the transitivity of the action of
Ty, 5(Ap) on H(E/F)p (see the paragraph before lemma [5.4), we can find a ¢ €
T 5(Ap) with np,p.ap = tinfD/EuE. Then we set

2 1nfD E 2
infpy s+ Z,(E (B F)ap, G(A) 25 23 (F/F)psnty mes: GlAp))
- Z;lg(g?<E/F>D/’7D/E,*aD7 G(AD))
n*D E ?
% Z3,(E1(D/F)ap, G(Ap)).

this map is functorial in G, preserves basic subsets, commutes with products, and
passes to cohomology, where it is independent of ap, ag and ¢ so we will denote it
simply infp,p. These maps are all injective, even on the level of cohomology. (The
first map because it is inflation, the second because it is an isomorphism, and the
third from its definition.) If a € Ty g(Ar) and b € E8°P(E/F)Y%, and ¢ € E°(E/F)Y,,
then "
. _vg(b)
o) = 0O

(E3(E/F)ag, G(E)) or ZL(E8"(E/F)a,, G(Ap)), while
inf (g) ="*") inf (¢)

D/E,abct D/Et

(E(E/F),,,G(Ag)). Note that

if g € Z,

Ig

if ¢ is in any of the other groups of cocycles Z;lg

infE/E,t = Zt
and
(6.3) loce, (infp/pi(9)) = ”¢’(t)infD/E7t(locaE<;§)
and
Vintp,po = Vo OTID/E-
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If C' D D is another finite Galois extension of F' and if ac € H(C/F) and if t' €
TQ’D(AC) with 7]C/D7*ac = t/iIlva/DClD7 then

infC/D’t, @) infD/E’t = infC/E,tnD/E(t’)-

We define
B(F,G) = limFHilg(é'g(E/F),G(E))

—,E/
and
BY¢(F,G)g = lim Hglg(SIOC(E/F)S,G(AE,S)),

—,E/F
and similarly for the basic subsets. We have maps
loc : B(F,G) — B“(F,Q)

and

resg : BY°(F,G) — B"(F,G)s
and, for v € S,

res, : B°°(F,G)s — B(F,, Q)
for any place v of F. (Recall that B(F,,G) was defined in section [4.1, These maps

are simply the direct limits of the maps defined above.) These maps preserve the
basic subsets. Note that

res, : B°(F, Q) gy — B(F,,G)

and ,
B(F,G)s — || B(F., @),
veS
where the product is restricted with respect to {Im (H'(Gal (F}*/F,), G(Opm)) —
H'(Gal (F™/F,),G(F™)))}, where F™ denotes the maximal unramified extension of
F,. (These isomorphisms are just the direct limits of the isomorphisms and )
If GG is connected, then

B“(F,G)s — @ B*(F., G).
vesS
These all preserve basic subsets.

6.2. The algebraic cohomology of reductive groups. Now suppose that G is
reductive.
If a = (a#P al°° 3) € a € H(E/F) and T over F is a torus split over £ then

corf® = cormor 1 Z[Vie]o @ X, (T) = Hom (T35, T) — Z(E3(E/F)a, T(E))

alg
and
cor'®® = corgee : Z[Vg] @ X,.(T) — Z}

[e alg

(E°(E/F)e, T(AR))
induce bijections
cor : (Z[Vglo ® X(T))gal(5/r) — Hyy(E3(E/F), T(E))
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and
cor : (Z|Vg] @ X (T))Gal(/F) — Hjlg(SIOC(E/F),T(AE))
which are independent of . (Note that cor,, depends on a and not just its image in
H(E/F).) (For the global case see formula (9.1) of [K]. The local case follows from
the corresponding result for local fields. Recall that T ; was defined in section [5.1])
We have the following special case of the general observation made in item [E| of
section [3}

Lemma 6.2. Suppose that o = (a8 !¢ 3) € a € H(E/F). Suppose also that
T/F is a torus split by E and that x : Ts g — T is a homomorphism (which must
then be defined over E). Set

b= ] o 'xBm)™"

n€Gal (E/F)
Then
10CaCOT et (X ) = PcOT groc (X ).

Suppose also that

e (5 splits over F,
e and F is totally complex.

Then there are maps
K- H;lg(g3(E/F)7 G(E)) — (Z[VE]o ® Ag)ca (B/F)
and
K Hy (E°°(E/F)s,G(Ap,s)) — (Z[VE,s] ® Ag)ca(&/r)

with the following properties:

(1) They are functorial in G.

(2) If G =T is a torus then they equal cor™.

(3) Koresy equals the composition of the natural map (Z[Vg s| ® Ac)gal (2/r) —

(Z[VE,s'] ® Ag)cal(5/F) With k.
(4) K oresgo/p, equals the composition of the natural map

(Z[VE,s] ® Ac)cai(g/p) — (Z[VE (o)) @ Ac)cal (/) — NG,Gal (£9/Fy)

with &.
(5) koinfp/g equals the composite of the natural isomorphisms

(Z[Vp,s] ® A)ca(p/r) — (Z]VE,s) ® Ag)cal (5/F)
or
(Z[Vblo ® Ac)cal (p/r) — (Z[VE]o ® Ag)ar(5/F)
(induced by the maps Z[Vp| — Z[Vg| sending u — u|g) with k.
(6) & oloc equals the composition of the natural map (Z[Vg]o ® Ac)qal (2/F) —
(Z[VE] ® Ag)cal(z/r) With K.
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We will denote by K¢ the composite

Hy (E°(E/F)s,G(Ap,s)) — (Z[Ve.s] @ Aa)cal(5/F) = Ma.cal (/P

induced by Y w ® x, — >, Ty Note that Kz oloc = 0. (In the local case we
construct x from the corresponding maps for local fields using the decompositions

alg(gloc(E/F)Sv AES @ alg WEO/Fw (EO))
veS
and
(Z|VE,s] ® Ag)gai (B/F) = @ AG Gal (B9 F)-
veS
Then all the above properties, and the construction of x in the global case, can be
found in [K], particularly sections 9 and 11. We warn the reader that our % has a
different meaning from Kottwitz’s use of the same symbol.)
Note that we obtain a commutative square:

B(F,G) — (Z|Vg]o ® Ag)ca (F/F)
loc | i
BY(F,G) — (Z|VF] ® Aa)qa (7/r):

If E/F splits G then Kottwitz proves that there is a cartesian square

Hv\oo B(Fm G)basic

®y|ooTesvoloc

B(F7 G)basic

K i Hv\oo k ‘l/
(Z[VE]o ® Ag)cal (8/F) — Hv‘oo Ac,Gal (Ew/Fy)
Zw w @ [Ay] — (ZUEGal (E5/Fy)\Gal (E/F) U)‘aflﬂ)vlooa

where v]v. (See proposition 15.1 of [K].) In particular the fibres of x : B(F, G)pasic —
(Z[VE]O &® AG)Gal (E/F) are finite.

Lemma 6.3. loc : B(F,G)pasic — kerkE C BY(F, G)pasic 15 surjective with finite
fibres.

Proof: For the surjectivity, if £(1f) = 1 then we may lift £(¢) € (A¢®Z[VE])cal (5/F)
to an element A € (Ag ® Z[VE|o)cal (g/F)- The image of A in Hvbo AG Gal (B, F,) equals
the image of k(1)) and hence the image of res,,tp. Thus, by the above diagram, we
can find ¢ € B(F, G)pasic With res,locg = res,ip and k(¢p) = A. This implies that
rkres®loce = kres™e), so that res*loce = kres™1p. Thus loce = .

If ¢,¢' € B(F,G)pasic have the same image in B(F, G)pasic, then ¢'¢p?
B(F,?G)pasic has vy = 1 and so ¢'¢p~" € H'(Gal (F/F),?G). In fact ¢'¢p~"
ker! (Gal (F/F),®@), which is finite. (See for instance theorem 6.15 of [PR].)0

If S is a finite set of places of F', we will write B(F, G)gpasic for the inverse image
in B(F, G)pasic under « of the image of Z[Vp slo ® Ag in (Z[VE]o ® Ag)Gai (g/r)- (Here
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E/F is any finite Galois extension that splits G. To see that the definition does not
depend on the choice of E, use lemma )

Lemma 6.4. If S is a finite set of places of F', then there is a finite Galois extension
D/F such that B(F,G)spasic is contained in the image of Hy,(Es(D/F), G(D))pasic-

Proof: Let E/F be a finite Galois extension which splits G. Note that Ag/X.(Z(G)°)
is finite and hence (Z[VE,S]O®AG)Gal (E/F)/(Z[VE,S]O®X*(Z(G)O)>Gal(E/F) is finite. We
conclude that B(F, Z(G)%)s has only finitely many orbits on B(F, G)spasic. Moreover
B(F, Z(G)")g is finitely generated (being isomorphic to the image of Z[Vig s] @ Az
in (Z[Velo ® Azc)o)cal(g/r)). Thus there is a finite Galois extension D/F' containing
E such that B(F, G)gpasic is contained in the image of Hy,(E3(D/F),G(D)).0

Kottwitz also shows that there is a commutative diagram with exact rows
(0) — ke'(F,G) — B(F,Gpasc —  B(F.G) ™5 (A¢)gu@m
I 1 i B
(0) — kerl <F7 G) — ot (F7 G) — @UEVF o' (Fw G) — (AG>Ga1 (F/F)"
(See proposition 15.6 of [K].)
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7. RIGIDIFICATION DATA.

7.1. Technical lemmas. Suppose that D D E D F are finite Galois extensions of a
number field F, that u is a place of D and that a = (a8, o°¢, 8) € Z(D/F). We
define

Yeue : Woipa — AL/D*
aeg®(r) — (Np/p(a) /") T, e p/m) (@@ (0, 7)B(0)gu) /(a2 (7,1) T (B(1)a))
= Ilccamym & () (aeg®(1))ed (no) =)/ ((aeg(1))e& (n)es > (tn) ")

T (M oy B,

We will see that this is an explicit element of Z'(Wp,pa, A}/ D*) which extends the
endomorphism of AY,/D* which sends a to Np,p(a)/alP*?.

Lemma 7.1. With the above notation and assumptions we have:
(1) If a € A}, /D> then Ypua(a) = Np/p(a)/aPEl
(2) [f 01,02 € WD/F,OU th@’ﬂ, fVE,u,a(o'lo'Z) = fVE‘,u,a(O—l)JQfYE,u,a(O-?); i.€. fYE',u,a S
Z'(Weyp,a Ap/DX).
(3) VEua descends to a map Vg, o : Wp/ra/Ap — A5/ D*Ap.
(4) If 0 € Wppa and a € A}/ D>, then
Vi ual(conjy(0)) = (Npse(a/ 7a)/(a) 7a) P ) yg a(0).
(5) If T € Gal(D/F) and 0 € Wp,pqa, then

T o o — 7'0'7'*1— o
VEua(0) = VB ua(eg™ (T)oeq™ (1)) Y5 ua(€(T)).
(6) If T € Gal (D/F), then Vg ru,a = [necar(p/e) (B )nm/ﬁ(”)nu)y

] (o—1)
(1) Ifo € Wn/ra, thenmunalisees (0) = 15ua(@) (Tyecao/m 7).
(8) VEute O3t = Ileca (p/E) tnu/"(tu)vE’ua.

Proof: For the first part note that a maps to aa®°(1,1)e8°?(1) € Wp/p o and so

Vruala) = (Np/p(aa®®(1,1)71)/(aa® (1, 1)) F) I, cu pym @ (0, 1)/ (1, 1)
= ND/E(CL)/G[D:E}.
Here we use the relations a#°(n, 1) = "a#l°*(1,1) and a#°®(1,7) = a#°®(1,1) from

section 2.2
For the second part set

Waeg™ (7)) = (Npsp(a)/a®®)y T o®(n,7)/a®(r,n)
neGal (D/E)
so that

— a B(m)nu
VE o = Hnthl(D/E) (Mn Y.
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It suffices to check that v is a 1-cocycle. However
v(a1e8°°(11)azeg (72))
= y(a; "aya®P (11, 75) e8P (1173))
(Nps(ar ™ a2)) a1 0) ) T, ) / )
(Npye(ar ™az) /(a1 ™a2)PP) [T, cqu (oym) 2P (11, 7o) (1, 1) /T B0 (12, ) a®P (11, am)
(Np/e(ar™asz)/(a T1a2)[D:E])HneGal(D/E) afP (11, 73) 0P (), 1) / T aBOP (13, 1) aBOP (1, 1)
(Npye(ar1) " Npyp(as)) /(a1 ™ ag) P ) [T, ccar (/5 " afb (1, 1) (n, 71) /T @B (13, ) P (11, 1)
= 8a(a168°(11)) "5 @265 (1)).
The second equality is just the definition of v; the third uses the cocyle relation for
a®°P twice; the fourth replaces n by 77 ! in one product and by 7, 'n7 in another;
the fifth applies the cocycle relation to a®°P(7n, 75)/a®°P (11, n7); and the sixth is

again the definition of ~.
Parts (3), (4) and (5) follow easily from the first two parts. For the fifth we have

D/E) Oégbb (Tl T2 OéglOb (T] 7'17'2)/Oég10b (7'1 s TQ)OégIOb<7'1T2,

"VEwal0) = VBualed™ (7)) VEual(€d™(T)0)
= 1Bual8 (1) T Eua (B (T)0 e (1)) ™ Yp a8 (7))
-1
= T D yp 0o (€8 (1)) VB ua (€8 (1) oeq® (1) 7).
The final three parts are straightforward, and we leave their verification to the
reader. [

7.2. Rigidification data. We have seen that W, r p q is isomorphic as an extension
to Wgav /g p, and so there exists an isomorphism of extensions

0) — A}/D*Ap 2 Wgapp/Ar — Gal(D/F) — (0)
| Il |

(0) — AB/DXAE — WE/F,D,a/AE — Gal(D/F) — (0)
Such an isomorphism will be called a Galois rigidification of a if it lifts to an isomor-
phism of extensions N

F . WEab/F,D ;> WE/F,D,CI'
Because H'(Gal (D/F),AY/D*) = (0) we see that all Galois rigidifcations differ by
composition with conjugation by an element of A},/D* — A} /D*Ap. Note however
that H'(Gal (D/F),A}/D*Ag) may not vanish. (For instance take D = E, in which
case we have an exact sequence
HY(Gal (E/F),A%/E*) — H'(Gal (E/F),A}/E*Ap) — H*(Gal (E/F),Ap) — H*(Gal (E/F), 4
Using lemma [2.2] this becomes
(0) — H'(Gal(E/F),Ap/E*Ap) — {£1}" — Q/Z,

where 7 is the number of real places of F' which become complex in F.)
Moreover if t € AY/D* and conj, o’ =T then t = rs withr € AZ/F* and s € Ap
with 7s/s € Ag for all 0 € Gal (D/F). (To see this note that “t/t € Ay C Ap for
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all 0 € Gal (D/F). As H'(Gal (D/F), Ap) = (0) we deduce that there is an s € Ap
with 7t/t = ?s/s for all 0 € Gal (D/F). Thus t/s € A} /F* and the claim follows.)

We say that a Galois rigidification I' is adapted to an F-linear embedding p :
E*D — [, if

~ . ‘
L0 bl = tup) © © : Wipmryew/p o0 — Wh/E e
for some isomorphism of extensions
@ : W(EFU)ab/szp’D WEw(p)/FvyD:CU

some lifting I: Wgan /5D = Wg/rp, of I' and some choice of 0p) .- Note that this
definition only depends on the class a. Some of the formulae below will depend on a
choice of o« € a, but this dependence will usually turn out to be only up to conjugation
by an element of D:)(p). Hence we will end up working with D:)(p) conjugacy classes
of Galois rigidifications. We were unable to find a way round this.

Lemma 7.2. Suppose that p : E**D — F, is F-linear.

(1) A Galois rigidification adapted to p exists.

(2) Any two Galois rigidifications adapted to p differ by composition with conju-
gation by an element of (A} E*)GaE/Fu) D7)

(3) Ifo € Gal (E®*D/F), if T is a Galois rigidification of a adapted to p : E**D —
F, and if a = (a®°?,a!°°, B) € a then

[7% = conjy ) © Conjeilob(o_lgl) oI oconj,

U|51)w(pa>
is a Galois rigidification of a adapted to poo. (In the last term we think of
o € Gal (E*"D/F) = Gal (E®/F) X gai(5/r) Gal (D/F) < Wgas /1 p/Ap,
see equation [2.4) If v = (v8°,4'¢) € B(E/F)p, then we have

Yy —1 o,
Faa [ con @) F .
J’YIOC(U_l)w(pg)
01,0)02,00 1 TLo2,e
(4) (F ) = COIlJaloc(02—1701—1)w(00102> ol .

(5) If ' is a Galois rigidification of a adapted to p and if t € Ty g(Ap), then
T = Conjtw(p) oz ol
is a Galois rigidification of ‘a adapted to p. Moreover
fi(ta]) = hita],

(6) If t € Ty g(Ap) fizes a, then t = abc with a € EX°(E/F)%, b € E8°°(E/F)Y,
and ¢ € Ty p(Ap) and

t _ .
I' = conj G (p) Cur(p)

Moreover if I' and T are two Galois rigidifications of a adapted to p then
we can find t € E°(E/F)STy p(Ar) with 'T =T".
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(1) () = o),

(8) Suppose that C D> D D E D F are finite Galois extensions of F, that a €
H(E/F)p and that p : E**C — F, is F-linear. If T is a Galois rigidification
for a adapted to p|gwp, then the map infe)pI' from
((AG/C*AR) X (Wgap.p/Ap)|cac/r) [ (AS/D*Ap) = Wga po /AR
(see equation to
((AG/C"Ag) X (Weyppa/Ap)|cac/m)/(Ap/ D Ap) = Wgypcint, pa
(similarly) given by

infc/pI" : [(a, (0,7))] — [(a, (I'(0), 7))]
is a Galois rigidification for infc,p a adapted to p.

(9) (infe/p T)7iferp® = infop (D0lwrp:®) and infoyp T = ‘(infepT). If B D
C DD DFEDFEF are finite Galois extensions of F', then infp,coinfe/p =
infB/D.

(10) Suppose that o € a € H(D/F) and that p : D*® < F, is F-linear. If T is a
Galois rigidification for a adapted to p, then the map
Np/E.epsl : Wea pp/Ar — We/EDap 5.0/ OB
given by
((AL/D*Ap) X Wpanp) /(AL /D*)  — ((AL/D*Ap) x Wpyra)/(AL/ D)
[(a,0)] — [(a7B.u(p).a(I(0)),I'(0))]
(where u(p) is the place of D induced by p) is a Galois rigidification for np,p.a
adapted to p|gan.
(11) Np/B,aps(conj, o I') = conjy 4 ©Np/E.aps(T).
(12) If v = (78", 4'¢) € B(D/F), then np/prapl = conjHWEGM(D/E) yoc(ysl
inpporeiod © (Mp/B,apl). (See section for the notation i..)
(13) If t € To,p(Ap) then nppiaps('T) ="/ Dnp 65, (T).
(14) If o € Gal (D*/F), then

o

~ OND/E O — 1 . o,
(T]D/E7a1p7*r> ConJHneGal(D/E) aloc(ailvn)oflnu(ﬁ)/aloc(nvgil)nu(ﬁa) OT]D/E"l’pJ’*(P )

(15) Suppose that C > D D E D F are finite Galois extensions, that o € Z(C/F)
and that T is a Galois rigidification of [c] adapted to p : C*® — F,. Suppose
also that o' € Z(D/E) and that I is a Galois rigidification of [&'] adapted
to plpav. Then we can find t € Ty p(Ac) and v € B(D/E)¢ such that

o ="Yinf o d = D ="infI".
Nc/p & él/lDa and  Tjc/p,p, ér/lD

M07 eover
F n t) - [‘ F
nC/E7p~7* - D/E( )él/l TID/EypNy* ,'
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Proof: For the first part choose isomorphisms of extensions r: Wgas/pp =S Wg /F.D,a
and © : W,(g)r,)2 /B, pf D — W, /FoDa- Because H'(Gal (D/F )y, A)/D*) =
(0), we see that

conjaoI‘oe = Ly © O

for some a € A}j/D*. Replacing I" by conj,ol" we have the desired Galois rigidification
adapted to p.

For the second part suppose that I'; and I'y are two Galois rigidifications adapted
to p. Suppose more explicitly that I'; lifts to an isomorphism of extensions E :
WEab/FD :> WE/F,D,a and that @Z . W(p(E)Fv)ab/Fz)yP'EMnD :> WEw(p)/FU,D,a so that Fl o)
0, = Lw( »)
choice of 6, in both equations. Then we can find b € DX( ) such that ©, = conj, 0 6,

(as Hl(Gal (D/F)u(e)s Dpyypy) = (0)). Moreover we can find a € Aj/D* such that
I's = conj, ol (as Hl(Gal(D/F),AE/DX) = (0)). Then conj,, oI’loﬁp = L5 °O1,
so that ab~! € (A} /D> P/ Py = (AX /E*)GaE/Fue) - as desired.

For the third part, if T' : Wga/pp = WEg/Fpa is an isomorphism of extensions
lifting I" and & € Wgabp|gai (p/r) lifts o, then

00;. Replacing I, by a Ag-conjugate, we may assume that we have the same

r e = Conj(ﬁ(afl)w(po)) o COl'ljegalob(g,l) ol'o COIle . WEab/F,D ;> WE/RD,,J

is an isomorphism of extensions lifting ['”*, and so I'>* is a Galois rigidification.
Moreover using lemma (for the third equality below) we have

L2005 CONJ(B(g1, () © COMJsiob -1y © T 0 0, 0 (olp)«
= CONJ(B(g1),(,0y) © COMJytiob ;1) © Ly, © O O (|p)«

= L?u(pa) © (Conjelgc(afl) 0BQo (U‘D)*>7

and conjelec(;-1) 0O 0 (0p)x 1 Wip(m)F,)a0 /By po,D = WE,(y)/Fs,D.a 1S an isomorphism of
extensions. The second assertion of this part follows immediately from the definitions.
For the fourth part we have

]_"0'10’2,&
_ . .  oTo : .
CONJ (3622010 L porso)) © COMeBP (051071 I" o conj,, conj,,
= CONJ (36107 o)) © conjaglob(g o)1 0 conj eBlob (1 © conj, giob( o1y © I" o conj,, conj,,
— S o ob, —1, O o[* o
CONJ (3052101 roson)) © CODJaglob(o_ o1 conj g b( o) COIlJﬁ( Yoo r conj,,
= 1 ay =1 — : -1 - o o j _1,oI'v* o j
CONJ (30652201 o ron)) © conjoég](,b(g2 1orty-t conj— CONJ glob(,—1) r conj,,

(2 ﬁ(o—l ))w(polag)

(FJL )02,

= con —1
J( (0—2 a1 1)O‘g10b(027170-171)7102 ﬁ(o—lil)ilﬁ(o-zil)71)11)(/3010'2)

o (Foha)az,a.

= conj 1 _—1y—
Jatoc(o 01 ) Loy o)
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For the fifth part simply recall from equation that L;? O 3; = CONj; O 3; O Ly.
The first assertion of the sixth part follows from corollary and the fact that
dabe = Conj;:(p) as automorphisms of Wg/rp o (see the paragraph before lemma.
The second assertion of the sixth part follows from the first assertion and part
For the seventh part we have

(tr)a,ta - Conj((tﬁ)(g—l)w(po)) o conjetg:b(a,l) o conjtwm o030l oconj,
= 3¢ o conj,

= "(Io).

© CONj,~1, O CONjglob(, 1y O I' o conj,,

0o BO Do)/ 7 e )
(The first equality is from the definitions. The second uses the definition of *3; inter-
changes Conje%:b(a_l) and conj, - and uses the equation 3:(e8P(a1)) = e8P (o).
The third uses the obvious cancellation and the definitions.)

For the eighth part suppose that I and © are as in the definition of Galois rigidi-
fication. Define info,p I' from

((AG/C™) X Wan/ppleac/m)/(AL/ D)

to
((AG/C™) X WE/Fpalcaic/r))/(Ap/D™)
by N
infC/DF : [(aa (07 T))] — [(a> (F(U)> T))];
and
info/p© : Wiymyr)av/rp,c = WEy/FoCintepa
to be
(Conio) X Wiptm2)b 150 p01Gal (1)) Doy = (Coipy X Wy /50D.0lGal (€/F) 1))/ D)

[(a, (0,7))] — [(a,(B(0),7))].
(The left hand side is the identification of equation , while the right hand side is
similar.) Then

. = - infc/DCl .
(infe/pl') 00, = 1,0, © (él}jfj 0).

We leave the straightforward verification of the ninth part to the reader.
For the tenth part we recall that in (A;,/D* X Wpas ) /(A}/D*) the implicit map
is
AB/DX — AB/DX NWDab/F
a — (Npjpa™,a),
while in (A}/D* x Wp/ra)/(AL/D*) the implicit map is
(Ap/D*) — AR/D* xWpra
a — (a"PFl q).

The difficulty here is that these two maps are not directly compatible.
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Let I and © be as in the definition of Galois rigidification. Let
fE : WEﬂb/F,D — WE/EDWD/E’*Q
be given by
(AD/D* X Wpanp) [(Ap/D*)  — (Ap/D* X Wpyra)/(Ap/D*)
[(a, 0)] — [(072u(p).a(T'(0)), T(0))].

This is well defined because for a € A} /D> we have You3),2(a) = Np/p(a)/alPE
(See part [l|lemma ) It is a homomorphism because v, £ is a 1-cocycle. We deduce

that I'¥ is an isomorphism of extensions. Thus 7p /B,aL is a rigidification of np, g .a.
We also define an isomorphism

E . o~
O~ : Wer,)w/r, 05 — WEyi) /Fo.Dip s

to be the map from

(Do X Wipp,)w/p, Xcag/r) Gal (D/F)))/Wpr,)»/(5r,)

to

(DX (WDu(p)/Fv X Gal (E/F) Gal (D/F»)/(WDu(ﬁ)/Fma’Gal(Du(m/Ew(ﬁ)))
given by

(@, (0, 7))] = [(a, (©(), T))].
(We are using equation and the identification of lemma [5.10, Recall that in the
first identification W pp,)ab/(pr,) embeds via o (ﬁ_lr]g};v(d(_;&)ab), (0,1)); while
in the second identification Wp, , /r,.alcal (D, /B, embeds via o+ (e(a)~, (0,1))
with € as in lemma [5.10}) To see this is well defined we need to check that for
o€ W(DFU)ab/(EFv) we have

R, (€6(0(0))) = o(zr, )
However if s : Gal (Dy(z)/Ew)) — Wipr, )= /Er, is a set theoretic section, we have

rer,(€(0(0))) = rer(Ilcca Dy /Fug) ©(51)O(@)0(s5,))

= 7R, (O(tr W(DFu)ab/EFu/W<DFv)ab/DFuOI(EFv)ab))

rer,(© o rpr, o rgp, (0](R,)w)),
and the claim follows because © orpp, is the identity on (DF),)*. We also claim that

TF o 0; = L??J?/E*a 0 OF . W)y /5005 — WE/FDnp, 5.0

from which the tenth part will follow. We will realize these maps as maps

(D (Winr, )/, % cal (/7 Gal (D) F))) [W(pF, e pr, — (AL/D*xWppa)/ (AL /D).
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Both composites send a € D’ 5 toac€ A} /D*. Thus suppose (0,7) € W(pE, ek, XGal (E/F)
Gal (D/F). Using equation , we see that the first map, I'¥ o 6, sends (o, 7) to

(75 (05() T (e8°°(7)) )| mo VB 030 (€571 (7)), €20 (7))]

= [(rp (I jeqar o) T (& ())05() T (e8P (1) 7' T (e (nor™1)) )
VEu().a(€5(7)), €4°°(7))]
(I eca (p/E) € ML 0 05) ()& (7)1 e&™ (nom™)) VB u(p).a (€5 (7)), €2(7))]-

(For the first equality note that the transfer map Wga g — Wpan,p composed with
rr equals rp composed with the natural inclusion AL /E* < A5 /D*.) On the other

hand, by the last part of lemma |5.10} ¢ ZJD(%E “* 5 OF sends (o,7) to

conify sl L1 €8 (rno il (o)) () e8P (r) 1, e (7).
neGal (D/E)

Thus what we have to show is that for (o, 7) € WE,/FoDinp, ..o X Gal (2/F) Gal (D/F)
we have

[eca o/ (€87 (M55 (0)e&™ (1) e&™ (o™ ™) ™) p.u(@).a (€8 (7))
(1-7)

= (HneGal(D/E)ﬁ(nMnu(m) HnEGal(D/E) P(rno~t ) (m(U)eilOb(U)fleibb(T)*l,

i.e. (using the definitions of a8°P twice)

1

HneGal(D/E)(eilOb(n)Lg(,B)( 0)eq™(no)” 1)HneGal(D/E) a®P(nor !, 7) B up).a (8™ (T))

(1-7)
- (HneGal (D/E) B(n) |nu(ﬁ7>

[T, cca (/) (egabb(TnU_l)Lg(m (0)e8>(tn)™") [T ccan/m ag°(7, )
Changing the dummy variables, this in turn is equivalent to

Teupalea® (@) =TT @0 180 @)/ (@ T n) "B )

neGal (D/E)

-1

which is just the definition.
For the eleventh part note that

ND/E.a.p+(conj, o D)([(b, 0)])
= [(07Bu@p . "al(0)), "=al (0))]
= [(bNp/(Ta)(=a) P Flyg )0 (T(0) (7 a) P T (0))]
= (6" No/n(0)75.u9.0(T(0)), T())]
= conjy, paln/Eap+ (1) ([(b;0)]).
sing parts |1 an of lemma |/.1{ and using the and the embedding o
(U gp dfl d'gh d th bedding of

AL/D* = (Ap/D*) % Wpypa
a +— (a"IPE q)
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in the isomorphism
((Ap/D*) x Wpypa)/(AL/D”) = We/pDnp 5 a)

The twelfth and thirteenth parts are straightforward, so we leave them to the
reader.

For the fourteenth part, if o € Gal (D**/F) and [(a, 7)] € (A}/D*ApxWpasp)/(AS/ D),
then we have that

Mg (T7) a0, 7)

(VB u(Ee)a(L7(7)), T7%(T))

(a”YE,u(pa), ((kT)ﬁ(U_l)U(pa)conjeglob(g—l)(F(Conja(T))))v

0= 8(0), ycn g1y (T (coni, (7))
= (" (NppB0 g [Blo ) )

o€y (D(c0ri, (7)) O B0~ ZE] o g, ([(con, (7))
= (a (1_T)<Hneea1(D/E)n(5(U (o)) B0 nuao) | B(0)nuz)

5190 T (cnty (7)o T coi (1))

JHnEGal(D/E) (8 ( Bu3o)) B nuzo)/ B nu(p) <a7Evu(mya(Conjegal°b(g—1)(F(Conja(T))))u
conj gion -1y (I'(conj,(7)))).

(The first two equalities are the definitions. The third uses parts [1| and [2] of lemma
and the embedding A}/ D* < (A},;/D*) X Wp/pq as above. The fourth uses part
@ of lemma [7.1) and an immediate cancelation. The fifth is a simple rearrangement.)
On the other hand we have

(nD/E u(p),o *F)UJID/E’*Q(Clv T)
@) CODJ glob O’ _1 (nD/E u(ﬁ) o *<F> (UGJ COD.]U(T))>

CON (1, 508) (= . .
= ConJ(nD/EOB)(o 1)w OCODJ glob ( aYEu@),a(l(conj, (7)), ['(conj, (7))
= CONj(y) poB) (o) (a" VEu(p).0 (F(COHJU( ))), conj gob -1 (I'(conj,(7))))
CON(y 0B (o )MP(,)( a " g .aled® (o))

VEu@.e(es™ (07T (conj, (7))eg (07) ™), conj gon, -1y (T'(conj, (7))

= COM (0B (0 o) T (e (o)) 1 (Y Eu@) . (COR v ) (O (7)),
conjgob 1) (I'(conj,(7))))

= CODjA(UD/E,a,ﬁm*(Fma)(av7—))7

with

A= (p/£°B) (0 Vo 1Ea@a€8 (@D T "B ui) ™ BOD e B0)nuta)-

neGal (D/E)
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(The first two equalities follow from the definitions. The fourth uses part 2 of lemma
7.1l) Then
-1

A = HneGal(D/E)/B( 71)nu(pa)ag10b( M (ﬂ(ﬁ)nu(m)agbb(m0’1)’15(71);5(,;)
"B u0) BN iy B (M)
= HnEGal(D/E (U 1)0 1nau(pa)ag10b( 777)(0_15(77))0—17711(,5))ag10b<7770_1)_1
("B ) nu@e)) ™ BOD) i)
= HneGal(D/E)(ﬁ(U_l)@gbb( L) J_l5(77)5(0_177)_1)n—lnu(mﬁ(a_ln)a—lnu(m
(@& (n,a=1)B(n) "B(o~")Bno~ )‘1);J(pg)6(n0‘1)55(p0>
HnEGal(D/E) (0™, M) 1yu(@ B0 ) ne-1up @ (0, 0 1);;(50)507‘7_1);;(50)
HnEGal(D/E)(aloc(O Lo ~u( /3)/0‘100( l)a;ul(po))’

as desired. (The first equality is the definition of 7p,r and g y(5),a. The second equal-
ity uses a change of the dummy variable 1 in some terms and an obvious cancellation.
The third is a simple rearrangement. The fourth uses the relation Paloe — qglob The
fifth again uses a change of the dummy variable 7 in some terms.)

The last part follows from parts six and thirteen. [

We call two Galois rigidifications I'y, I's of a adapted to p equivalent if I'y = conj, oI’y
for some a € D;(p). We will write I'y ~ I'y to mean I'; and I'y are equivalent, and [I'y]
for the equivalence class of I';. Note that, if I'; ~ I', then I'™ ~ 'y and ‘T; ~ T,
and info/pI'y ~ infe/p 'y and np/g a1 ~ Mp/E,ap2. The latter uses part
of the above lemma. Moreover we have the following corollary:

Corollary 7.3. (1) If [T'] is an equivalence class of Galois rigidifications for a
adapted to p, then [['>%| does not depend on the choice of a € a and is an
equivalence class of Galois rigidifications for a adapted to po. We will denote
it [I']7. We have

([I]74)7 = [T
(2) If [T'] is an equivalence class of Galois rigidifications for a adapted to p and
t € Tog(Ap), then '[T] = ['T] is an equivalence class of Galois rigidifications
forta adapted to p. We have

([T7) = ().
If [T] and [I"] are two equivalence classes of Galois rigidifications of a
adapted to p, then we can find t € Ty g(Ap) with [I'] = '[T].
Ift € Ty p(Ap) and'a = a and '[I'] = ([, thent = abc witha € E°°(E/F)Y,
b e EIP(E/F)Y and ¢ € Top(Ar). Moreover for any such a,b,c we must
have cypy € (Af/EX)SNEEwe) of the form c,,) = ef with e € A} and
f e AGal(D/F)““’) with °f/f € Ag for all 0 € Gal(D/F). If E is totally

imaginary, we deduce that f € AGal (B/F)ue)
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(8) If C D D D E D F are finite Galois extensions, if a € H(E/F)p, and if
[['] is an equivalence class of Galois rigidifications for a adapted to p|gavp,
then infop[I'] = [infe/p I'] is an equivalence class of Galois rigidifications for
infc,p a adapted to p. We have

inf [[)7 = inf ([T]°loe d  inf("[[]) = “(inf [T
(nfT)7 = mE((r)7e) - an f (1) =" infIrD),
for o € Gal (C®™/F) and t € Ty g(Ap). Moreover if B> C DD D> EDF
are finite Galois extensions if a number field F, then
inf o inf )[I'] = inf [T'].
it

(4) If ap € H(D/F) and if [I] is an equivalence class of Galois rigidifications
for ap adapted to and F-linear embedding p : D*® — F,, then 1D/B,0,5+]]
does not depend on the choice of o € ap. We will denote it np/gz.|I']. If
t € To p(Ap) we have

np/5,5+('T]) = "% (1.5 1)
If o € Gal (D*/F) we have

Np/E,50+([L17) = (M £,54T])°

Proof: Everything but the last assertion of the second part follows immediately
from the previous lemma. For the last assertion of the second part, recall that we
must have t = abc with a € E°¢(E/F)%, b € E°P(E/F)Y and ¢ € Ty p(Ar). We have
W] = [conja, , cu(,, © Tl and so I' = conjg1,, oI for some d € D7 . We deduce
that c,(, = de’ with ¢/ € A}/D* satisfying 1=7e¢’ € A for all 0 € Gal (D/F). As
H'(Gal(D/F),Ap) = (0), we see that there is f € Ap with 1=9¢/ = 179 f for all
o€ Gal(D/F). Thus ¢ =ef with e € Aj and f/°f € Ag for all 0 € Gal(D/F).
If o € Gal(D/F)u(y) then °d/d = f/°f € Dj N Ap C Ap/D* and, as this

intersection is trivial, we see that d € F and f € Agal (P/F)uie) Replacing e with de

the assertion follows. O

By complete rigidification data, {[I';]}, for a € H(E/F)p we mean the choice for
each place v of F' and for each F-linear embedding p : E**D < F, of an equivalence

class [I';] of rigidification data for a adapted to p such that

o if o € Gal (E**D/F) then [[5,] = [[5]".

Lemma 7.4. (1) If for each place v of F' we choose an F-linear embedding p, :
E*D — F, and an equivalence class of rigidification data [I',] for a adapted
to py, then there is complete rigidification data {[I';]} for a with [I'5,] = [I',].
Moreover {[I';]} is unique.
(2) If t € Top(Ap) and if {[T';]} is complete rigidification data for a, then {'[T'5]}
is complete rigidification data for 'a.
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(3) If {[T5]} and {[I'5]} are complete rigidification data for a, then there eists
t € Ty g(Ar) such that [I';] = "[T5] for all p.

(4) If ap € H(D/F) and {[I';]} is complete rigidification data for ap, then
{np/E 5. L5} is complete rigidification data for np/esap € H(E/F)p.

(5) If C D D D E D F are finite Galois extensions of F, if a € H(E/F)p and if
{[C5]} is complete rigidification data for a, then {infc/p[I’ |} is complete
rigidification data for infe)pa € H(E/F)c.

ﬁ'EabD

Proof: The first two and last two parts are clear. For the third part choose for each
place v of F' an F-linear embedding p, : D® < F,. Then, by part @ of lemma ,
we can find t, € (A} /D*)CP/Fui) such that

5, ~ conj, ol
Define t € T, g(Ap) by
tow@) = Tlu(p,)-
Then
05,01 = (L7507 = ([[5)7) = "Ta.0].
and the third part follows. [J
We will write H(E/F)}, for the set of pairs (a,{[';]}), where a € H(E/F)p and

where {[[';]} is complete rigidification data for a. This set, by (3|) of the above lemma,
has a transitive action of 75 g(Ap), where

o, {05} = (‘a, {'TA}).
There is a natural 75 (A p) equivariant map
H(E/F), — H(E/F)p
(@ {l3}) — a.
We will often denote an element of H(E/F)}, by at and then let a denote the under-
lying element of H(E/F)p.

Lemma 7.5. If a* = (a,{[T5]}) € H(E/F)} and 'a* = a*, then t = abef with
a€E°(E/F)Y, be EP(E/F)Y, e € Tor(Ar) and

feDp(Ap)n [[{deAp: 7d/de Ay Vo € Gal(D/F)}.

weVg

If E is totally imaginary then in fact f € To 5(Ar) N [[yer, A

Proof: We know (from corollary that ¢t = abc with a € E°(E/F)Y, b €
EeP(E/F)Y and ¢ € Ty g(Ar). Moreover (by part (2)) of corollary for all w € Vg
we have ¢, = e, f, with e, € A% and f, € Agal DIF)w with 7 fw/fw € Ag for all
o € Gal(D/F). Then for ¢ € Gal(D/F) we have ¢y, = €, f, and so we may
assume that e,,, = e, and f,, = 7 f,,. The lemma follows. [
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There is a natural map
(ap, {[I'5}) — (p/esap, {np/es:(T5})-
Ifte TQ,D<AD) then

D) B taE _ np/e(t) (UD/E,*GJE))-

If C DD D> FE DF are finite Galois extensions of F', then there is a natural map
infc/)p : H(E/F)}, — H(E/F)§
(a,{[l'5]}) > (infc/pa,{infc/p[l5,.,,1})-
Ift e TQ,E(AD> then

inf ‘a® ='(inf a™).
C/D C/D

If BDC D> DD FE D F are finite Galois extensions of F', then

inf o inf = inf .
B/C C/D B/D

Now suppose that C' D D D F D F are finite Galois extensions of a number field
F and that a™ = (a,{[[';]}) € H(D/F)}. We wish to define np/g.a" € H(E/F){.
To this end choose a; € H(D/F)". Then we can find t; € Ty p(Ac) with at =
“info paf. We wish to define

+ — p/e(t1) ihf +
L0 = <07 .
ID/E, g/l D/E,«0q

To see that this is a good definition suppose also that ay € H(D/F)* and t, €
-1

Ty p(Ac) with a™ = tQinfc/Da; Choose s € Ty p(Ap) with ag = *af. Then fashy " gt —

a®, so that

tysty ! €
£1°°(D/F)%E8° (D /F)0 Ty p(Ap)(To,p(Ar) N [Tyev, {d € Ac = “d/d € Ap Vo € Gal (C/F)})

and

77D/E<t28t1_1) S
£ (E/F)LES(E)F)2Ty p(Ar)(Ton(hr) N [Tyer, {d € Ac i 7d/d € Ag Vo € Gal (C/F)}).

(To see this suppose that
(fo)uevp € Top(Ap) N [ {d € Ac: 7d/d € Ap Vo € Gal (C/F)}.

veVp

Then f, € A} and np/e(fu)uev, = (Npyefuw))wevy, Where for each w € Vg
we choose u(w) € Vp above it. Moreover if o € Gal(D/F) then °Np/g fuw) =
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ND/E Ufu(w) = ND/Efu(”w); and so nD/E(fu) c T27E(AF). Finally if 7 c Gal (C/F) we
have (Til)ND/Efu(w) = ND/E<(T_1)fu(w)) € ND/EAD = AE) Thus

np/e(t2 np/e(t

)inf(j/DnD/E,* Saii_
- ”D/E(tQS)infc/DUD/E,*aT
nD/E(tQStl_l)(nD/E(tl)infC/D’r]D/E *af)

'infe/pnpyp.af,

'info/pnpyp.af

_ np/e(
and np,p.at is well defined.
Lemma 7.6. Suppose that B D C' D D D E D F are finite Galois extensions of a
number field F.
(1) If at € H(D/F)§ and t € Ty p(Ac), then npyg. ot =m0y 5 at.
(2) If at € H(C/F)}§ then np pancyp.at = neypaat.
(3) ]f at € H(D/F)C then ND/E x iIlfB/C at = infB/C nD/E,*af

Proof: These are all formal consequences of the definition, and the facts given above.

O

Corollary 7.7. Suppose that C' D D D E D F are finite Galois extensions of
F. Suppose also that af, € H(C/F)* and af, € H(D/F)" and a}, € H(E/F)*
satisfy ne/p.as = tlinfC/DaB and npp.ap = 'infppal with ¢ € Top(Ac) and
te TZ,E<AD)- Then

+ _ tnpp(t’); fat
C/ExQc = i ar.
No/Ex8¢ c/p B

7.3. More technical lemmas. We have chosen to split the calculations needed
to prove the results of the next section into two. In this section we begin those
calculations.

Suppose that F' is a number field, that v is a place of F and that D D E D F are
finite Galois extensions of F. Also let

at = (a,{[[5]}) € H(E/F)}.
Ifp: E**D — F, is F-linear and if 7 € Aut (F,/F) (a field theoretic automorphism
of F, fixing elements of F', but not necessarily continuous) then we have
7 € Gal (E**D/F) < Gal (E*/F) X a1 (5/r) Gal (D/F) C Wgas/r

and we can define

—~\ —1 .
Ja+ v 5(T) = <<localaFa(Tﬁ)) elgc(Tp)) e AX/D*ApD,
w(Tp)

P

where a = (a#°?, o!¢| B) € a, and ['5(77) is any lift of ['5(7?) (for some I'; € [[']) to

EEP(E/F)p 4. This element is independent of the choices I'; and I'5(77), and of the
choice of o € a.
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Unfortunately we don’t have a heuristic understanding of the elements g, , 5(7).
Isolating some of their properties seems to make the calculations in the next section
with the important elements I_9CL+,U%T7 which help us compare the local and global
Kottwitz maps on the level of cocycles, easier. That is the only justification for them
we know of.

Lemma 7.8. (1) Got 050 (T) = “71§a+71}75(7)5(0*1)1”(5‘,)/5(0*1)w(Tﬁg). In particu-

lar Go+ . 5(T) only depends on p|p.

(2) If t € To,p(Ap), then Ge v 5(T) = (tw@) /twp))Tat 0.5(T)-

3)IfC D> D > E D F are finite Galois extensions of F, if o/ : E**C — F, is

(5) If fi f F, if p v
F-linear and if a™ € H(E/F)}, then Findeypat v (7) = Tt 0,9, (T)-
G.t ., +(T) only depends on plg. If p : E — F, is F-linear, we will write

(4) Gat 0,5(T) only dep p p :
Gat w.p(T) = Gar o 5(7) for any extension p: E**D — F, of p.

(5) [fO' € Gal (D/E) then U§a+,v,p(7—) = ga"‘,v,p(,r)/@(o—)w(fp)/B(0>w(p)

(6) If a* € H(D/F)" then

gnD/E,*aJr,v,p(T) = (ND/E§a+,v,p(T)) HneGal(D/E ( ) /5( )nu (1p)
= Hr]EGal(D/E) ga*,v,pnfl(’]—)'
(7)) If C > D D E D F are finite Galois extensions of F, if p : E — F, is

F-linear and if a* € H(D/F)}, then

gnD/E’*cﬁ',v,p: H ga*’,v,ﬁ(T)
ﬁ:D(—)Fv

where p runs over extensions of p.
Proof: For the first part choose o € a, then
ga*,v,ﬁa(T) .

<localaf‘50(a—1750)> 620(7'50>>

w(Tpo)

— -1
= (locala(5(0‘1)w<ﬁa>egal"b(a‘l)Fa(Tﬁ)eibb( B0 )l ) eﬁ%ﬁo))
(+7)

= (B0 iy Blo ) el o) (locala (7)) el (o) Blo )80 el (™))
= (elgc(g 1)(1oca1ar/,;(7?))—1e£C(TP)e£°<0‘1)‘1)w(Tﬁo)

(5(0‘ JunBo™) T eg (o7 e (T7) et (0 ) T Bla ) Blo 1);(150)6:c(0—1750)>w(ﬁa)
= T G (DBO i BO by B i) T (B0 )

" Gae 0 r (1B i) Loy T B0 o) /B i)

?a*,v,f)<7—>ﬁ((j_l)w(ﬁa)
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(The second equality uses the fact that [I';,] = [I'5]°. The fourth is a simple re-
arrangement of terms - move the first term after the first two 8’s of the second. ) If
o € Gal (D* /D), then Gy+ , 5,(7)/Gat 0 5(7) equals

BWw@/BL)wes = (1, 1)w@ e (1, 1)wep /a8 (1, 1)w@a® (1, 1)wes € DD

For the second part, if a € a, we have
—_—— _1 _
gta+,v,ﬁ(7-) = <<localtatfﬁ(7-ﬁ)) el?;‘?(Tp))
“q
= ((t_l<lOcalatw(mFﬁ<Tﬁ)tw(m)t> el(;)c@_ﬁ)) (

= (((Tﬁ)_l(t;(lmt))/(t;(lﬁ)t))w(Tm (<localaF5(7'/7)) 326(75>> o

(tw@)/twep) ) Jat 05(T)-

—

(The second equality comes from the definitions of 'T" and 3, and from the relation

p-5t)

For the third part, under the identification
EE/F)cinte)pa = (Ta,p(Ap) X (E2(E/F)p,a Xaa(p/r) Gal (C/F)))/To,5(Ap)

e%ﬁ%C/D o(77) is identified with [(1, (el°(77"), 77"))]. Moreover, under the identification

W rontepa = (AC/C" X (Wr/kpa Xcai(p/p) Gal (C/F))) /(AL /D)

(infe)p F5/|EabD)(7'ﬁ/) is identified with [(1, (T (77),77'))]. Moreover localinte, , a(infoyp Tz, ) (77

—_—

can be chosen to be [(1, (localoI'z| ., (77), 77))]. The third part follows.
For the fourth part choose af € H(E/F)" and t € Ty 5(Ap) with a* = ‘infp/paf.
Then, using the second and third parts, we have

ﬁ/‘EabD

§a+,v,ﬁ(7—) = (tw(ﬁ) /t’w(Tﬁ) )gaf ﬂ)vaab (T)7

which by part (1] only depends on p|g. The fifth part now follows immediately from
the first part.
For the sixth part we will make use of the identifications

We/rDnp, g0 = (AL/ D X Wpyra)/(AL/ DY)

and

EX(E/F) = (EEN(E/F)p % E8°°(D/F)a) /€5 (D/F)"

D?”D/E,*u
and
EE/F)ppp.a = (To,p(Ap) X E(D/F)q)/T2,p(Ap).
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(See formula 2 ) Under these identifications, if & € a and p: E**D — F, extends
p, then (Np/E.a p*F 5)(77) corresponds to

(V.07 T5{77))] -
= [(Noys(To(r7)e8™ (77) s i a €80 (77)) / (Tp(77) e8P (77) 1) P51, T (77) )
= [(ND/E<F( )eglob( )1)HneGal(D/E)(O‘gIOb(naTp)ﬁ(n)nu(ﬁ)/@gbb(Tﬁan)Tp(ﬁO?)nu(ﬁ)))?

e (7).

(The first equality uses lemma |7 . while the second uses the embedding A}/D* —

AL /D* x Wpyp, and the definition of v u(5)a-) Applying local,, . o we get

[(ND/E(FE<7_5)€go}Ob (Ti)_l) HneGal (D/E) (O‘gbb (77? Tﬁ)ﬁ(n)nu(ff)/&gbb (7_57 77) Tﬁ(ﬁ(n)nu(m))
(np/eB(7?) 71, eg<(77))]

and then taking the inverse gives

(7 Ny (e (P (7). 1>“5’“<nD/E/a< ”)
I,ccar /s B ™ a2 (17,0)] T (B(7) g0t (1, 7)), eloe(77) 1))

= [(Noye(To(r) e8®(7) T (b)) )
TTccat o) Bnaz ™ (@82, T (B(0) a0 (n, 7)), €le (77) 7).

Multiplying on the right by e°¢ _(77) = [(1, €!°°(7?))] and taking the w(7p)-component

ND/E,«¢
gives

— —1

Npe(Ls(1P) e(g]lOb(Tﬁ)N) )
e /e B0 ™ (B )o@ m) ] T (B0)gum e (1, 77)).

However

—~~— —1 — —1 ~

Tp(r?)  e8(77) = (Tp(r?) B(rP) e (TP ey = (77 BEP))upyTar w(7):

Thus g, . Lo+ 5(7) equals the product of Np G+, 5(7) With

(ND/E (Tﬁ)fl(B(Tﬁ);(lﬁ)) ) ~
[Tocca /e B ™ (BE g (77,m) /T (B(0) g™ (0, 7)),
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which equals (77)~! applied to

HneGal (D/E) ﬁ(Tﬁ>W(ﬁ7 a#lob (7—5’ 77~) Tﬁ(ﬂgn)nu(ﬁ))/(ﬁ(n)gu(ﬁ)agbb (n, Tﬁ) 77(6(7_,3)“@)
o HnGGal (D/E) 6(7—5)7577“(7'5) agIOb (7:/)7 n) (Tpﬁ<7]>>7'517u(7'f)') Tp (B(U)nu(ﬁ))/
(Bmag® (0, 72) ("B(T7)) ) gut) ™ (BMurs)

= yeca o/ BEMA 1) iruiery ™ (B mui) (B0 (0, 77)) iy ™ (B0)uir)

) /. ~ 5 N
HnEGal (D/E) ( foc (7—0’ n)‘rﬁnu(‘rﬁ) /OéloC (7]7 Tp)nu(ﬁ) ) (B(Tpn)Tﬁnu(Tﬁ) /ﬁ(nTp)’V]U(ﬁ))

Tp( B(n )Wu(m)/ﬁ< ()nu Tﬁ))

= H neGal D/E)( ' 777)7Pnu(7'ﬁ)/a ( n,T )nu(ﬁ))(6(777'5),77—5”(7—;))/5(7]75%”(@)

Tp( B(n )nu(ﬁ))/ﬁ(ﬁ)nu Tﬁ)) - 5
- HneGal D/E)<O‘ C(T ’n)TPnU(Tm/a (”’Tp)nu(ﬁ))T HnEGal(D/E)(B( )nu(ﬁ))/ﬂ( )nu Tﬁ))
= TﬂHnGGal(D/E (ﬁ(TI)nu ﬁ))/ﬂ( )ﬁu Tﬁ))

and the first assertion of the sixth part of the lemma follows. The second assertion
of this part then follows from the first part of the lemma.

For the seventh part choose af € H(D/F)" and ¢t € Ty p(A¢) such that at =
‘info/pal. Then

gnD/E £t U7P<T)

-
gnD/E( )1nfC/D77D/E af, WP( )

= (Mp/E®)w(e)/MD/E[)w Tp)H 5 Jinte)p at w s T)
= Hﬁ(tw(ﬁ)/tw(Tﬁ))H( /t Tﬁ'))guvp( )

and the result follows. O

Lemma 7.9. (1) If 7 fizes pointwise the image E in F, and p : E®®D — F,,
then §a+,v,ﬁ|E(7—) = Art El (Tp|Eab)_1.
(2) If T is continuous then G+, (7) = 1.
(3) ga*,v,p(TlTQ) = ga*,v,ﬂ'gp(Tl)?a*,v,p(TQ)'

Proof: By parts [2f and |3] of the previous lemma we reduce the first part to the case
that D = E. In this case, if p: E** — F, and a € a, then we have
—_ — _1
Jarwile(T) = (Art5 (77)  eg*(7)u(p)
Art 5 (7)1 (1, 1) ey
= Art;'(77)7!

as desired.
For the second part, by continuity, we may suppose that 7 is the image of some

—_——

TE€Ws, g U fﬁ : Wgab/p,p = Wg/rp,a lifts Iz, then we may take I';(77) to be a
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lift of T5(05(7)) = Ly (O(T)) for some © : Wigr,yev/r, .0 = W, /FoDa- Thus, if
a € a, we need to prove that if o € WE,,(/FuDas then

—_ — —1
<<localaLZ)(p)(0)) elgc(a)> " =1e€A}5/D*AgD.
w(p

If o € Dy, then this equals (07t a?(1,1))w( € D On the other hand if

w(p)*
o = el°(n) with n € Gal (D/F),y,), then this equals

((ﬁ(n)lﬂmpﬁﬁc(n)) eﬁc(n))w()z" B B wip))wip = 1.

The second part follows.
For the third part we will expand G+ , 1,,(71)Ga+ o ,(72). First note that, if o« € a
we can rewrite

§a+ 0, T2p (7-1 )

1
= (<localaFmp(T{2p)> 626(7{2/)))
(T1712p)

—_—~— —1
= (locala <COHJ5((T£J),1) glob((Tg),l)(Fp(T{)))> 61;"(?(7-;2P)) ( )
w(T1T2p

w(Tgp)Ca

—_—

- <<C0njﬁ<<f5 ) Uy B((7) 1)~ 1elee((r0)-1)loCAla (Tp (7] ))_1> eﬁ’c(TF”))

w(T172p)

and

gu*’,v,p(TQ)

—~—\ —1
= ((localafp(75)> ei‘,’C(Tz”))
w(T2p)
—_~— p

= ((B0) ) (97 5D

—~——\ —1 2P)—1 P)—1
= <localarp(7—5)> 61(2(:(7_2;7)) (( 2) ﬂ(TZf)))w(sz)/(( 2) 6(75>)w(r172p)'
w(T172p)

—_ — 71
(Note that <<Fp(7'2p)) eil‘)b(TQp)) € E°P(E/F)Y and so the image of its w compo-

nent in A}/ D* is independent of w. Thus the third equality follows in the same way
as the second.)
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Thus

gcﬁ‘ U, TP (7_1 )gcﬁ‘ U0 (7-2)

- (5((75>‘1>w<m>6((75)‘1)‘1 (localal, (7)) ele(n9)cke((79)~locala (I (7))l (4 %)
e (rf78) e (7)) BUE) BT e (77)

>w(TlT2P)
T 1 ,[_p —1
(( ) 5(7_2))10(72,0)/(( 2) B(sz))w(nmp)

= B((7—2/))_1)w(T2P)ﬁ<<7—2p)_1);(171¢2p)((Tg)il(O‘IOC(7—2pv(7-2) ) 10C(1 1)))U}(T1sz)§a+,v,p(7—l7—2)
(clee(rtrf) elee (1)) BT DB gt () 178 7))
(7B wrae /(B BT (riran

= gawp(ﬁﬁ)(ﬁ((ﬂ DBt (BUTE) ™) T BT sy
(0 )0, D))
(T2 T2£ﬁ(( ) )w(7‘17‘2p(7’2) =178 /5((7-2) l)w 7'2/)))

(t§)~ 1(7') T oc
(70T Al ()T ) ) e

w(T172p)

= Gat 0o (N172) (Tu(rap) Tumirspy ) (@°((75) ! 75)B(1 )/Oégk’b(( 7))

P

)~ oc (T ) (T ) oc
(" (oo (7, (7)) (L, D) wimmn (T ()T ) )

= T g ()t @) ) (1 100 (5£) )0 (1,1)
(D7 @, (7)) (1, 1)ty (F T e () )L

= gto p<pm 2) (Tutrir)/ Tu(rp)) (@8 (7)), 7)a2R(1, 1))
OC((TQ) ) szaoc(l 1)W(T2P)Oéoc<<72)_ » T2 )W(7172P) 00(1 1>w(-rl'rzp)

)1 oc oc @) Joc -
(™ (o () )1, 1))t (2 b (a1 2L

= ga'*‘,v,p(TlT?) :

O

7.4. Comparing corestrictions. Suppose that F is a number field, that v is a place
of Fand that D D F D F are finite Galois extensions of F. Also let

= (a,{[T,]}) € H(E/F)p;

and suppose 7 € Aut (F,/F). Now suppose further  that T'/F is a torus which splits
over Y and that u a cocharacter of T" defined over F,.
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If D=E,if p: E < F, is F-linear and if o = (a8°", 0, B) € a, then we saw in
lemma (6.2 how to find an element b, € T'(Ag) with

-1 —1

locacor st (7 1) © (T Tutep)) = 0 (7 1) © (T Tuton).
However, it turns out that the choice of at above a allows us to choose b, more
canonically, so that it is largely independent of the choice of p. That is what we will

explain next. In fact for the most part we will not use the assumption D = F.
If 7 € Aut (F,/F) define

Bﬂ+,U,M,T = HneGal(E/F 7 l(p 1 ) (B (mw(m)/ﬁ(mw )gcﬁ-vp(T))
€ T(Ap)/T(F)T(Fo)°T(D)T(Dy),

where p : E < F, is F-linear, a = (a#°?, a!*°, ) € a and for each € Gal (E/F) we
choose a lift 7 € Gal (D/F). We see immediately that this does not depend on the
lift of g+, ,(7) we choose (because if we alter the lift by zyz with x € D*, y € Ag

and z € D), then Buﬂv,uﬁ changes by

—1 -1

[T 7'C we) | N ) II 7' ) | € T(D)Npp(T(E)T(Ex))T(1
neGal (B/F) neGal (E/F)

Nor does it depend on the choice of ¢ € a (because we are modding out by T'(D)T'(D,)).
Neither does it depend on the choices 77 of lifts of elements n € Gal (E/F), for if
o, € Gal(D/E) for each n € Gal (E//F), then

= Tlecam T W (T /7Tw( ))1( (Un)a"ﬁ(m) ga+vp( 7))

= ecam T 1) (Tt /Tu@) (™ B(o0)B0D) (Tutn /Tuin) (B0 ) Tar 1,(T)
Hneca e/r) 7771(p_lu)((Ww(m)/ﬂw(p))(ﬁ(m)ﬁaml,p(ﬂ)
ecaem T ¢ 0 (Tue /Tu)(Bloy ) 7 Boy)))

= HneGal (E/F) 7771(p_lﬂ)((71—11)(‘rp)/7rw(p))(6(?7))?01+ )
et g/m) T 1) (Tt /M) (B(1)))

= Tccaem ¢ ) (Tutrp)/Tu@) (B0)Tar u,(7))

(The first equality uses lemma and the fact that # 'y is defined over E, because
E splits T. The second equality uses part [5| of lemma [7.8, The fourth and fifth
equalities again uses lemma ) Finally bg+ .., does not depend on the choice of
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F-linear p: E < F,. Indeed if o € Gal (D/F), then

[ ccarm/my ™ ((p i )(( (M w(rpa)/ B w(po))at w,00(T))

HneGal (E/F) 0] 10( )((Ww(Tpa [T po))(ﬁ(flm)ﬁam,pa (7))

HneGal (E/F) nt (" M) ( (( Tw(7po) /Ww(pa )(ﬁ(a_lm)) 7Ga+ v,pU(T))
= HneGal(E/F) n 1 (¥ 1:“) ( Tuw(rp)/ Tuw(p) (U_lm)§a+,v,p( 7) " (Tw(po) [ Tw(rpo) ) (B0~ ))))
= neGal (E/F) n 1 (? 1“) ( Tw(rp) /7Tw 0/8(071)5(@)?&,1;,,0(7)(7%} (p) /7Tw (tp) )(05(‘7 )))

[yecai /) 'rz‘l(” 1) (Mg /Wwp)( ()Tt (7)) -

(The third equality uses part [1| of lemma and the fourth uses lemma )
We claim that we have

[T 71 @erp() = bor i € T(4)[TEVT(ELJT(D)T(D,),

where p runs over F-linear embeddings E < F,. Although this new expression for
l_)a+,q,7u77 is perhaps simpler than our original definition, it is less precise - it gives the
value only in T'(Ap)/T(E)T(Ex)T(D)T(D,) and not in T'(Ap) /T (F )T (Fx)’T(D)T(D,).
To prove the claim note that

Hp:Ec—)E(p_l ILL) (ga+ v p(T))

ILccarz/mm (7 1) ("G, pon(T )

[Lecar gy (% M)(§a+,v,p0( 7) "(Fuwtoom) / Turaom) BET))))
HneGal(E/F) (P N)(§a+,u,p0( T)(Tuw(rp0)/ Tw(p0)) (B(M)))
HneGal (/R (7 )((ﬂ—w(po [T Tpo))(ﬁ(v n6(~ M)

- 1

= batppr HneGal (E/F) G :“)((Ww(po)/ﬂw(wo))(ﬁ(l)))

buﬂv,um

where py : E < F, is F-linear and 7j € Gal (D/F) is a fixed lift of n € Gal (E/F),
and where we again use lemma [5.9 and part [I] of lemma [7.§]

Lemma 7.10. Suppose that C O D D E D F are finite Galois extensions of a
number field F, that T and T'/F are tori split by E, that v is a place of F, that
7 € Aut (F,/F) and that p € X.(T)(F,).

(1) If a* € H(E/F)}, and x : T — T' is a morphism of algebraic groups over F,

then bcH' V,XOU,T X(bcH' vp,T)

(2) If at € H(E/F)}, then blnfc/DaJr v = Dot s

(3) If a* € H(D/F)E, then an/E ot s = bﬁww

(4) If at € H(E/F)}, and t € Ty g(Ap), then

Etutv,y,r = §u+,v,u,T Hp(pjﬂ) o (Ww(p)/ww(rp)>(t)
= Dot s L, (1) 71) (tu()
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where p runs over F-linear embeddings p : E — F,.

Proof: The first part is clear from the definition, and the second follows immediately
from part [3| of lemma [7.8] For the third we have

an/E,*aﬂv,u,T
= HneGal(E/F) ﬁ_l(pilﬂ) ((H(eGal (D/E) 5(m<u(m)/ngeca1(D/E) 5(77)@(/)))

[ecca o/ §a+vp<— 1(7)
= HeGal(E/F)n_l( )(ngeal (D/E) ((WCu(Tp)/WCu )(ﬁ(ﬁ))<§a+,v,p(7)5(o<u(p)/ﬁ(ocu(w)))
= L, 1) (T ((euten /7cu) B/ B(O)) G (7)) )
= L, ) (T (Reutep/Reut) CBE) Gt (7))
= TL L C ) (( (G i) (BT () )
[T, T 7 1) (Tutrp) /Tap)) (BCT )Tt (7))

ba+ 7’U7IJ’7T :

(The first equality uses part @ of lemma , while the second equality uses part |1| of
lemmal[7.8] The fourth equality uses lemma The sixth equality uses the fact that
?~' v is defined over E. The last equality follows because as ¢ and 7 vary, then (=17}
runs over one lift to Gal (C/F') of each element of Gal (D/F).)

For the fourth part we have

Ot ot o uyr/ Vot o ur
[T cca (B/F) e )t/ ”t)i,) ) (/) w(o) (o) /tuw(rp)))
L7 1(1 )((Wwp/ﬁwrp))("t))
1) (Tw(on) / Tawrpm) ) (1))
(tw )/t p)) )
(tw p))/H (" 1)(tu(ry)
p (tuw p))/H (p Tp)(t w(p)
TL,( (1) 1)) (tugy)-

(The first equality uses part |3 I 3 of lemma . The third equality uses the fact that
P 1 is defined over E.) O

I,

1,0 )
1,¢"'n)
1,65

p
o1

Corollary 7.11. Suppose that D D FE D F are finite Galois extensions of a number
field F, that T/F is a torus split by E, that v is a place of F, that T € Aut (F,/F)
and that p € X.(T)(F,). Suppose also that af;, € H(E/F)* and af, € H(D/F) .
Then we can find a t € Ty p(Ap) such that 'infp paj, = np/p.afh € H(E/F)E, in

which case B B »
baEvuT = baDvuTHp(p :u)(tw(TP)/tw(P)))
b+

it o T (/1) (b)),
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where p runs over F-linear embeddings E — F,.

Lemma 7.12. Suppose that D D E D F are finite Galois extensions of a number
field F', that a* € H(E/F)S, that T/F is a torus split by E, that v is a place of I,
that 7 € Aut (F,/F) and that p € X.(T)(F,).

(1) If D = E and a = (a#°", !¢, B) € a, then there is a lift b € T(Ag) of bat v pur
such that

—1 —1
locgcor ggion (P

1) © (Tu(o)/Turp)) = "cOlquoc (1) © (o) /Tus(rp))-

(2) If T fives the image of E in F,, then

. . —
batwgr = ] 07 ) (Art 5 77 ) 7Y,
n€Gal (E/Q)

where p: D < F, is any F-linear embedding, and where Art 5'77|gas is any
lift of Art '7°|gan to A%
(3) If T is continuous, then bet ., = 1.

(4) ba+ VU, TIT baﬂvf?um baﬂv,uﬁz

(5) If o € Gal (D/F), then

et e = bat g L 1/ (B(0) i)

P
where p runs over F-linear embeddings p : E < F,.

Proof: The first part follows immediately from lemma because Go+,,(T) €
AL /EXAREY, so that (Pflu)(gam’p(ﬂ) € T(Ag)/T(E)T(E)T(Ex)’T(E,) and so

-1

1) (Gat0,p(7)) € T(Ap)/Nesp(T(E)T(E)T(Ex)'T(Ey))
= T(Ap)/T(F)T(Fx)'T(F).

The second and third parts are immediate from the definition and lemma [7.9]
For the fourth part note that

L ccamr) n (e

ba“' U, T1T2

HneGal(E/F Y 1:“)(( (Mwrirze)/ B w(o )ga+vp(TlT2))
= lecam (" w8 (Duwtrirae)/ B wiran)Gat .70 (71) (B wtran) / B wt) Tat ,(72))
= ba+vurg HneGal (E/F) 77 ((TQP 72 )(( (mw (T172p) //B(mw T2P))ga+,v,‘r2p<7-1))

ba+ YU 3 T2 ba+ 0,72 0, T

(The second equality uses lemma(7.9])



COCYCLES FOR KOTTWITZ COHOMOLOGY 87

For the fifth part we have
JBa*,v,,u,q-

= Tlyecazm T (% 1B wirp)/ BET) w0 Tat upo (7))

= TLyccar @m0 )(((ﬂ(m B(0))wtrpo)/ (B() "B(O))w0)) Tt a0 (7))
= §a+vuTHneGa1 E/F) " (polﬂ)(n(ﬁ(a)w Tpon)/ﬂ( ) w(pon) ))

= Dot s [, 1) (B(0)wirp)/B(0)w (”3)

= et o [LC ") (B(@)win)/ TL 1)(B(0)u(n)

= berr IL (" (/1)) (B(0)uiy)-

(The first equality comes from a change of dummy variable. The second equality uses

lemma [5.9}) O

7.5. Explicit formulae. Return to the situation discussed at the end of section
with ' = Q and FE totally imaginary. We chose an infinite place w(oco) of E and an
isomorphism pg : Ey) — C and an element oy € Z(E/Q). Extend py to a map
po : E®* — C. Choose Galois rigidification data I'o ,, : Gal (E**/Q) — Wg/g.a0/AE
for [a] such that
ngooepO—Lw OG)O

Thus in particular Iy ,, is adapted to py. We may extend [I'g ,,] to complete rigidifi-
cation data {[['o,|} for [ay]. Then we will set

a5 = ([, {[To,]}) € H(E/Q)™.
We will also choose a lift fO,po of 'y, to an isomorphism Wgas g =S Wg Q00+
If T/Q is a torus split by E, if p € X,(T)(C) and if 7 € Aut (C), then, keeping the
notation of section [5.4] we have:

a(n,n™)

bat oo,ur
= Tyecam /o 1 0 W BMwtron /B ))((localaoFOpO(Tpo)) eae (7)) w(rpo))
= HneGal(E/@ n l(p(7 w)((B (n)w(mo)/ﬁ( ) o))(Fopo(Tpo) B(t po)ei"b(ﬂ’o))w(mo))
= TLyecarmom (%0 1)((Top(770)tesob(r #0) ™ BT o)) B ey / B )w(po)
= Ilccamon 1(pglﬂ)((F0,po(7p°) eBor(170)) T (e, Tpo I RCIUN i
= Ileca(smon 1$palu)(Fopo(Tpo)_leffgb(TPO)@ile(T”) HegeP (r0)egeb (7o) ~tegeb (77)

(eﬂﬁb(n)egl"b(n
= Ilyeca e

770 Dege (T T T e (meky (7))
1) (To,po (770) e8P (n(T70) =) "Lege (n))-
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8. TANIYAMA GROUPS

In a special case the elements 5a+7v7u77 are related to Langlands’” Taniyama group.
We will explain this in this section. Note however that the results of this section are
not required for the statements of the main theorems in [ST]. They are only required
to compare the results of that paper with the work of Langlands and Milne.

8.1. The Serre torus. Suppose that E is a finite Galois extension of Q. We will
write Rg ¢ for the restriction of scalars of G,, from £ N C (which we recall means
p(E) for any p : E — C) to Q. Thus X*(Rgc) = Map (Gal (E N C)/Q),Z) with
Gal (C¥&/Q) action given by (99)(7) = p(o717).

If 7 € Gal (ENC/Q) we define an automorphism [7] of Rgc/Q by X*([7])(¢)(7') =
o(r't71). We have [175] = [1i][m], i.e. this gives a left action of Gal (C*%/Q) on
Rpc/Q.

There is also a cocharacter p*" = u@" : G,, — Rgc over C characterized by
X () () = p(1). We have 7p* = [o™] oy,

If T/Q is a torus split by £ and if u € X,(T)(C) then there is a unique map of tori
fi: Rpc — T over Q such that p = fio p". (X*(1)(x)(7) = xo"p.) If 0 € Aut (C)
then oy = fio [0 ).

If D is a finite Galois extension of QQ containing £ then Np/p = ﬁ%ﬁ :Rpc — Rec
is a homomorphism also characterized by X*(Np,g)(¢)(7) = ¢(7|g). I T/Q s a torus
split by E and if p € X, (T)(C), then we get fig : Rgc — T and pip : Rpe — 7.
They satisfy:

fE © ND/E = [ip.

We will also write Sg ¢ for the torus over Q characterized by
X*(Sg) = {(p,w) € Map (Gal (ENC)/Q),Z)XZ : p(ocT)+p(o1) = w Vo, € Gal ((ENC)/Q)}
(where ¢ € Gal (C/R) is complex conjugation), with a left action of Gal (C*#/Q)
given by

(o, w) = (1= p(o7'7), w).
It is called the Serre torus. There is an obvious injection X*(Sgc) — X*(Rpc)

(sending (¢, w) to ¢) with torsion free cokernel; and hence an epimorphism Rg ¢ —
Sg,c with connected kernel Rbc. The exact sequence

(O) — RJIE,(C — RE@ — SE,(C — (0)

splits over E. The action of Gal (ENC/Q) on R (via 7+ [7]) over Q descends to
an action on Sg ¢, which we will denote in the same way. It is also characterized by

X' ([T, w) = (7 = (7771, w).

We will again denote the composite of p®"

X«(Sec)(C). It is also characterized by
X (™) pyw) = p(1) € 2= X7 (Gy).

with the map Rgc — Sgpc by p™" €
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g ,,can

Again we have 7u® = [o7'] o u. Also note that the {[7] o ™}, cqal (caie /@) SPans
X.(Sgc). There is a second cocharacter wt : G,,, — Sg ¢ over Q characterized by

X (wt)(p,w) =w € Z = X*(Gy,).

Note that wt = (D7 yean — ([er]pe®)([r]pe") for any 7 € Gal (C*¢/Q). If D D E
is another finite Galois extension of Q then Np,g : Rpc — Rgc descends to a map
Np/e : Spc — Sec, also characterized by

X*(Np/e)(p,w) = (1 = ¢(7]p), w).
If Ey denotes the maximal CM subfield of E then
NE/EO . SEAC ;> SE(L(C-

We recall (for instance from [MS]) that Sg c(Q) is a discrete subgroup of Sg ¢ (A>)
and that ker'(Q, Sg.c) = (0).
If T/Q is any torus split by E and if u € X, (T')(C) satisfies

e 71 is independent of o € Gal (C*2/Q),
e and “Vp e X, (T)(Q);

then there is a unique morphism s : Sgc — T over Q such that p = o u". We
have

X (@) (x) = (1= x o p,x 0 (“up))-
Note that
u=fiolo].
Lemma 8.1. (1) Suppose that x € Z|VEg.0o|o®@X«(Sec)(E) C X* (15 5)@X.(Spc)(E).

Then
H x =1.
neGal (E/Q)

71 . . .
(2) H,,;E<_>(cp (TR ) o Top) : To.g — S, is trivial.

Proof: To prove the first part of the lemma we may replace £ with £ N C. By
linearity we only need to consider the case y = [r] o u®" o (m,, /my,). As [7] is
rationally defined we are further reduced to the case x = u®" o (m,, /m,,). Thought
of as an element of Hom (7% grc, Se.c)(E N C) we have

can

om,) = HneGaI (ENC/Q) ("H) 0 Ty
= n€Gal (ENC/Q)/Gal ((ENC)., /R) (" K

1EGal (BNC/Q)/Gal (ENC)y &) (TWE) © Ty
= wto -

HneGal (ENC/Q) "(u

canmncy ,,can )

O Ty

w|oo

As this does not depend on v, the first part of the lemma follows.
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For the second part, pick a particular p; : £ — C, and note that this character
can be rewritten

[pmee” (Ch ™) 0 Tugy
= Ilccaz0 npil (THR /) © To(pyy-1)

ILeccaso™ 7(1Tﬂcan/ ) © Moy
= HnEGal (E/Q) TP (T ) © (o))
= HnEGal (E/Q) (pflTﬂcan © 7Tw(m))/ Hn:E<—>(C ”( pflﬂcan © 7Tw(pl))
= HnEGal (E/Q) " TplpflﬁbCan © 7TTplw(Tpl))/ Hn;Ee—><c " pflﬂcan S 7Tw(pl))
- HWEGal (E/Q) 777”1 ( pfll“bcan © 7Tw(Tﬂl))/ Hn:E<—><C g p;lﬂCan © 7Tw(ﬂl))
{[nEGal (E/Q) (o e o (Tw(rp1)/ Tw(pr)))

by the first part. [J

8.2. The Taniyama group. Langlands considers extensions
1 — Spe— 5 — Gal (B NC/Q) — 1
(as a pro-algebraic group over Q) such that the induced action of Gal (E** N C/Q)
on Sgc is given by [ ], together with a continuous group theoretic section
sp : Gal (E** N C/Q) — S(A™).

(We will follow [MS], which in turn followed [L]. However the two articles use different
conventions so it is hard to directly compare the details in the two sources.) Note that

such a pair (S sp) has no automorphisms (where we consider S with its structure of
an extension of Gal (E** N C/Q) by Sgc). Also note that S(E) — Gal (E* N C/Q).

(See [MS] p235.) Finally note that S|ga (gsbnc/enc) is abelian.
Langlands showed that giving such a pair is equivalent to giving an element

be ZY(Gal (E** N C/Q), (Sp.c(A%c)/Spc(E N C))S ENC/Q),

where Gal (E** N C/Q) acts via [ ] and Gal (K N C/Q) acts by its Galois action on
A%, such that b lifts to a continuous map

b:Gal (B NC/Q) — Spc(A%)

such that
Gal (E**NC/Q)? — Sgpc(ENC)
(11, 72) == b(m)[1](b(72))b(T172) "

is locally constant. (See proposition 2.7 of [MS].) We will write
Z1(Gal (E™ N C/Q), (Sp(A%c)/Spec(E N C))Sl EC/Q)



COCYCLES FOR KOTTWITZ COHOMOLOGY 91

for the set of elements b € Z'(Gal (E** N C/Q), (Sg.c(A%c)/Skc(ENC))GalENC/Q)
with such a lift. If « € S(E N C) has image @ € Gal (E*» N C/Q), then

b(@) = asp(@?).

Langlands defines a particular element

—Tan

by € ZL.(Gal (E*®NC/Q), (Spc(ASc)/Skc(E N C))SENT/Q)
as follows. There is an exact sequence
1 — Apc/(ENC)* — Wgabncp — Gal (ENC/Q) — 1.

Choose preimages w, € Wganc g of each n € Gal (E'NC/Q) such that the following
conditions hold:
o w =1
e and there is a set of representatives 1 € H C Gal(E N C/Q) for Gal (E N
C/Q)/Gal (C/R) such that w,. = w,0,,(j) for all n € H. (Here p, denotes
the identity embedding E**NC < C and j is the element of W¢ /r introduced
in section [2.3])
If we WEabﬂ(C/Q then
WyW = Uy oy Wyjs
where %, ,, € Ag/(ENC)* and where w denotes the image of w in Gal (ENC/Q).
Then Langlands takes

—Tan can\ /— o
b (w) = H ("u ) (W) € Sec(ABnc)/Sec(ENC).
n€Gal (ENC/Q)

He verifies that it lies in (Spc(A%¢)/Sg.c(ENC))% ENC/Q): that it doesn’t depend
on the choices of preimages w, (as long as they satisfy the above conditions); that it

only depends on the image 7 of w in Gal (E** NC/Q) (so we will often write 5?‘“(7));

—Tan

and that by, € ZL (Gal (E** N C/Q), (Sp.c(Ac)/Se.c(E N C))%EC/D) Tt also
doesn’t depend on the choice of 6, associated to po. (If 8,, is replaced by af,,a™*
with a € (ENC)*((ENC)%)° then w, gets replaced by w,“a/a if n ¢ H and is
unchanged if n € H. Thus u,,, gets multiplied by
"“a/"a if n¢g H Ma /M if nw ¢ H
{1 ianH}{l ifn@EH}'

Thus B?“(w) changes by
[ (4 Cafa) (™ p=) (a/ %a) )

1

= (Tyen 9@/ Teca o 1 (@) ) (Tecaencio 1™ 1e(@)/ TLyen n'wt(a)

= Hne(}al (ENC/Q) n(ﬁilﬂ/ﬂ)(a)
Sec(Q)Sec(R) = Sgc(Q)Sec(R) C Spc(ENC)Sec((ENC)w),

m

)
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i.e. it is unchanged.)

We will write (§ £c,SPpc) for the corresponding extension with a finite adelic
section. It is usually referred to as the ‘Taniyama group’. We also write S Bc,r for
the pre-image in §E7@ of T € Gal (F** N C/Q), a right Sg c-torsor.

If D D F is another finite Galois extension there is a unique commutative diagram:

0) — Spe — Spc — Gal(D™NC/Q) — (0)
Np/e { NB/E ! l
0) — Spc — Spc — Gal(E**NC/Q) — (0)
with N
Np/gosppc =sPgc-

We remark that spgc(c) € gE,C(Q). Indeed, we have

_ _J1 itne H
unﬂuc N _177Ucan lf 17 Q H?
+Tan

where Vean is the canonical place of £N C induced by ENC C C. Thus by (c) =1
and spE7CN( c) € SEC( )n SEC(AOO) SE@(@)
If @ € Spc(F) has image @ € Gal (E*» N C/Q) we will write

b5 Tana = @ 'sp(@) € Spo(E)Spc(A™) C Spc(AR).

If p: E— C then
_q=Tan ,__
bE Tan,o = P 1bE ( 1) mod SEy(C(E)

We have the following properties:

(1) If Y € SE,(C(E)a then bE,Tan,a'y = 7_1bE,Tan,a'
(2) If p: B < C then

bE Tana = H n(pfl,ucan)(T_lw(p )a,lwpn) mod Sgc(E),
neGal (E/Q)

where 7 € Wgas g lifts @ € Gal (E**/Q) and where w” € Wgas g denotes the
pull back of w € Wgannc g along p.
(3)
bE,Tan,alaz = [agl](bE,Tan,al)bE,Tan,az-
(Indeed (ayan)~'sp(ar@s) = ay (a7 'sp(a))as(ay 'sp(as)).)
(4) If « € Sgc(F) and 0 € Gal (E/Q), then

(

bETanoaU(bETana) S SE(C( )

(Indeed “(a~'sp(@)) = ((“a) " a)(a"'sp(@)).)

(5) If D D E is another finite Galois extension of Q, then Np/gbp tana =
b

E,Tan,]vD/Ea'
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(We remind the reader again that if 7 € Gal (E** N C/Q) then [r] denotes an auto-
morphism of the torus Sg¢/Q; while if 0 € Gal(E/Q) and b € Sgc(Ag) then 7b
denotes the image of b under the usual Galois action of o on the Ag points of a torus
defined over Q.)

Lemma 8.2. Any element of Gal (E**NC/ENC) has a lift to Sp.c(Q). Ifa € AL e,
then there is a unique element a(a) € Sgc(Q) such that a(a) maps to Art gnc(a) and

a(a)'sp(Art pac(@) = [ n(u™) (@)

neGal (E/Q)

Thus if a € Ay and p : E — C then a(p(a)) is the unique element of :S’VE,@(Q)
which lies above Art grep(a) and satisfies

betama@ = || ™) = [ ¢ e

neGal (ENC/Q) n€Gal (E/Q)

Proof: We consider the first part, from which the second part follows immediately.
Uniqueness is clear from the displayed formula. We only need to check that the
element a(a) lies in Sp.c(Q).

Suppose that a € A%, and that a € Sgc(ENC) lifts Art gre(a). Then, by point
(2) above,

—Tan

asp(Art grc(a)) ™ = by (Art gnc(a)) € Spc(ASc)/Sec(ENC)
equals the image of

II (@) € Spe(a™).
neGal (ENC/Q)

Thus

H nlucan(a) — ryasp<AI‘t Em(C(CL))il € SE,(C(AOEOOC)
n€Cal (ENC/Q)

for some v € Sgc(ENC). If n € Gal (ENC/Q) we see that
"(ya) = ya,
so that ya € §E7@(Q) lifts Art gnc(a). We set a(a) = ya. Then

a(a) 'sp(Art grc(a)) = sp(Art gre(a))a(a)™!
= (yasp(Art gac(a)) ™)~
= Il,ecaEnc/o nue(a) =t

O

We will call a(a) well placed with respect to a.
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8.3. Relationship between Taniyama groups and the elements Ba+7oo7u/can77—.

Lemma 8.3. If a € §E,@(E) and 7 € Aut (C) have the same image in Gal (E*> N
C/Q), then

bat sopen s € Spc(AY)/Sec(E) = Rpc(AY)/Rec(E)Ry o (AY)

equals the image of bg Tan o -

Proof: Replacing a®™ by ‘a* leaves ba+ o ucan » unchanged. (Use lemma , lemma
and note that Sgc(Q)Sgc(R) = Spc(Q)Sgc(R).) Thus it suffices to prove the
assertion with a* = a7, the class defined in section . In this case we may take

Lo, po (wfe) = €£2°(n), and the result then follows from comparing the formula at the
end of section [7.5] with the formula in item (2) of section [8.2] O

Lemma 8.4. Suppose that D D E are finite Galois extensions of Q.

(1) Rec(Q)Rec(D) = Ry c(Q)Rec(D).
(2) (RE,C(@)RE,C(D)) N R}E,C(AODO) = R}E,C(Q)R}E‘,C<D>‘
(Here the closures are taken in Rpc(AY).)

Proof: For the first part suppose that 7; € Rgc(Q) tend to h € Rpc(Q). As
Sec(Q) C Sgc(A™) is discrete, we may suppose that all the +; have the same image

6 € Spc(Q). Then h = (lim_,; 71 'vi)n € R (Q)Rec(Q).

For the second part
(Rec(QRpc(D)NREc(AY) = (R c(Q)Rec(D)NREc(AF) = R c(Q) Ry (D).
O

Corollary 8.5. . Ifa € §E7C(E) and T € Aut (C) have the same image in Gal (E** N
C/Q), then

ba*,oo,uca“,T € RE,C(AOEO)/RlE,(C (Q>RE7C(E)
and
bE,Tan,oz € RE,C(AOEO)/R}E',C(AOEO)

have a unique common lift

ba+,00,uc‘“‘,a < RE,C(‘AOEO)/R}E,C(Q)R}IZ,C(E)‘
(It is independent of the lift T of the image of o in Gal (E** N C/Q).)
Corollary 8.6. (1) ]f’y 6 RE7(C(E) then bch’OOJJ‘can70[,y — /Yilbcﬁ»’ooﬁlcan’a.

(2) bu+7oo’“can7a1a2 = [52_1](ba+’oouucan’a1)bu+7oo7“can7a2.

(3) baﬂoo,uca“,a a<ba+,oo,uca“,a)_1 € R}E,C(A%O)RE,C(E>~
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(4) Suppose that D D E are finite Galois extensions of Q, that aE € H(E/Q)T,
that afy € H(D/Q)" and that t € Ty g(Ap) with np,p.a}, = 1nfD/Ea}+3. Sup-
pose also that ap € Spc(D ) and ap € Sp.c(E) have the same image in
Gal (E** N C/Q), so that o@lND/E(aD) € Sgc(D). Then

bat oopsin oy = (QEIND/E(OZD))ND/E(%; sopsznap) L pposc” (T ™) ()
€ Rpc(AS)/Rec(Q)Rec(D),

where ap denotes the image of ag in Gal (E** N C/Q).
(5) {Lfaa“ is as in section[7.5 and if T € Aut (C), then there is an element ag(T) €
Se.c(E) such that 7 and ao(T) have the same image in Gal (E** N C/Q) and

—~ -1
1

baa',oo,,ucan,ao(T) = H 77(/)7 :ucan) (FO,PO (Tp) eilgb (77(7-p)71>71€il§b(77))7
n€Gal (£/Q)

where f07p0<7p) is any lift of fO,po (77) to Wg)g,a-
(6) If a € A}, and p : E — C, then a(p(a)) € Spc(Q) lies above Art grc(p(a))
and we have

-1 can —
ba*,oo,,ucana(p(a)) = n(p 2 )(a) L
n€Gal (E/Q)

Proof: The first part follows from the corresponding property listed at the end
of section The second part follows from the corresponding property listed at
the end of sectlon and properties and (1) of lemma n and the equality
o2 ppcan — [, o pean, The third part follows from part (5)) of lemma [7.12) - 2/ and lemma
8.1l The fourth part follows from comment [f] before lemma [8.2] lemma corollary
% and part |1| of lemma |7 - For the fifth part note that if o € Sk <c( ) has the
same image as 7 in Gal (E*> N C/Q), then

— -1

-1 can\/T o —1\— o
IT 00 ™) Top(72) B (7)) e (10) = Yyt o peon
n€Gal (E/Q)

with v € Rgc(E). (See the formula at the very end of section [7.5l) Thus ag(7) =
avy~! will do. The sixth part follows from part of lemma |7.12| and lemma . U

Note the following simple remark:

Lemma 8.7. Suppose ¢y, 2 € Z,,(E3(E/Q)q, T(E)) for some torus T/Q, and that
(1] = [¢2] € Hy,(E3(E/Q), (E)) Suppose also that loc™(¢;) = %1 and that
brlby € T(A®). Then ¢y = éo.

(The point being that ¢, = "¢; with v € T(E), so that by b, € T(A>®). Thus
1€ T(A™) N T(E) = T(Q))
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Lemma 8.8. Iffl;a-k’oohucan’a is a lift of ba+ oo yean o t0 Rpc(AY), then there is a unique
element dot oo om0 € Zay(E3(E/Q)a, Rpc(E)) such that:
b

(1) I'eSOOIOCa(Za+7OO7ucan7a = u+v°°vll‘can701.

(2) If p: E — C and w(p) is the corresponding place of E, then
K(Pat opeana) = [piluca“ ® (w(p) —w(7p))]
= [ (u/7Tpem) @ w(p)].
This is independent of the choice of p.

Moreover

(3) rescmloc[bar s ] = (™ ([ou™®) /([r~ o) ([r = cJop™), (e /7)™
pe)(=1))1-
(4) If we replace ba+ sopean o DY h’yba+ soucan o With h € REC(@) and v € R}E’C(E),
then ¢a+ so,ucan o Changes to gbu+ oo, pCn o -
Proof: Choose o« € a and p : F — C. By part of lemma [7.12] there is a lift
b € Rpc(A%) of byt oo pean - such that res™®locecoryemn (P 1) o (Tw(p)/ Tw(rp) = "1.
Then by+ o0 yeon o = hyb for some h € Rpc(Q) and v € Rgc(E). Set

~ 1
¢a+,oo,u°a“,a = "cor ygiob (p M) © (Ww(ﬂ)/ﬂw(m))'

Then $u+,oo7ﬂcan,a has the first property by construction and the second by definition
of k. Moreover

@ (w(p) —w(tp)) = P @w(p) = @ T w(p))

( -1 can/T”p 1Mcan)®w(p)
(

€

_ ( can/ ucan) ®w<p)
Z[VE]O Y X*(RE,C))Gal(E/Q)‘

Because Rp c is a torus, the second property determines [;ga-ﬁ-’oonucan o) uniquely. Thus
the first property implies the uniqueness of @q+ o ean o by lemma

To prove the third property note that r(resc/rloc[@at oo yeon o)) = [ can /7 pean] s and
S0

resc/rloc@at oo ean ] = (1 ([op™)/([r~ o™ ) ([T~ Jou™), (1™ /7] op™™)(—1))]-

(We are using that « is the inverse of corestriction, which is an isomorphism. See the
start of section [1.2]) The final assertion is clear. El

Lemma 8.9. (1) Ifa € Spc(E) and v € Spc(E) then we can findy € Rgc(E)
lifting vy and h € R}QC(Q) such that ¢a+ 0o gucan oy = T
hai lga+ ,00,CaN oy -

¢a+ fo%e) Mcan o a/nd ba+ 00 ucan =
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(2) v,

a pcan o - HPZE‘%(C pillucan © (Trw(p)/ﬂ—w(Tp)> = Hp:E‘—>(C ) ( Can/T Can)
Tw(p)s where T € Aut (C) has the same image in Gal (C*#/Q) as a.
(3) Given o; € Spc(E) fori=1,2, there exists f € Ry (E) such that

hﬁba+7oo7ucan7a1a2 = [agl](bcﬁ‘,oo”ucan,oq)ba"',oo,/ﬁcan,OLQ mod RlE,(C(Q)

and
BN o ~ ~
¢a+,w,u°an,a1a2 = [()é2 1](¢a+,oo,u°a“,a1>¢a+,oo,uca“,o¢2>
where a, € Gal (E** N C/Q) denotes the image of a.
(4) If « € Spc(E) and o € Gal (E/Q), then

bat oo e o (bat oo peana) T € Ry c(AY)Rpc(E) C Rpc(AF).

(5) Suppose that D D E are finite Galois extensions of Q, that af, € H(E/Q)™,
that af, € H(D/Q)" and that t € TQE(AD) with np,p.a;, = 'infp pag.
Suppose also that ap € SD,@( ) and ap € SE c(E) have the same image
in Gal (E** N C/Q), so that a]f;lND/E(OzD) € Spc(D). Choose b+ can o

a77,00,1 %
lifting bagmﬂﬁn and b+ can o lifting ba}c@u%“ - Then there exists

ReTo) ap,00,u% ,Q

B € R, o(D) with

ot eizmar = BOE Nopp(an))Noyp (o copssran) 1] 7 (T2HE" /15" (fugy) mod RE ¢(Q)
p:E—C
and
~ 1 ~
inf @ can, =8 ND/E(QD))ND/E O Dub oo ap alg(53(D/Q) s Rec(D)).

D/E.t 950008

(Again @g denotes the image of ap in Gal (E** N C/Q).)
(6) If a € A} and p : E — C, then we may take

T -1 n — )
bat sopemnaoay = || 0 p) (@)t € Rpc(A™)
neGal (E/Q)

and ¢a+ so e a(p(a) = 1.
(7) If af is as in section[7.5 and T € Aut (C), then there is an element ap(T) €

SE,(C( ) above T|gavnc such that we may take

7 -1 can = — o —1\— o
bt oo = L1 10 5 (o0 (17) B (n(r7) ) B (1) ()
neGal (E/Q)

e~

where fo’po(ﬂ’) is a lift of fom (1°) to ES°P(E/F)°.
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Proof: The first part follows from the first part of corollary [8.6l The second part
follows from the construction of [¢a+ so,ucam o] S @& corestriction. The third part follows
from the second part of corollary [8.6] and lemma [8.7 The fourth part follows from
the third part of corollary [8.6]

The first half of the fifth part follows from the fourth part of corollary! For the
second half of the fifth part note that [infp /g, ¢ £ oSt ap ] and [Np/go qbaD oS, ap]

in H),(E(D/Q), Rpc(D)) have the same image “under & in

alg
(Z[Vplo ® X.(RE))ca(pja) — (Z[VElo @ X (REc))Gal (E/Q):
and so are equal. Thus it suffices to check that

R Np, p(ap))
res™locy . inf = res®™loc Blag' Np/p N o
0 DB qbC‘Ev oo,uE™ R *D D/E %D@O HE™ap?

or equivalently (using formula that

v ()

¢ at,00,uGan ﬁ(a_lﬁ (ap)) Py
N fre} — D/E D o0
e R Dl}qbftres locaEgb oS ap = B P Np/go(res™locy, ¢+ £ oo pcan, ap);

or equivalently again that

v ()b
¢a£ oo ;LCE"?'“ ap

af,00,uM 0 p 1 — Blap'Np/p(@p)Np/e® + can . )

“hroesiten’ ],
This follows from the second part and the first half of this part.

The first half of the sixth part follows from the sixth part of corollary B.6l The
second half then follows because byt o yean o € Rpc(A™®) and [Pg+ oo yean o] is trivial
(because in turn its image under & is).

The seventh part follows from the fifth part of corollary [8.6, O
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